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PREFACE 


In the preface to the first edition of Courant-Hilbert’s ‘‘Methoden der 
mathematischen Physik,’ R. Courant warned against a trend discernible 
in modern mathematics in which he saw a menace to the future develop- 
ment of mathematical analysis. He was referring to the tendency of 
many workers in this field to lose sight of the roots of mathematical 
analysis in physical and geometric intuition and to concentrate their 
efforts on the refinement and the extreme generalization of existing 
concepts. In the intervening years, this trend has become much more 
pronounced, and it has led to an increasing division of the workers in 
mathematical analysis into “pure” and “applied”? mathematicians. 
One may deplore this development or welcome it—and many, notably 
among the “‘pure”’ variety, do welcome it—hut it seems inevitable that 
fields like conformal mapping, whose methods are mathematical while 
their subject matter is derived from physical and geometric intuition, 
are bound to suffer in such a division. 

The present book tries to bridge the gulf between the theoretical 
approach of the pure mathematician and the more practical interest of 
the engineer, physicist, and applied mathematician, who are concerned 
with the actual construction of conformal maps. Both the theoretical 
and the practical aspects of the subject are covered, the discussion ranging 
from the fundamental existence theorems to the various techniques avail- 
able for the conformal mapping of given geometric figures. It has not 
been the author’s aim to prove every statement in its utmost generality 
and under the weakest possible conditions. Wherever such a procedure 
would have interfered with the clarity of presentation and would have 
encumbered the proof with a mass of detail likely to obscure the essential 
ideas, a slightly less general formulation was preferred. 

The book is designed for the reader who has a good working knowledge 
of advanced calculus. No other previous knowledge is required. The 
potential theory and complex function theory necessary for a full treat- 
ment of conformal mapping are developed in the first four chapters, thus 
making the reader independent of any other texts on complex variables. 
These four chapters are also suitable for use as a text for a one-term first 
course on functions of a complex variable. The remainder of the book 
may be covered in a one-year graduate course. There is a large number 
of problems and exercises, which should make the book suitable for both 
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classroom use and self-study. A special chapter is devoted to a detailed 
discussion of the conformal-mapping properties of a large number of 
analytic functions which are of importance in the applications. 

The book covers many recent advances in the theory which so far have 
not yet been incorporated into textbooks, notably in Chap. VII. In 
keeping with the character of this book as a text, no references to the 
literature have been given. The interested reader will find detailed 
bibliographies in 8. Bergman’s “‘The Kernel Function and Conformal 
Mapping” (American Mathematical Society, New York, 1950) and in 
the Appendix by M. Schiffer in R. Courant’s ‘“‘Dirichlet’s Principle’ 
(Interscience, New York, 1950). 

The author has tried to present the material as simply and clearly as 
possible. With this end in view, the proofs of many known results have 
been simplified either in form or in substance. No claim of completeness 
is made, and a number of interesting subjects which do not lend them- 
selves to a concise presentation have been omitted. 
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CHAPTER I 
HARMONIC FUNCTIONS 


1. Definitions and Preliminary Remarks. In this section we list a 
number of elementary definitions and results concerning point sets in the 
plane which will be required in what follows. Any reader who has been 
exposed to a course in advanced calculus—and it is to such readers that 
this book is addressed—will be familiar with the concepts and facts in 
question; they are listed here only for convenience of reference. 

A point in the xy-plane is given by a pair of real numbers (a,b) which are 
to be interpreted as rectangular coordinates in this plane. A neighbor- 
hood—also called e-neighborhood—of a point (a,b) is the set of points 
(x,y) such that (7 — a)? + (y — b)? < &*, where ¢ is a positive number. 
A point (a,b) is said to be a limit point or accumulation point of a set of 
points S if every neighborhood of (a,b) contains a point of S distinct from 
(a,b). This definition clearly implies that every neighborhood of a limit 
point contains an infinite number of points of S. 

A limit point of S may, or may not, be a point of S. If every limit 
point of a set belongs to the set, we say that the set is closed. There are 
two distinct types of limit points of a set, interior points and boundary 
points. A limit point (a,b) is said to be an interior point of a set S if there 
exists a neighborhood of (a,b) which consists entirely of points of S. A 
limit point which is not an interior point of S, that is, a point (a,b) such 
that any neighborhood of (a,b) contains both points of S and points which 
do not belong to S, is called a boundary point of S. A set all of whose 
points are interior points is called an open set. A simple example of an 
open set is the interior of the unit circle, that is, the set of points (x,y) for 
which x? + y? <1. By adding to a set S all its limit points, we obtain 
the closure of S; obviously, the closure of any set is a closed set. The 
complement of a set S is the set of all points (z,y) which do not belong to S. 

The set of points (x,y), where « = x(é), y = y(t), and x(é) and y(Z) are 
continuous functions of ¢ in an interval ¢; < ¢t < fe, is called a continuous 
are. If a continuous are has no multiple points, that is, if it does not 
happen that for two different points ¢’ and ?’’ in the above interval we 
have z(t’) = x(t’), y(t’) = y(@’), it is said to be a Jordan arc; intuitively 
speaking, a Jordan arc is a continuous arc which does not cut itself. A 
simple example of a Jordan arc is a nonintersecting polygonal line con- 
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sisting of a finite chain of linear segments. A continuous are which has 
exactly one multiple point, namely, a double point corresponding to the 
end points ¢, and ¢: of the interval t; < ¢ < fe, is called a simple closed 
Jordan curve. For example, the circle x = cost, y = sin t, 0 <t < 2r, 
is a simple closed Jordan curve, the double point in question being the 
point (0,1) which corresponds to both t = 0 and ¢t = 2r. 

A set S of points is said to be connected if any two of its points can be 
joined by a Jordan arc all of whose points belong to S; here, the Jordan 
arc may also be replaced by a polygonal arc. An open connected set is 
called a domain. The Jordan curve theorem states that a simple closed 
Jordan curve divides the plane into two domains which have the curve as 
theircommon boundary. Although the truth of this theorem seems to be 
evident, its rigorous demonstration is a lengthy and difficult task.* One 
of the two domains into which the plane is divided by a closed Jordan 
curve is bounded, 1.e., there exists a positive constant C' such that all the 
points (x,y) of this domain satisfy x? + y? < C*; this domain is called the 
interior of the curve. Correspondingly, the exterior of the curve is charac- 
terized by the fact that it contains points (x,y) for which x? + y? is 
arbitrarily large. 

A differentiable arc is an arc which possesses tangents at all its points; 
analytically speaking, such an arc is given by the parametric representa- 
tion z = z(t), y = y(t), t1 < t < te, where the functions z(¢), y(t) have 
derivatives x’(t), y’(t) which do not both vanish at the same time. If, 
moreover, these derivatives are continuous—or, to use geometrical 
language, if the arc possesses a continuously turning tangent—we speak 
about a smooth arc. A continuous chain of a finite number of smooth arcs 
will be called a piecewise smooth arc; if this chain of ares forms a closed 
nonintersecting curve, we obtain a piecewise smooth curve. 

A crosscut of a domain is a simple Jordan arc which, apart from its 
end points, lies entirely in the domain; obviously, the end points of the 
crosscut coincide with boundary points of the domain. A _ simply- 
connected domain D is defined by the property that all points in the 
interior of any simple closed Jordan curve which consists of points of D 
are also points of D; in particular, the interior of a simple closed Jordan 
curve is simply-connected. <A crosscut connecting two different boundary 
points of a simply-connected domain D divides D into two simply- 
connected domains without common points (the points of the crosscut 
having been removed). If there exist simple closed Jordan curves which 
consist entirely of points of a domain D and in whose interior there are 
points not belonging to D, then D is multiply-connected. D is said to be 


* The interested reader will find a proof of this theorem, and references to other 
proofs, in Dienes, ‘‘The Taylor Series,’’ Oxford, 1931. 
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of connectivity n if there exist no more than n — 1 such Jordan curves 
whose interiors have no points in common and which contain in their 
interiors points not belonging to D. The circular ring 1 < 7+ y? <4 
is clearly of connectivity 2 or, as we shall also say, the circular ring is 
doubly-connected. To use intuitive language, a bounded domain of con- 
nectivity n is a bounded domain with n — 1 “holes.” By n — 1 appro- 
priately chosen crosscuts, a domain of connectivity can be transformed 
into a simply-connected domain. For example, the crosscut 1 < x < 2, 
y = 0 transforms the circular ring 1 < x? + y® < 4 into a simply-con- 
nected domain. 

The restriction to bounded domains made so far can be easily lifted by 
introducing the point at infinity whose neighborhood is defined as the 
exterior of a circle of arbitrarily large radius. To the beginner, the assign- 
ing of the character of a point to the infinitely distant may seem strange; 
however, the situation is easily visualized by the well-known stereographic 
projection of the sphere onto the plane. A sphere of radius unity is 
placed on the xy-plane in such a fashion that its “‘south pole”’ rests on the 
point (0,0). To each point P in the plane, a point P’ on the surface of the 
sphere is made to correspond in the following manner: the “north pole”’ 
is connected with P by a straight line, and P’ is taken to be the point at 
which this line pierces the surface of the sphere. This clearly establishes 
a one-to-one correspondence between the points of the xry-plane and the 
points on the surface of the sphere. The only apparent exception is the 
north pole of the sphere. Obviously, no finitely distant point in the plane 
corresponds to this point; however, the outside of a circle x? + y? > M? 
of sufficiently large radius M corresponds to the inside of an arbitrarily 
small ‘‘arctic zone”’ in the neighborhood of the north pole. The corre- 
spondence between the plane and the surface of the sphere is therefore 
made complete if we define the “point at infinity,” or “‘infinitely distant 
point,’’ of the plane as the “‘point”’ corresponding to the north pole of the 
sphere. Statements of the character of those made in this section which 
involve the point at infinity are to be understood in the sense that they 
are true with respect to the ‘‘map” of the plane onto the surface of the 
sphere by means of the stereographic projection. For example, the 
Jordan curve theorem may now be formulated as follows: A simple closed 
Jordan curve divides the plane into two simply-connected domains, one 
of them bounded and the other unbounded. The unbounded domain, 
i.e., the exterior of the curve, can be characterized by the fact that it con- 
tains the point at infinity. An example of a doubly-connected domain 
containing the point at infinity is given by the set of points of the zy-plane 
which remain after removal of the points of the circles (x + 2)? + y? <1 
and (x — 2)?+ y? <1. To use intuitive language, a domain of con- 
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nectivity n containing the point at infinity is obtained by punching n 
“holes” out of the plane. 

2. Elementary Properties of Harmonic Functions. A function u(z,y) 
is said to be harmonic in a domain D if the partial derivatives 


du au tua 
ax dy ax?’ ay? 


at all points of D. U issaid to be harmonic at a point P if it is harmonic 
in a neighborhood of P. 
The partial differential equation (1), which is known as the Laplace 
equation, and its three-dimensional equivalent 
du , du , du 
@) ant + Gy + oat — 


for functions u(xz,y,z) of the three variables x, y, z are of fundamental 
importance in many branches of applied mathematics and mathematical 
physics. The gravitational, electrostatic, and magnetostatic potentials 
and many other functions of physical significance are solutions of the 
equation (2), where z, y, z denote rectangular coordinates in space. If 
the physical situation described by the equation (2) is such that the func- 
tion u(x,y,z) does not change in the z-direction, then w is in reality only a 
function of the two variables x and y, and (2) reduces to (1). 

From the linear character of the equation (1) it is immediately apparent 
that a linear combination au(z,y) + bu(x,y), where a and 0 are constants, 
is a harmonic function if the same is true of the functions u(z,y) and 
v(z,y) separately. Another elementary consequence of (1) which is easily 
verified is the fact that the function u(z + a, y + 6) is harmonic in a 
domain obtained by translating D in the z- and y-directions by the 
amounts —a and —b), respectively, if u(xz,y) is harmonic in D. 

An important harmonic function is obtained by asking for those solu- 
tions of (1) which depend on the distance from a given point (a,b) only 
and are independent of the direction in which we proceed from this point. 
In view of what was said at the end of the last paragraph, we may assume 
that the point in question is the origin, 7.e., the point (0,0). If we intro- 
duce polar coordinates r, 0, we are thus asking for solutions of (1) which 
depend on r only. Transforming (1) to polar coordinates, we obtain 


dtu, law, 1 du 
Or? ror me aE 


(1’) = 0. 
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Since the desired solutions are to depend on r only and not on @, this 
reduces to 


The general solution of this differential equation is easily found to be 
u = A logr-+ B, where A and B are arbitrary constants. Since a con- 
stant is trivially a harmonic function and, as pointed out before, a linear 
combination of harmonic functions is likewise harmonic, we obtain the 
result that there is essentially only one harmonic function with the desired 
properties, namely, the function 


(3) u =logr = log V/(a — a)? + (y — b)?. 


This function is harmonic at every finite point of the plane, with the 
obvious exception of the point (a,b), where the harmonicity of the func- 
tion breaks down owing to the fact that the required partial derivatives 
cease to exist. A point of this type is called a singular point, or a singu- 
larity of the harmonic function in question. 

Since the harmonic function (38) depends on the arbitrary parameters a 
and b, we can construct from it other harmonic functions by differentiating 
it with respect to these parameters. Indeed since 


log +/(x — a)? + (y — b)? and log \/(a — a3)? + (y — b)? 


are harmonic functions, the same is true of the linear combination 


Be log V/@ 0)? hy — B)? — log /@ — ape | — OYA. 


ai,—-@a 


Letting a, tend to a, we obtain the function 


dlogr _ ae @ 
Y “ea GaP FU OF 


Instead of justifying the passage to the limit we may also confirm directly 
that (4) is harmonic if (x — a)?+ (y — 6)? #0. A similar result is 
obtained by differentiating log r with respect to b. The point (a,b) again 
is a singular point of (4), since the required partial derivatives are not 
defined there. It is worth noting the different character of the singularity 
of the function (4) at the point (a,b), as compared with that of the func- 
tion (3) at the same point. The function (3) tends to — if (z,y) 
approaches the point (a,b) along any path. The function (4) shows quite 
a different behavior. If (#,y) approaches (a,b) along the line x = a, the 
function obviously vanishes for any value of y, and the same is therefore 
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true in the limit y— }. If, on the other hand, (x,y) approaches (a,b) 
along y = b, the function reduces to (x — a) and the limit for za 
ig 0 or — ©, depending on the direction of approach. 


EXERCISES 


1. Show that for any rectilinear nonhorizontal approach to the point (a,b) the 
function (4) tends to either © or — ». 

2. Show that e? sin y, e* cos y, tan=! [(y — 6)/(z — a)] are harmonic functions. 

3. Show that u(xr-?,yr-?), where r = ~/z? + y?, is a harmonic function, if the 
same is true of u(z,y). Hint: Introduce polar coordinates and use the form (1’) of the 
equation (1); observe that the transformation in question consists merely in replacing 
r by r~1 in the polar form. 

4. If r, @are polar coordinates and n is an arbitrary real number, show that r” cos né 
and r™ sin n@ are harmonic functions. 

5. Show that 

(R?) — r? 
R2 — 2rR cos (@ — ») +7? 


(R, ¢ const.) is a harmonic function, and find its singularity. 


3. Green’s Formula. One of the fundamental formulas of the ordinary 
calculus is 


[PP @) ax = 1) — f@). 


The analogous result in two dimensions—known as Gauss’ theorem—is as 
follows: 

If the functions p(x,y) and q(x,y) are continuous and have continuous 
first partial derivatives in the closure of a domain D bounded by a piecewise 
smooth curve I, then 


(5) ff (wey) + wleldx dy = f to(ey) dy — a(x,y) dal, 
D 


where the integral on the right-hand side is a line integral extended over the 
boundary I of D in the positive sense, that ts, tAsuch a way that the interior 
of the domain remains at the left f the boundary 1s traversed. 

The line integral on the right-hand side of (5) is defined by the ordinary 


integral 
- dy =| 
i) [peew) dt = q(x,y) dt dt, 


t= ait), US y(t), ey < t < to, 


where 


is a parametric representation of the curve I. We omit here the proof of 
Gauss’ theorem since it can be found in any text on advanced calculus. 
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Gauss’ theorem remains true if D is a multiply-connected domain. If 
D is of connectivity n and bounded by n piecewise smooth simple closed 
curves, it is possible—as pointed out in Sec. 1—to transform D by n — 1 
suitably chosen crosscuts into a simply-connected domain D’; these 
crosscuts may be taken to be piecewise smooth arcs. Since D’ is simply- 
connected, we may apply to it Gauss’ theorem, where the integrations on 
both sides of (5) are now to be extended over D’ and its boundary I’, 
respectively. The area integral on the left-hand side of (5) is obviously 
not affected if D’ is replaced by D. As to the line integral, we observe 
that while those parts of I’ which also belong to I are described only once, 
the crosscuts are described twice, in accordance with the fact that on 
both “edges” at the crosscuts there are points of D’. Since I’ is to be 
described in such a way that the interior of D’ remains at the left, it is 
clear that the two edges are traversed in 
different directions. Figure 1 illustrates 
the situation in the case of a triply-con- 
nected domain. For greater clarity, the 
two ‘‘edges” of the crosscuts have been 
separated; the sense in which the boundary 
cf D’ is described is indicated by arrows. 
Since the sign of a line integral is inverted if 
the direction of integration is changed, it 
follows that the line integrals over the 
crosscuts cancel each other. The only 
surviving line integrals are therefore those 
extended over the boundary I of D. We have thus proved that the 
identity (5) holds for an arbitrary multiply-connected domain bounded 
by piecewise smooth curves. 

Consider now a function u(z,y) which has continuous first partial 
derivatives in D + TI and a function v(z,y) which has continuous partial 
derivatives of the first and second order there. The functions 


Fig. 1. 


Ov ov 
p(x,y) = u ay q(z,y) = Drs 


will then satisfy the hypotheses of Gauss’ theorem. In view of 


6] Ov re) Ov 
Pz = ae (u = = Wee + Uz, dy = ay (u 22) = Wry + Uy, 


it follows from (5) that 
if ‘ [UV22 + Ue + Wy + U,v,] dx dy = i [uv, dy — uv, dz}, 


D 
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or 


(6) / J U(Vez + Vyy) dx dy + J J (uv. + uyv,) dx dy 
D D 
= fu dy — v, dz]. 


The line integral on the right-hand side of (6) can be written in a simpler 
form if we introduce the differentiation in the direction of the outward 
pointing normal, denoted by d/dn. By the rules of partial differentiation 


~ =, c08 (xz,n) 4; @os"(y,n), 

where (z,n) and (y,n) denote the angles between the outward pointing 
norinal and the positive x- and y-axis, respectively. Since the direction 
cosines of the tangent are dz/ds and dy/ds, where s is the arc-length 
parameter, and the outer normal is obtained by turning the tangent 
clockwise by $7, it follows that 


co rN a y co n eos 5 
Ce) ds’ 8 (y,n) ds 
Hence 

= ds = v,dy — v, dz 

on z Y¥ y © 


Using this identity and the abbreviation v,, + v,, = Av, we can finally 
bring (6) into the form 
Ov 
i. U on ds. 


(7) [| u Av dx dy + im (uv, + Uy) dx dy 
D D 


This identity, which is of fundamental importance in the theory of 
harmonic functions, is known as Green’s formula; the names Green’s 
identity and Green’s theorem are also used. Sometimes, (7) is referred 
to as Green’s first formula, to distinguish it from another formula— 
Green’s second formula—which is an immediate consequence of (7) If 
both u(z,y) and v(z,y) are supposed to possess continuous first and second 
derivatives, the roles of these two functions in (7) may be interchanged. 
Doing so, we obtain the companion formula 


[ [vaudcay + ff Cue + un dx dy = [oSas 
r 
D D 
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If we subtract this formula from (7), we arrive at Green’s second formula 


(8) IJ (wav = v au) de dy = f (u% — 9%) as 


Both (7) and (8) are generally referred to as ‘‘Green’s formula.” 

4. Applications of Green’s Formula. As a first application, we 
identify the function v(z,y) in (7) with a function harmonic in D + T, and 
set u(z,y) = 1. Since, in view of (1), Av = 0 in D+T, it follows from 
(7) that 


Ov 
(9) Ls ds = 0. 


An easy consequence of this identity is the mean value theorem: If v(x,y) is 
harmonic in a closed circle, the value of v at the center of the circle is the arith- 
metic mean of tts values on the circumference of the circle. Analytically 
expressed, . 


27 
(10) v(a,b) = = i v(a +r cos #,b +7 sin 6) dé, 
0 


where v(z,y) 1s harmonic in the circle (x — a)? + (y — b)? < r?. 
To prove this theorem, we apply (9) to the case in which [ is the circum- 


ference (x — a)? + (y — b)? = p?, OX p <r. Since, clearly, = = < 
p 


and ds = p dé, we have 


2x 
i ~ v(a + p cos 6, b +p sin 6) dé = 0, 
0 op 
or 


Qn 
al v(a + pcos 0, b + psin 6) dé = 0, 
; dp Jo 
which shows that the integral is independent of p. Its value for p = U 
is 2rv(a,b); if we set this equal to its value for p = r, the identity (10) 
follows. 

Another result which can be easily deduced from (9) is the maximum 
principle: If the function v(x,y) ts harmonic in a domain D, 1t cannot attain 
its absolute maximum or minimum at an interior point of D unless v(x,y) 
reduces to a constant. 

Proof: Suppose that v(z,y) does attain its maximum M at some interior 
point or points of D, and denote by S the set of all points of D at which 
v(z,y) = M. If v(z,y) is not constant, S cannot contain all points of D. 
Accordingly, there must exist a boundary point of S, say P, which is an 
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interior point of D. If r, 6 denote polar coordinates with reference to the 


0 : 
point P, we have > < 0 for arbitrary values of @ and sufficiently small r, 


since v is supposed to attain its absolute maximum at P. Integrating 
over this small circle, we obtain 


Qr 
i Behag <0: 
ra) Or 


According to (9), however, this integral is equal to zero. Clearly, this is 
only possible if dv/dr = O on the whole circumference of the small circle 
in question and hence also on any smaller circle. It follows that v(z,y) is 
constant in a small circle surrounding P, which contradicts our assumption 
that P isa boundary point of S. This proves the theorem for the case of 
the maximum. The reader will have no difficulty in modifying the argu- 
ment slightly in order to prove the corresponding result for the minimum. 

The above statement of the maximum principle is of a negative charac- 
ter; it denies the possibility of a harmonic function attaining its maximum 
at an interior point. It is in the nature of things that nothing more can 
be said in the case in which the harmonic function is defined only in an 
open set. If, however, it is known in addition that v is continuous in the 
closure of D, we can obtain more precise information. From the well- 
known result that a function which is continuous in a closed set attains 
its maximum at a point of the set it follows then that v must attain its 
maximum either in D or on its boundary. Since we have proved that the 
first alternative is excluded, it follows that the maximum must be attained 
at a point of the boundary. We have thus proved the following corollary 
of the maximum principle: 

If v(z,y) is harmonic in a domain D and continuous in the closure of D, 
then both the maximum and minimum values of v in the closure of D are 
attained on the boundary. 

The maximum principle leads to an important uniqueness property of 
harmonic functions. Suppose that w(z,y) and v(z,y) are harmonic in a 
domain D and continuous in the closure of D and that u = v on the 
boundary of D; the latter hypothesis is also expressed by saying that u 
and v have the same boundary values. Consider now the harmonic 
function w = u — v which, by hypothesis, vanishes on the boundary of 
D. By the maximum principle, w attains both its maximum and its 
minimum on the boundary. Since it vanishes there identically, both the 
maximum and the minimum of w in D are zero; hence, w is identically 
zero throughout D and the harmonic functions uw and »v are identical. 
In other words, a harmonic function is completely determined by its 
boundary values. 
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EXERCISES 


1. Multiplying (10) by r and integrating, with respect to r, from 0 to R, show that 
the mean-value theorem remains true if the arithmetic mean of the values of v on 
the circumference of the circle (x — a)? + (y — b)? = R? is replaced by the arithmetic 
mean of the values of »v in the circle (x — a)? + (y — b)? < R?. 

2. If the function v is harmonic in a domain D and on its boundary I, show by 
means of Green’s formula that 


and that equality will hold only if v reduces to a constant. 

3. Use the result of the preceding exercise in order to show that (a) a harmonic 
function with vanishing boundary values is identically zero and that (b) a harmonic 
function with vanishing normal derivatives at all points of the boundary reduces to a 
constant. 

4. Let u(z,y) be a nonnegative solution of the partial differential equation 


Au =p(z,y)u, 


where p(z,y) is continuous and p(z,y) >0 in a domain D. Using the ordinary 
necessary conditions for the existence of a local maximum, show that u(z,y) cannot 
attain its maximum in D in the interior of this domain. 

5. Show that the function u of the preceding exercise satisfies the inequality 
A(u2) > Oin D. 

5. The Green’s Function and the Boundary Value Problem of the 
First Kind. Let D be a smoothly bounded domain and I its boundary, 
and let the function w = w(z,y) be harmonic in D and have continuous 
first partial derivativesinD +T. Ifr = »/(z — £)? + (y — 7)? denotes 
the distance of (7,y) from a point (£7) in D, then log r is harmonic in 
D-+T except at the point (£,7), and the same is therefore true of the 
function 


(11) h = h(z,y) = — logr+ w(z,y). 


The result we are about to derive depends on the application of Green’s 
formula (8) to a function of the type (11). Since A(z,y) has a singularity 
at the point (£,n), it is clearly not permissible to take the entire domain D 
as the domain of integration. We circumvent this difficulty by deleting 
from D a small circle of center (£,n) and radius «. In the remaining 
domain, which we shall denote by D., h(x,y) is harmonic. 

We shall now apply the special form of (8) which is obtained if both u 
and v are harmonic functions in D; since, in this case, Au = 0, Av = 0, the 
left-hand side of (8) vanishes. The resulting formula is of such frequent 
occurrence as to warrant formulation as a separate result: 

If u and v are harmonic in a smoothly bounded domain D and have con- 
tinuous first derivatives in the closure D + T of D, then 
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Ov Ou 
(12) [ (u% - 0%) ae = 


We now identify v with the function h defined in (11) and take u to be 
an arbitrary function which is harmonic in D and has continuous first 
derivatives in D +1. The domain D, to which we apply (12) is bounded 
by I and by the circumference C, of the circle of radius ¢ and center (£,7). 
Since this circle is outside D, and the boundary of D, is to be traversed in 
the positive sense—that is, leaving D, at the left—C, is clearly described 
in the clockwise direction. It thus follows from (12) that 


oh ou oh ou 
(13) [Cus - ag) as= fo (ut -n&)as, 


where the circle C, is now to be described counterclockwise. Introducing 
polar coordinates in the integral over C, and using (11), we obtain 


on Ju mc 1 ow du 
J («eB - a) as = f [u(— 242%) 4% dog e — wy | a 


2r 2x 2r 
Ow Ou Ou 
--{ udo+e [ (v2 — 3) ao + eloge [ op 04; r= €. 


The first integral is, by the mean-value theorem, equal to 2ru(é,n). The 
other two integrals are bounded in the neighborhood of (£,n); if we let « 
tend to zero, we therefore obtain 


oh du 
i (u a h a) ds = —2ru(é,n). 


We did not have to write ‘‘lim for e— 0” in front of the integral since, in 
view of (13), its value does not really depend on e. Comparing the last 
formula with (13), we thus have arrived at the following result: 

If h is of the form (11), where w is harmonic in D, and u is likewise 
harmonic in D and both u and w have continuous first derivatives in the 
closure D + T of D, then 


(14) wn) = — 5 i (u% —» a ds, 


where (&,n) 1s any point of D. This result is sometimes referred to as 
Green’s third formula. 

A striking application of the identity (14) is obtained if h(x,y) is identi- 
fied with the Green’s function g(x,y;£,n) of D. This function, which is of 
fundamental importance both in the theory of harmonic functions and in 
the theory of conformal mapping, is defined as follows: 
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The Green’s function g(x,y;&,n) of a domain D with respect to a point (&,n) 
in D is of the form 


(15) g(z,y;é,n) = — logr+gilz,y;§&n), r=VJA(e — &?4+ (y—7)3, 


where g, 1s harmonic in D; tf (x,y) tends to any point of the boundary of D, 
g tends to zero. 

The proof for the existence of the Green’s function of an arbitrary 
domain will be postponed to a later chapter (Sec. 4, Chap. V); it will then 
be obtained as a by-product of an existence theorem in the theory of con- 
formal mapping. We shall meanwhile proceed on the assumption that 
our domain D does have a Green’s function and that—except at the point 
(&,n) this function has continuous first derivatives in the closure of the 
smoothly bounded domain D. 

The Green’s function g is zero on the boundary I of D. Identifying g 
with the function h in (11), we thus conclude from (14) that 


1 
u(é,n) = ~ Wala an 


Before giving a formal statement of this remarkable result, we introduce 
a notation which will permit us to formulate much of the following work 
in a more compact fashion. A point (z,y) will be denoted by the symbol z 
which stands for the complex number z = x + ty; similarly, the point 
(&,n) will be denoted by § = + 2. At this stage, this so-called complex 
notation is purely formal and its use does not require familiarity with the 
properties of complex numbers or variables, The symbol g(z,y;é,n) will 
thus be replaced by g(z,¢), but it should be perfectly clear that this does 
not imply that g is a function of the variables z and ¢. We shall also 
occasionally employ z, £, etc., as subscripts—such as in ds,, 0/dn.—in 
order to emphasize the variables to which these differentials or differ- 
entiations refer. With these notations the above result reads as follows: 

Let u(z) be harmonic in the closure D + T of a smoothly bounded domain 
D, and let g(z,¢) denote the Green’s function of D with respect to a point ¢ of D. 
If u(z) 1s the boundary value of u at a point z ET, then 


(16) ori Sao a i AO ae) toe 


Formula (16) makes it possible to compute a harmonic function if its 
boundary values—and, of course, the Green’s function of the domain in 
question—are known. A question which presents itself naturally in this 
connection is the following: If, subject to certain regularity conditions, an 
arbitrary function U(z) is given on the boundary I, does there always 


14 CONFORMAL MAPPING [Cuap. I 


exist a harmonic function u(¢) in D whose boundary values coincide with 
U(z)? We shall show at a later stage that in the case in which the 
boundary function U(z) is piecewise continuous on I the answer is in the 
affirmative. The problem of constructing a harmonic function with a 
given set of boundary values is known as the boundary value problem of 
the first kind, or the Dirichlet problem. If the Green’s function of a 
domain is known, the corresponding Dirichlet problem is solved by (16). 
Everything depends therefore on the explicit knowledge of the Green’s 
function for the domain under discussion. In the case of a general 
domain D, the determination of the Green’s function can be a matter of 
considerable difficulty. 

It is worth noting that the construction of the Green’s function is 
equivalent to the solution of a particular boundary value problem. 
Indeed, since g(z,f) vanishes for z € T, the boundary values of the func- 
tion gi(z,¢) in(15) coincide with those of log r, where r is the distance 
between ¢ and z. Hence, if we construct a function u(z,¢) with the 
boundary values log r, then the function — log r + u(z,¢) vanishes on 
the boundary. Since it further has the prescribed singularity at the 
point ¢, it necessarily is identical with the Green’s function. 

We now give the proofs of two important properties of the Green’s 
tunction. The first of these is: 

The Green’s function g(z,¢) of a domain D is positive throughout D. 

By (15), g(z,f) 1s of the form — log r + gi(z,¢), where gi(z,¢) is harmonic 
throughout D and r denotes the distance between the points z and ¢. 
Near the point £, gi(z,¢) is bounded while — log r takes arbitrarily large 
positive values. If « (« > 0) is taken small enough, g(z,f) will therefore 
be positive on the circumference C, of radius e and center ¢. Consider 
now the values of g(z,¢) in the domain D, obtained from D by deleting 
from it the circle of radius e and center ¢. g(z,¢) is harmonicin D. The 
total boundary of D, consists of the boundary I of D and the circum- 
ference C.. On I, g(z,f) = 0; on C., g(z,t) > 0. By the maximum 
principle, g(z,f) cannot attain its minimum inside D.. Hence, g(z,{) is 
positive throughout D,; since « can be made arbitrarily small, the above 
statement is proved. 

Next, we derive the so-called symmetry property of the Green’s function: 
The Green’s function g(z,¢) of a domain D is symmetric with respect to the 
two points z and §; that is, 


(17) g(z,f) = 9,2). 


Let ¢ and ¢ be two given points of D. The Green’s functions g(z,f) and 
g(z,t) are harmonic in D with the exception of the points ¢ and t, respec- 
tively. If we delete from D two small circles C.(¢) and C.(t) of radius e 
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and centers ¢ and ¢, respectively, both functions will therefore be harmonic 
in the domain D, thus obtained. If I, denotes the boundary of D.—con- 
sisting of the boundary I of D and the two circles C.(¢) and C.(t)—it 
follows from the identity (12) that 


J | ots) 2822 — oe, ED | as = 0. 


In this integration, the boundary I is described in the positive sense, 
while the circumferences C.(¢) and C.(t) are described in the negative 
sense. The integral over I’ vanishes, since both g(z,f) and g(z,t) vanish 
there. With the abbreviations g(z,f) = gi, g(z,t) = gz, we have therefore 


Og2 Ogi Oge 2 agi _ 
hi (0 ao _ sg i (0 ony! 


gi has a logarithmic singularity of the type (11) at the point ¢, while gp 
is harmonic in the interior of C.(¢). By (14), the value of the integral 
over C.(¢) is therefore 27g2(f). Similarly, the value of the integral over 
C.(é), as obtained from (14), is —27mgi(¢), the negative sign arising from 
the fact that g; and g2 appear in the same order in both integrals although 
the roles of ¢ and ¢ are interchanged. Hence, go(¢) = gi(¢) or, i. view of 
the definition of the functions g; and ge, g(f,t) = g(té,¢). This proves (17). 

We end this section with the explicit determination of the Green’s func- 
tion in the case in which D is the circle Cr of radius R with center at the 
origin. If 7r, 6 are polar coordinates in the (x,y) plane and p,g the polar 
coordinates of a point ¢ inside Cr(p < R), we shall show that the Green’s 
function of Cr is of the form 


a! R? — 2pr cos (@ — ¢) + p?r?R-? 
(18) g(z,6) = 5 log ate roost) =e). ea 


Let ri denote the distance between the points z and {, and denote by re 
the distance between z and the point inverse to ¢ with respect to the cir- 
cumference Cz, that is, the point with the polar coordinates R?/p, ¢. By 
elementary trigonometry, we have 


ry? = r? — 2Qor cos (@ — ¢) + p?, 
4 
re 2 =" cos (0 — 9) +94 
p 
Comparison with (18) shows that the function g(z,¢) defined by (18) can 
be written in the form 


(18’) g(z,) = — log ri + log re + log a 
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It was shown in Sec. 2 that the function log r, where r denotes the distance 
of the variable point z from a fixed point a, is a harmonic function for 
za. Hence, log r, and log re, and therefore also the function g(z,¢) of 
(18’), are harmonic functions. The possible singularities of g(z,t) are the 
points from which the distances r; and re are measured, that is, the points 
of polar coordinates p, g and R?/p, y, respectively. Since p < R, only the 
first of these points is situated inside Cr. Comparison of (18’) and (15) 
shows that the function (18’) has there precisely the singularity prescribed 
for the Green’sfunction. In order to identify fully (18’), or its equivalent 
(18), with the Green’s function, it therefore only remains to be shown that 
this function vanishes on the circumference Cr. That this is indeed the 
case is easily confirmed by setting r = RF in (18). 


EXERCISES 


1. By setting » = 0—thus obtaining the Green’s function of Cr with the center 
as the point of reference—and using (16), obtain a new proof of the mean value 
theorem (10). 

2. Show that 


i (x + &)? + (y — n)? 
968) — 518 GS ee @ =a)? 


is the Green’s function of the half-plane x > 0, with (£7) as the point of reference 
(— > 0). 

3. From the fact that the Green’s function g = g(z,¢) of a piecewise smoothly 
bounded domain D is positive in D while it vanishes on the boundary I of D, deduce 
that 


zE?r, 


with the exception of the possible ‘‘corners”’ of I, where dg/dn is not defined. 

4. Use (16) and the result of the preceding exercise to obtain a new proof of the 
maximum principle. Hint: Write u(z) < M, and deduce from (16) that u(¢) (¢ © D) 
cannot be larger than A. 

5. If g = g(z,¢) is the Green’s function of D and u = u(z) is harmonic in D, show 
that 


Ht i (quite de pa) tee 


D 


exists and that the value of this integral is zero. 

6. Let D* be a domain contained in another domain D and let g*(z,¢) and g(z,¢) 
denote the Green’s functions of D* and D, respectively. If z and ¢ are points of 
D*, show that 


g*(z,5) < g(,S). 


6. The Poisson Formula. We can use the explicit knowledge of the 
Green’s function of a circle obtained at the end of the preceding section in 
order to derive, by means of (16), a representation of a harmonic function 
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inside a circle in terms of its values on the circumference. If the center 
of the circle is the origin and its radius is R, its Green’s function is given 
by (18). What is required in (16) is the normal derivative of g(z,¢) for 
points on the circumference. Since, in the case of the circle, the deriva- 
tive with respect to the outward pointing normal coincides with the 
partial derivative with respect to the radius, we obtain, from (18), 


Og _ pie aleosn(0 ae) - r — pcos (6 — ¢) 
or RR? — Qor cos (0 — ¢) + p'r?R-2 =r? — Qor cos (@ — v) + p® 
whence 
a 2 
(19) 4 ee ok 
Or/,=r Rk R? — 2pR cos (8 — ¢) + p? 


If u(p,¢) denotes the value of the harmonic function u at the point whose 
polar coordinates are p, ¢, it follows therefore from (16) that 


Etna © u(R,6) dé 
0 


oe 2 aw So eR? — pk con6 — o) + pt 


(20) expresses the values of a harmonic function u in the interior of the circle 
p < Rin terms of its values on the circumference p = R. This relation is 
known as the Poisson formula. 

The question naturally arises whether (20) can also be interpreted in 
the following wider fashion: Is it true that for an arbitrarily given ‘“‘ bound- 
ary value function’? u(R,@?)—which, of course, has to satisfy certain 
regularity requirements—there always exists in p < R a harmonic func- 
tion, given by (20), which has the desired boundary values u(R,6@) on the 
circumference? We shall answer this question in the affirmative in the 
case in which the boundary value function u(R,@) is piecewise continuous. 

Before we do so, however, we shall first derive some important con- 
sequences of the formula (20). For the sake of convenience, we rewrite 
(20) in the form 


(21) a ee = fe, P(o,0;R,6)u(R,6) 48, 
where 

2 ae 2. 
(22) P(p,¢;R,8) = ae 0 


R? — 2pR cos (6 — ¢) + p? 


is the so-called Poisson kernel. By Exercise 5, Sec. 2, P is a harmonic 
function of the variables z, y for which x = p cos ¢, y = psin g; it is 
easily verified that its only singularity is the point with the polar coordi- 
nates R, 6. It is further easily confirmed that P has derivatives of all 
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orders with respect to z and y except at the point R, @ and that these 
derivatives likewise satisfy the equation (1), that is, they are also har- 
monic functions. Since all derivatives of P are continuous in the parame- 
ter @as long asr < R, it is permissible to differentiate (21) under the sign 
of integration. All these derivatives of u are also harmonic functions of 
z and y; indeed, the derivatives of P are harmonic, and the integration of 
a harmonic function with respect to a parameter clearly leads again to a 
harmonic function. We have thus proved the following result: 

A function which ts harmonic in a domain possesses there derivatives of all 
orders; these derivatives are again harmonic functions. 

The generality of this statement, due to our replacing a circle by a 
general domain, is only apparent. By definition, a function is harmonic 
at a point if it is harmonic in a small circle surrounding this point; but in 
this circle we may apply the Poisson integral, and the existence of deriva- 
tives of all orders follows. 

We next show that the Poisson formula (20) can also be cast into the 
form of a series expansion. Our point of departure is the identity 


n—1 


(03) (1+2 » r? cos vy) (1 — 2r cos ¥ + 1°) 
v=1 
= 1 — r? — 2r[cos ny — r cos (n — 1)y] 


which is easily confirmed by term-by-term multiplication and use of the 
addition theorem of the cosine function. (23) is equivalent to 


n—1 
23’) ede =1+2 ) r’cos w 
= coy ai 
fi 2r"[cos ny — r cos (n — 1)y] 
— Ll—2resyt+r 


If r < 1, the second term on the right-hand side of (23’) is smaller than 
2r7(1 + r)(1 — r)-?. Asa result, we have the identity 


i=) 


l1-—r 

4} — v 

(230) T=29es) Ee 142) 5 cos vy, r= dl, 
v=] 

where the expansion converges absolutely and uniformly in y (0 < y < 27) 

If we replace r by pR—! and y by 6 — ¢, we obtain the expansion 


Pay en 71 F2Y (G) eosr ocosre + siny asin y 
R? — 2pR cos (0 — ¢) + p? ik 


po 
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for the Poisson kernel (22) which, for p < R, converges absolutely and 
uniformly in @ and gy. Inserting this expression in (20) and integrating 
term by term—which is permissible in view of the uniform convergence— 
we obtain the following alternative form of the Poisson formula: 


(24) = ulp,g) = > ae > p’(a, cos »p + b, sin vg), p< R, 
y=] 


where 
1 2r 
(25) ty = a, i: u(R,@) cos v6 dé 
and 
; _ 1 Qa ' 
(25°) b, = = u(R,6) sin v6 dé. 


Since, by Exercise 4, Sec. 2, each term of (24) is a harmonic function, (24) 
constitutes an expansion of an arbitrary harmonic function into a series of 
particularly simple harmonic functions. 

We shall now show that, in addition to representing known harmonic 
functions in terms of their boundary values, the Poisson formula also 
solves the boundary value problem of the first kind in the case of a circle. 
The following theorem holds. 

If U(@) ts a piecewise continuous function for 0 < 6 < 2x, then the 
function 


(26) (0,9) eee a 
ee ee ie R? — 2R¢ cos (6 — ¢) + p?’ 


which can also be expanded into the series 


u(p,e) = > i y p’(a, cos vp + b, sin vg) 
v=] 


with 
1 2r 
Ten = =I U(@) cos v6 dé; 
ee” 
sl U(@) sin vé dé, y=0,1,2,..., 


ts harmonic in the circle p < R; on the circumference p = R, u takes the 
boundary values U(@), except at the points at which U(@) is discontinuous. 

We have shown before that the function w(p,¢) defined by the Poisson 
formula (26) is harmonic in p < Rk. All that remains to be shown, 
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therefore, is the fact that this function indeed takes the correct boundary 
values on p = #. If 6) is a point of continuity of U(0), we thus have to 
prove that 
(27) lim u(p,g) = U(9). 
pk 
g— 6 
Applying (20) to the harmonic function 1, we obtain 


es 
24 o Rk? — 2pR cos (6 — ¢) + p? 


We now multiply this identity with U(@ ) and subtract the result from 
(26). This yields 


(28) ul(p,g) — U(4) = 


Reape i  (U(@) — U(O)) do 
2r o FR? — 2pR cos (@ — v) + p? 


Since U(@) is continuous at @ = 4, there exists an a such that for a given 
arbitrarily small positive « we have |U(@) — U(@)| < «, provided 
\@ — @| <a. It follows that 


(29) R? — p? | ae [U(@) — U()] da 
20 @—a &* — 2pRk cos (@ — ¢) + p? 
c Boe fm an 
= Qa a—a Ww? — 2pRk cos (@ — ¢) + p? 
2r 
<e aa So ee =e 
2r 90 Rk? — 2K cos (6 — ¢) + p? 


Since the point (p,g) approaches the point (R,40), we shall ultimately have 
lp — 6| < ga. For such values of y, and for values of @ for which 
|@ — 6| > a, we have 


[@ — ol = [6 — Go| — | — o| 2 a —ga = da, 
whence cos (8 — y) < cos $a and 
R? — 2pR cos (6 — ¢) + p? > R? — 2pR cos $a + p? > 4pR sin? ta. 
Denoting the last expression by A and using the notation 
J" U6) — U(e)| 4 = ML, 
we therefore obtain 


Rk? = p? 00o+2%—a [U(6) = U(4)] 0 M ; 
ee ee a s we - 
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Comparison of this inequality with (28) and (29) yields 


Bs 


|w(p,¢) fom U(0)| < € oe or A 


(ie — (p2). 
Since e tends to zero if ¢ tends to 6) and R? — p?— 0 for p— R, (27) 
follows and our theorem is proved. 

At a point of the circumference p = R which corresponds to a discon- 
tinuity of the boundary value function U(@), the boundary value problem 
loses its meaning. However, the following information regarding the 
behavior of u(p,¢) in the neighborhood of such a point is easily obtained: 

Let 6 be a discontinuity of U(@) and let m and M (m < M) be the two 
limits of U(0) at this point. By suitable approach to the point (R,6o) from 
the interior of the circle p = R, the function u(p,y) can be made to tend to any 
limit L for whichm < L < M; in particular, u(p,g) tends to #(m + M), if 
the point R, 69 1s approached radtally. 

This result is an immediate consequence of the properties of the har- 
monic function 
ae b 

x — a 


p(z,y) = tan 


of Exercise 2, Sec. 2. Since (y — b)(x — a)—1 is the slope of the straight 
line connecting the points (a,b) and (x,y), the value of p(x,y) coincides 
with that of the angle which this line forms with the positive axis. If 
(a,b) is a point of the circumference p = R, this angle clearly jumps by the 
amount 7 if the point (z,y) passes through (a,b) while describing R. 
Furthermore, the limit of p(z,y), if (x,y) tends to (a,b) along a straight 
line from within the circle, will be any number between these two values, 
depending cn the angle of approach. 

Let now U(6) be the above-mentioned boundary value function, and 
let (a,b) be the rectangular coordinates of the point of angle 6) on the 
circle p = R. Ii M — m is the jump of U(6) at this point, then U(6@) 


—~ p(x,y), or U(8) + ——— 


since the discontinuities of both functions cancel out. From the con- 
tinuity of this auxiliary function and the properties of p(x,y) the above 
result then follows easily; the details of the proof are left to the reader as 
an exercise. 


p(x,y), will be continuous there, 


EXERCISES 


1. If the function u(p,p) is harmonic for p < RF and if |u(p,¢)| < 1 in this circle, 
deduce from the Poisson integral that 


_ p [2 __|R cos (@ — ¢) — ol 
ju(o,e) — u(0)| < Sal gaa? oprREEEor=) oa dé; 
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by evaluating the integral, show that 


A 
|u(e,e) — u(0)| <-sin- 5, 


where the sign of equality can occur only if « has the boundary value 1 and —1 for 


p 
cos (@— 9) > B 


2. If u(p,¢) satisfies the same hypotheses as in the preceding exercise, show that 
the coefficients a,, b, of its expansion (24) are subject to the inequalities 


and cos (@ — ¢) < 7 respectively. 


4 
¥ 


4 
lol Sy Il Se 


awk’ 


8. Show that the function u(p,g) which is harmonic in R and has the boundary 
values u(R,@) = 1 for -a < @ <a(0 <a <7) and u(h,6) =Ofora <@ < 27 —a 
has the expansion 


u(p,g) = = + 2 » e (4) SIN va COS v¢, pire dt. 
vr © y 


y=] 


4. If u(p,¢) is harmonic for p < R, show that 


I ffee ay? 2 2) 2 
_ uw(p,p) dy = >= + (ay? + by?)p?”, p<R, 
wv JO 2 


v=! 


where a,, b, are the coefficients of the expansion (24). 

5. Show that, for p > R, the Poisson formula (20) represents a function u(p,¢) 
which is harmonic in the exterior of the circle p = R and takes the boundary values 
—U(R,6) on p = R. 


7. The Neumann Function and the Boundary Value Problem of the 
Second Kind. It was shown before (Exercise 3, Sec. 4) that a harmonic 
function which has vanishing normal derivatives on the smooth boundary 
of a domain in which the function is harmonic reduces to a constant. This 
result can also be formulated as a uniqueness theorem: 

If wand v are harmonic in a smoothly bounded domain D and their normal 
derivatives on the boundary of D coincide, then u=v-+c, where c is a 
constant. 

Indeed, u — v is harmonic in D and has vanishing normal derivatives 
on the boundary of D; by what was said before, it therefore reduces to a 
constant. We remark here that the above statement would also remain 
true if ‘‘smooth”’ is replaced by “‘ piecewise smooth.” ‘The restriction to 
smoothly bounded domains is only introduced in the interest of concise- 
ness of formulation; the occurrence of corners in the boundary of D—at 
which the normal derivatives of the functions in question would cease to 
be defined—would require a special discussion in each case. 

The uniqueness theorem may also be expressed by saying that, up to an 
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additive constant, a harmonic function is completely determined by the 
values of its normal derivative on the boundary of a domain D This 
uniqueness property leads in a natural way to the question whether it is 
always possible to construct a harmonic function if the values of its normal 
derivative on the boundary of D are arbitrarily prescribed. We shall 
show in Sec. 8 that this question, the boundary value problem of the second 
kind, can be reduced to a boundary value problem of the first kind. In 
the present section we leave aside the question of existence and we shall 
only be concerned with the representation of a harmonic function in terms 
of its normal derivatives on the boundary of D. This representation is 
achieved by means of the Neumann function of D, a function which plays 
here a part analogous to that of the Green’s function in the boundary 
value problem of the first kind. This function is defined as follows: 

The Neumann function N(z,¢) of a smoothly bounded domain D with 
respect to a point ¢ of D is of the form 


(30) N(z,f) = log eg W (2,6), 


where r 1s the distance between z and £ and N,(z,¢) ts harmonic in D; on the 
boundary T of D, N(z,f) has a constant normal derivative, 7.e., 
ON (z,) 


(31) ee const., zer. 


N(z,¢) ts further normalized by the condition 
(32) (ms N(z,¢) ds. = 0. 


A condition of the type (32) is necessary if N(z,¢) is to be defined in a 
unique manner; without this requirement, N(z,¢) is clearly only deter- 
mined up to an arbitrary additive constant. We might, of course, dispose 
of this constant by a normalization condition different from (32); for 
instance, we might require that N(z,¢) vanish at a specified point of D. 
The condition (82) was chosen because it leads to the most simple 
formulas. The existence of the Neumann function is equivalent to the 
possibility of solving a particular boundary value problem of the second 
kind. If No(z,¢) is the harmonic function with the boundary derivatives 


Alogr 
on 


+ const., 


then, clearly, — log r + No(z,¢) is the Neumann function. 
The constant in (31) cannot be chosen arbitrarily; in fact, its value is 
completely determined by the other conditions imposed on N(z,¢). By 
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(30) and (31), we have 


se  ; eloee ON ,(z,¢) 
const. [ ads. = eee ds + | @go ds. 


Since N,(z,¢) is harmonic in D, the last integral vanishes by virtue of (9). 
Setting u = 1 in (14), we find that the first integral on the right-hand side 


has the value 2x. Since, further, f. ds = L where L is the length of I, we 


finally obtain 
' ON(z,f) _ _ 2 
(31 ) an = iB ) 2 = Te 


Turning now to the question of representing a harmonic function in 
terms of its normal derivatives on the boundary, we observe that since 
such a representation can determine a function only up to an arbitrary 
additive constant, it becomes necessary to adopt a normalization conven- 
tion if we want to make this representation unique. We choose the 
normalization correspondirg to (32), that is, we assume that the harmonic 
functions we consider are normalized by the requirement 


(33) {L u(z) ds = 0: 


for a given harmonic function, (33) can clearly be achieved by adding a 
suitable constant. We now identify the function h in (14) with the 
Neumann function N(z,¢) of D—which is permissible, since N(z,¢) is of 
the form (11)—and apply (14) to a harmonic function u which is nor- 
malized b; (83). We obtain 


uy = = x ff [ae MED — we) HO] as 


Since, by (31’) and (83), 


i u(z) ag ds = — = [ue ds = Q, 


this reduces to 


u(S) = i Net) 2) as, 


This is the desired representation of a harmonic function in terms of its 
normal derivatives on the boundary of a domain. Because of its impor- 
tance, we state this result in the form of a theorem. 
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Let u(z) be harmonic in the closure D + T of a smoothly bounded domain 
D and let u(z) be normalized by the condition 


ji u(z) ds = 0. 


If N(z,¢) denotes the Neumann function of D with respect to a point ¢ of D, 
then 


(34) ue) = 2 f wes) Ma 


As in a similar case in Sec. 5, the question arises whether the following 
wider interpretation of the formula (84) is permissible: If p(z) (¢ ET) is 
an arbitrary function satisfying certain regularity conditions, is it true 
that the function 


(35) uo) =¢ | NE NP as 


is harmonic in D and that, on I, du/dn = p(z)? The answer to the first 
question is not difficult. We shall show presently that N(z,¢) is also a 
harmonic function of the variable ¢; hence, if p(z) is integrable, it follows 
easily that the function u(¢) defined by (35) is harmonic in D. The sec- 
ond question is identical with the boundary value problem of the second 
kind—or, as it is also occasionally called, the Newmann problem—men- 
tioned above; as already said, it will be shown in Sec. 8 that it can be 
reduced to a boundary value problem of the first kind. 

The fact that N(z,¢) is also a harmonic function of the variable {—the 
reader is reminded that ‘‘the variable ¢”’ is short for ‘‘the variables &, »’’— 
is a consequence of the following symmetry property of the Neumann 
function: 

If N(z,¢) denotes the Neumann function of a smoothly bounded domain D 
uith respect to a point § of D, then 


(36) N(@,o) = N(,z). 


The proof of (36) is modeled on that of the corresponding symmetry 
property (17) of the Green’s function. Let ¢ and ¢ be two given points of 
D. The Neumann functions N(z,f) and N(z,t) are harmonic in D with 
the exception of the points ¢ and ¢, respectively. If we delete from D two 
small circles C.(¢) and C.(¢) of radius e« and centers ¢ and ¢t, respectively, 
both functions will therefore be harmonic in the domain D, thus obtained. 
If [, denotes the boundary of D,, consisting of the boundary I of D and 
the two circles C’.(¢) and C.(t), it follows from Green’s formula (12) that 


i Ec r) oe > ee ONCE) | de = 0. 
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In this integration, the boundary I is described in the positive sense, 
while the circumferences C’.(¢) and C.(t) are described in the negative 
sense. The integral over I vanishes; indeed, by (31’) and (32), we have 


ON ee am a 
[ wes) XE as - = | Neat) ds = 0, 


and the same is true if the roles of ¢ and ¢ are interchanged. With the 
abbreviations N(z,t) = Ni, N(z,t) = Ne, we have therefore 


| (w, 2 - Ny ON) as + ff (0. © — 24) ae = 
c,(8) on HO) on on 


N, has a logarithmic singularity of the type (11) at the point ¢, while Ne 
is harmonic in the interior of C.(¢). By (14), the value of the integral 
over C,(¢) is therefore 2r7N2(¢). Similarly, the value of the integral over 
C.(t) is found from (14) to be —2rN,i(t). Hence, N2(¢) = Ni(t) or, in 
view of the definition of N, and No, N(¢,2) = N(t,t). This proves (36). 

We end this section with the explicit determination of the Neumann 
function in the case in which D is the circle Cz of radius R with center at 
the origin. If 7, 6 are polar coordinates in the z-plane and p, ¢ the polar 
coordinates of a point ¢ inside Cr(p < #), we shall show that the Neumann 
function of Cz with respect to the point ¢ is of the form 


(37) N(z,5) = — log [r? — 2pr cos (6 — g) + 1? 
— tog | — 2 = cos (6 — ¢) +r] - 2 log = 


If r; denotes the distance between the points z and ¢, and rz denotes the 
distance between z and the point inverse to ¢ with respect to the circum- 
ference Ce, that is, the point with the polar coordinates ?/p, ¢, it follows 
by elementary trigonometry that (37) is equivalent to 


Nite ©) = — logr, — log re + 2 log = 


This shows that N(z,¢) is a harmonic function of z in Cr, with the excep- 
tion of the point ¢ at which log r; has the prescribed singularity (30) of the 
Neumann function. For the complete identification of (87) with the 
Neumann function of Cr, we thus have only to show that it has a constant 
normal derivative on the circumference r = Rk. This, however, is easily 
confirmed by differentiating (37) with respect to r and setting r = & in 
the result. We obtain 


Beg eet 
or r=R = R’ 
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in agreement with (31’). The determination of the additive constant 2 
log (R/p) by means of the normalization condition (32) is left as an 
exercise to the reader. 
EXERCISES 

1. Verify the symmetry property (36) in the case of the circle. 

2. Derive an explicit formula representing a harmonic function in a circle by means 
of its radial derivatives on the circumference. 

3. Let w(p,¢) be harmonic for p < R and let p(6@) be the normal derivative of u 
at the point (R,6) of the circle p = R; if u has the normalization (33), show that for 
p < R, u can be expanded into the series 


(-] 


u(p,¢) = > p’(ay cos v6 + b, sin v6), 


pee il 
where 
: a 0 de 
w= |, p(@) cos » ’ 
b u > Gavel 
, eat ik p(@) sin v : 


4. Let K(z,t) be defined by 


K(e,s) = 5-IN@S) — 9,0) 


where N(z,¢) and g(z,f) are, respectively, the Neumann function and the Green’s 
function of a smoothly bounded domain D. If u(z) is harmonic in the closure D + T 
of D and normalized by (33), show that 


w(t) = fue AED as, 
ue) = f BS Kes as. 


5. Show that the function K(z,¢) of the preceding exercise is harmonic at all points 
of D and that it has the “‘reproducing property” 


wo) = ff Baus + Kyu) de dy, 
D 


where K = K(z,¢), and u = u(z) is harmonic in D + T and normalized by (83). 


8. The Conjugate Harmonic Function. If the function u = u(z,y) is 
harmonic in a domain D, we can associate with it another function 
v = v(z,y) by means of the following system of partial differential 
equations: 


' du av 
(387) ey 
(38”) OT 


oy Ox 
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This system of equations is known as the Cauchy-Riemann differential 
equations and plays a fundamental part in the theory of conformal 
mapping. ‘The function v defined by the equations (38) is harmonic in D; 
indeed, differentiating (38’) with respect to y and (38’’) with respect to z, 
and subtracting the results from each other, we obtain 


v is called the harmonic conjugate of u. It is worth noting that in deriving 
the harmonicity of v we did not use the fact that u is harmonic; we only 
made use of the existence of two continuous derivatives. Indeed, it 
easily follows from (38) that two functions u and v which have two con- 
tinuous derivatives and are connected by the system of equations (38) are 
necessarily both harmonic. 

The definition (38) for the partial derivatives of the harmonic conjugate 
v can be replaced by a definition for v itself. If dv is the total differential 
of v, we have by (38) 


Hence, integration along a curve C connecting two points (x,y) and (20,Yo) 
yields 


01 0 
(39) v(x,y) aa v(0,Yo) = [. (- = dx ar > iy). 


The fact that the line integral on the right-hand side of (39) is independent 
of the curve C and that its value depends only on the terminals (z,y) and 
(o,Yo) can also be verified directly. From (1), it follows that 


a (_ au) _ 0 (au 
oy dy) ax \dx )’ 


and this is the well-known condition for the independence of a line integral 
of the integration path, applied to the integral (39). It is important to 
note that the conjugate harmonic function is only determined up to an 
arbitfary additive constant which plays the part of an integration con- 
stant in (39) and was expressed there as the value of the function v at the 
arbitrary point (x0,Yo). 

The Cauchy-Riemann equations can also be formulated with respect to 
two arbitrary perpendicular directions which do not necessarily have to be 
parallel to the axes of the coordinate system. With a view to later 
applications in which these directions will be those of the normal and the 
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tangent of a smooth curve, we denote these perpendicular directioas by n 
and s, respectively. Here, a word has to be said regarding the relative 
orientation of two mutually perpendicular directions. In a rectangular 
coordinate system, the positive z-direction and the positive y-direction 
play two slightly different parts. While a rotation of 47 transforms the 
positive x-axis into the positive y-axis, the inverse transformation requires 
a rotation of —$7r. In our (n,s) system, we shall assume that the relative 
orientations of the n- and s-directions are like those of the x- and y-axes, 
respectively. This is in agreement with our conventions regarding the 
positive direction of the normal and the positive sense in which the 
boundary of a domain is described (see Fig. 2). If 0/dn and 8/ds denote 


Fig. 2. 


differentiations with respect to the positive n-direction and the positive 
s-direction, respectively, we have 


(40) sell 


Ou 
am 0p °° (a,n) + ay cos (y,n), 


where (x,n) and (y,n) are the angles between the positive directions indi- 
cated. Similarly, 


Ov Ov Ov 
3s 9z 088 (x,s) + ay cos (y,s). 


Since (x7,n) = (y,s) and (2,s) + (y,n) = 7, this can also be written 
Ov ov 
ae ac (y,n) + ay cos (x,n) 
or, in view of the Cauchy-Riemann equations (38), 
Ov au du 
caer ay cos (y,n) + 3z 008 Conn): 
It therefore follows from (40) that 


(41) ~— => 
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which is the desired general form of the Cauchy-Riemann equations; (41) 
can also be brought into the form 
Ou Ov 

(42) oe = he 
which follows from the observation that the relative orientation of the n- 
and s-directions is reversed if the positive and negative directions of n are 
interchanged. A comparison of (41) and (42) incidentally brings out the 
fact that the relation between the functions u and v is not quite symmetric. 
If v is the harmonic conjugate of u, then —u, and not wu, is the harmonic 
conjugate of v. 

(41) can be used in order to compute the harmonic conjugate of a given 
harmonic function u. If C is a smooth curve connecting two points (z,y) 
and (20,yo) and s is the arc-length parameter of this curve, then 


* av 
v(z,y) v(X0,Yo) ae [2s 


where s and so are the values of the parameters corresponding to the points 
in question. It therefore follows from (41) that 


(43) v(2,y) = o(to,yo) + | $% ds. 

It is left to the reader as an exercise to show that (48) is essentially equiva- 
lent to (39). In a practical application of (43), the curve C will, of 
course, be so chosen as to make the computation of the normal derivative 
of was simple as possible. Asan example, consider the harmonic function 
u = log r, where r, @ are polar coordinates. Choosing the curves C to be 


: fe) 0 
circular arcs r = const., we have an Te and ds = rdé. Henze 


] 
v= | ae + const. = 6, 
6 7 
where a suitable value of the constant has been taken. We thus find that 
the angle 6 is the harmonic conjugate of logr. (As for 6 being a harmonic 
function, compare Exercise 2, Sec. 2.) 

Using the same integration curves, the reader will verify without diff- 
culty that the conjugate of the harmonic function r” cos né is r” sin n6, and 
that the harmonic conjugate of r” sin n@ is —r” cos n@. This result is 
especially important since, by (24), any function u which is harmonic in a 
circle r < R can be expanded into a series whose terms are constant multi- 
ples of the functions r* cos n@ and r" sin n@. Since, clearly, the conjugate 
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of the sum of two functions is the sum of their conjugates, we can there- 
fore immediately write down the conjugate of a harmonic function if this 
function is given in the form of its expansion (24). 

The conjugate of the harmonic function 


(44) 2G) = 5 + , r’(a, cos v8 + b, sin v8), ca i, 
v=] 


aS 
(44’) v(r,8) = > r’(dy sin v8 — b, cos v6). 
v=1 
It hardly needs to be pointed out that the region of convergence of (44’) 
is identical with that of (44). 

We next use (41) in order to show that the Neumann problem of the 
preceding section is equivalent to a suitably posed Dirichlet problem. If 
it is desired to construct a harmonic function v which, on the boundary I 
of a smoothly bounded domain D, satisfies 


Ov 
(45) an = p(s), 
where p(s) is a piecewise continuous function of the arc length parameter 


s, we proceed as follows: We define a function g(s) by 


(46) as) = [ v() as, 


where So corresponds to an arbitrary fixed point of f. Next, we construct 
a harmonic function u which has the boundary values —q(s) on I, that is, 


u(z) = —q(s), = a(s) ET. 
By (46), we have 
Ou 
dee — p(s) 
onl. If v denotes the harmonic conjugate of u, it therefore follows from 


(42) that 

Ov 
on = p(s), 
which shows that the function v solves the Neumann problem in question. 
It should be noted that, in accordance with (9), the function p(s) has to 
satisfy the condition 


i p(s) ds = 0. 
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If this were not the case, the function g(s) of (46) would not be single 


valued on YL. 
EXERCISES 


1. Show that the harmonic conjugate of the harmonic function 


“u= (x? + y? ~ 0) is — 


= oe D . 
x2 + y? x2 > ye 

2. Let u(z,y) be a harmonie function of z, y, and let z = x(é,n) and y = y(é,n) 
be harmonic conjugates with respect to the variables £, 7, that is, 


TE = Un ty — Ue. 


Show that wi(§,7) = ulx(é,n), y(é,7)] is a harmonic function of £,7. 

3. If u = u(z,y) and v = v(z,y) are harmonic conjugates, show that the Jacobian 
d(u,v) 
(z,y) 

4. If polar coordinates are introduced by z = p cos 6, y = p sin 6, show that the 
Cauchy-Riemann equations are transformed into 


cannot be negative. 


Pup = Va, Ug = —pup. 


5. If « = u(z,y) is harmonic in a domain D and v = v(z,y) is the harmonic conju- 
gate of u, show that the expression w = wu? + v? cannot attain its maximum in D at 
an interior point of D. Hint: Use the fact, following from Exercise 2, that log w is a 
harmonic function of z, y if w # 0. 


9. Multiply-connected Domains. In the results concerning harmonic 
functions which we have derived so far, no reference was made to the con- 
nectivity of the domains D involved; these results are true regardless of 
whether the domains in question are simply-connected or multiply- 
connected. There are certain properties of harmonic conjugates, how- 
ever, which are decisively influenced by the connectivity of the domain in 
which these functions are defined. Consider first the case of a simply- 
connected domain D in which a harmonic function wu is defined. It is 
easy to see that the harmonic conjugate v of wu as defined by (39) is a 
single-valued function in D, that is, it has a uniquely defined value at each 
point of D [provided, of course, the lower limit of the integral in (39) is 
kept fixed]. This follows from the fact, pointed out above, that the 
integral in (39) does not depend on the particular curve C connecting the 
points (x,y) and (%o,yo), and it does not change its value if Cis continuously 
deformed into another curve C’ connecting these points in such a manner 
that all intermediate curves are entirely within C. Since in a simply- 
connected domain any two curves connecting the same two points clearly 
can be deformed into each other in the manner described, it follows that 
the function v defined in (39) has in this case a uniquely determined value 
at each point of D. A slightly different way of proving the single-valued- 
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ness of the harmonic conjugate in a simply-connected domain is the fol- 
lowing. Let C; and C2 be two nonintersecting curves (except for their 
terminals) connecting (x,y) and (%0,yo), and compute v by means of (39) 
along these two curves. If we denote the results by v; and ve, we have by 
(39) 


Ou Ou OU Ou 
Vy — Uo = [LC aye + 2 ay) = Ac a” aa 2 dy) 


The curves C; and C2 enclose a domain B which, in view of the faet that 
D is simply-connected, consists entirely of points of D. Since one of the 
two curves, say C4, is traversed in the positive sense with respect to B and 
the other in the negative sense, the last formula can also be written in the 
form 


F) 
(47) noua | (- Mar + May), 


where 6 denotes the positively oriented boundary of B. By Gauss’ 
theorem (5), this is equivalent to 


2 2 
noun ff (ee + on) ae dy 


and this vanishes by (1). It thus follows that v1 = ve, that is, the value 
of v does not depend on the integration curve. If the curves C; and C, 
intersect at a number of points, the same argument is applied to each of 
the domains surrounded by parts of C; and C2, and we again obtain v1 = 2. 

The preceding argument stands and falls with the assumption that the 
domain D is simply-connected. We used the fact that the interior of a 
simple closed curve all of whose points are in D consists entirely of points 
of D; as mentioned in Sec. 1, this is a characteristic property of a simply- 
connected domain. To illustrate the failure of the preceding argument 
in a multiply-connected case, consider the circular ring 1 < x? + y? < R?. 
In this doubly-connected domain there exist different types of curves con- 
necting two given points which cannot be continuously deformed into 
each other within the domain; two such types are illustrated by the curves 
C, and C2 in Fig. 3. Obviously, it is also not true any more that all points 
in the interior of the closed curve formed by C, and C2 are points of the 
circular ring, and the above argument fails. We are therefore unable to 
show that the integral on the right-hand side of (47), taken along the sim- 
ple closed curve consisting of the arcs C'; and C2, vanishes. Indeed, there 
is no reason to suppose that it will vanish in the general case. Denoting 
the value of this integral by p, that is, 
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Ou du 
p- | (- ete) 
or, using (43), 


Ou 
(48) | [ Has 


we now ask the following question: If the function v defined by (43) is not 
single-valued in the circular ring, what are the possible different values 
this function can take at one and the same point? By the argument used 
in the simply-connected case, it is clear that two different integration 
paths in (43) will lead to the same value of the function v if they can be 
continuously deformed into each other within the domain. We can 


C2 


Fic. 3. 


therefore expect different values of v only in the case of two paths for 
which such a continuous deformation is impossible. In order to give a 
complete classification of all essentially different paths connecting two 
points, it is only necessary to observe that the only obstacle in the way of 
such a continuous deformation is the circular “‘hole” in. our domain. 
Two such paths will therefore be essentially different from each other if 
they surround the hole a different number of times; here, of course, it is 
essential to note the sense—positive or negative—in which the hole is 
surrounded. 

To make our statement more precise, consider two different paths C, 
and C, which connect the same two points P and P’. As mentioned 
before, Ci and C2 form together a closed curve b if C, is described starting 
from P and ending at P’, and C, in the opposite direction. The radius 
vector connecting a point of b with the center of the ring will sweep out an 
angle of magnitude 21m, where m is an integer, if the point describes the 
entire curve b. If m is zero, C, and C2 are equivalent in the above sense, 
since the hole has not been surrounded at all by the curve b, and C; and C2 
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are therefore deformable into each other. If, however, m is not zero, C, 
and C2 are essentially different. In order to find the difference in the 
value of the function v corresponding to these two paths by means of (43), 


we observe that 
Ou 
Ci me s— | a an i= an ad 


Denoting the two different values of v by vi and ve, respectively, we thus 
have, in view of (43), 


vi(x,y) == V(x,Y) ala ie ay ds. 


The integral over the closed curve b is clearly equal to m times its value 
for a simple circuit, that is, one for which the angular variation just 
mentioned is 2x. With the notation (48), where the curve b was pre- 
cisely of this type, we have 


(49) vi(z,y) - v2(x,y) ma MP, m= 0, ag sey a } 


(49) shows that the various values which the harmonic conjugate v of a 
single-valued harmonic function wu can take at one and the same point 
differ by integral multiples of a number p, the period of the function v. 
It is important to keep in mind that the function v is continuous at 
all points of the domain; its many-valuedness is expressed in the fact 
that a complete circuit around the ‘‘hole”’ leads us to a different value 
of the function. As an example, consider the conjugate of u = log, 

= 1/z? + y?. As shown before, v = @ = tan7!(y/x). Both functions 
are harmonic in the circular ring mentioned before, since their only 
singularity is situated at the origin. @ is not single-valued in the ring; 
indeed, the angle is only determined up to an integral multiple of 27, and 
a closed positive circuit about the origin adds 27 to the value of 6. The 
function v = 6 thus has the period 27; if @ is meant to denote an angle 
between 0 and 27, the conjugate of log r will therefore be v = 6 + 27m, 
where m is an arbitrary integer. 

Before we pass to the case of a domain of connectivity n, where n is an 
arbitrary positive integer, we point out that our use of the word ‘“‘period”’ 
is not identical with that in the phrase ‘‘the function sin x has the period 
2r,’’ meaning that sin (x + 27) = sin x. However, no confusion can 
arise as long as both meanings of the word ‘‘period”’ are not used in the 
same context. If there is a possibility of confusion, we shall replace the 
word ‘‘period’”’—as in ‘‘the period of the harmonic conjugate’’—by the 
expression ‘‘modulus of periodicity.” Turning now to a domain D of 
connectivity n, we see that the different values of the function v defined by 
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(43) depend on the number of times each of the n — 1 “holes” is sur- 
rounded by the integration path. There will therefore be n — 1 inde- 
pendent periods of v, corresponding to a complete circuit about each of 
these holes. Attaching to these holes the subscripts 1,2, ...,n-—1, 
we thus have the independent periods pi, po, . . . , Pa—1, Where the word 
‘‘independent”’ means that none of these periods is, in general, expressible 
as the sum of integral multiples of the other periods. If b, is a simple 
smooth curve which surrounds the hole of subscript v but does not contain 
in its interior points of any other hole, we have 


a 
(50) p= | Sas, =e. ele 


corresponding to (48) in the doubly-connected case. Since, apart from 
continuous deformations inside D, the various integration paths connect- 
ing two points of D differ only by the number of times they surround the 
various holes, we thus obtain the result, corresponding to (49), that the 
various values of v(z,y) are of the form 


n—-1 
(51) (xy) = volz,y) + ) mp, 


yo] 


where the m, are arbitrary integers and vo(x,y) is any one of the values of 
v(z,y). It is, of course, possible that in some cases one or more of the 
periods p, are zero; if all periods p,, »y = 1, ...,m — 1, vanish, v will 
be single-valued in D. 

It is finally pointed out that there also exists a period p, of the function 
v associated with the outer boundary T, of D. The exceptional position 
of the outer boundary of D as compared with the inner boundaries 
T;, ... ,P,n-118 of a rather superficial nature; if we map the plane onto 
the surface of the sphere by means of the stereographic projection of 
Sec. 1, D is transformed into a domain D’ which is bounded by n closed 


curvesTy’, .. . , Py,’ none of which deserves to be called ‘‘ outer boundary ” 
any more. In addition to the closed circuits about the curvesT)’, ... , 
T',-1’ which lead to the periods pi, . . . , Pa—1, we therefore also have to 


consider the period related to a closed circuit about I’. If we return to 
the (x,y) plane, the period p, of v will thus be equal to the increment of v 
if the point (x,y) describes a closed curve b, in D which contains then — 1 
inner boundaries in its interior, that is, 


Ou 
(52) Pee / Mas 
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Now it is clear that the effect of surrounding all interior boundaries along 
b, is identical with that of surrounding each T,(v = 1,...,n— 1) 
separately along the curves bi, . . . , bai of (50). Since the sense in 
which b, is described in (52) is necessarily opposite to that in which the b, 
in (50) are described—all the b,, » = 1, . . . , n have to be described in 
the positive sense with respect to the interior of D—it follows from (50) 
and (52) that —pa = pit pet +++ + Das, or 


(53) Ci be eae ea O. 


The sum of the periods of v associated with all the boundary components of D 
is zero. ‘Thus, the period associated with I, contributes nothing new; we 
still have only n — 1 independent periods. If we are dealing with a 
finite domain, it is natural to regard the periods pi, . . . , Da—1 associated 
with the interior boundary as a fundamental set of independent periods. 
However, in the case of a domain of connectivity n which contains the 
point at infinity, that is, the full plane furnished with n finite holes, there 
is no distinguished boundary; in such a case, we shall arbitrarily disregard 
one of the periods and take the remaining n — 1 periods as the funda- 
mental set. The relation (53) connecting the periods associated with all 
the boundary curves is, of course, also true in this case. 


EXERCISES 


1. Let D be a domain bounded by n smooth curves Ti, Ps, ... , Fn; if M(z,f) is 
the harmonic conjugate of the Neumann function N(z,t) of D, show that the period 


of M(z,¢) corresponding to a complete circuit about I, is —2r a ( oe ee 


n 


where L, is the length of T, and L = » Dp. 
Pail 
2. Show that the harmonic function 


has a single-valued harmonic conjugate in the ring 2 < x? + y? < 38. 


u = log 


10. The Harmonic Measure. Let D be a smoothly bounded domain 
and IT its boundary; if a denotes an open are which forms a part of I and 
if 8 denotes the remainder of I with the exception of the end points of a, 
then the harmonic measure of a with respect to D is defined as follows: 

The harmonic measure w(z;a) is the function which is harmonic in D and 
takes the boundary values 1 and 0 tf z approaches a or B, respectively. 

At the points at which a and 8 meet, the boundary values remain unde- 
fined; as in a similar case in Sec. 6, it is easy to show that by suitable 
approach of these points from within D, any limiting value between 0 and 
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1 can be obtained. As regards the existence of the harmonic measure in 
the case of a general domain, we observe that w(z;a) has been defined as 
the solution of a particular boundary value problem of the first kind; 
hence, its existence is a consequence of the fact, to be proved later, that 
the Dirichlet problem can be solved for an arbitrary piecewise continuous 
boundary value function. 

Since w(z;a) solves a particularly simple boundary value problem, it can 
easily be written down explicitly with the help of the general formula (16). 
w(z;w) takes the boundary values | and 0 on a@ and 8, respectively; hence, 
it follows from (16) that 


6) 
(54) w(fsa) = — x | WED as, 


where g(z,¢) is the Green’s function of D. 

The concept of the harmonic measure of an arc is of importance in 
many problems in the theory of functions of a complex variable which do 
not come within the province of this book. The only case which will be 
important for our purposes is that in which D is a domain of connectivity 
n, bounded by n smooth simple closed curvesTi, . . . , Tn, and coincides 
with one of the boundary componentsT,. With the abbreviated notation 
w,(z) = w(z;T,), we have the following definition: 

The harmonic measure w,(z) of the domain D, bounded by the simple 
smooth closed curves T;, . . . , I'n, 1s the function which ts harmonic in D 
and has the boundary values 1 and 0 on T, and T, (u # »), respectively. 

By (54), we have 


(55) wt) = — x fe!) as, 


If we compare this formula with (50) and (52), we arrive at the following 
important connection between the harmonic measures and the Green’s 
function of a multiply-connected domain: 

The period of the harmonic conjugate of the Green’s function g(z,f) of a 
multiply-connected domain D with respect to a circuit about the boundary 
component T, is —2rw,(f), where w,(¢) ts the harmonic measure of T,. 

Since the Green’s function g(z,¢) has a singularity at the point ¢, we 
cannot expect that our result of the preceding section, according to which 
the sum of all periods of a harmonic function is zero, will also hold in 
this case. However, something similar is still true. We have 


(56) w1(2) + we(z) pie a ate wr(z) = |, 


The proof is very simple. Since w,(z) is equal to 1 on I, and equal to 
zero on T',, u ¥ », it follows that wi(z) + - * > + wn(z) takes the value 1 
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at all points of the boundary of D. By the maximum principle, both the 
maximum and the minimum of this expression in D are therefore equal to 
1. Hence, this function is identically equal to 1 throughout D. 

We next turn our attention to the harmonic conjugates of the functions 
w,(z) and, especially, to their periods. If p,, denotes the period of the 
harmonic measure w,(z) with respect to a circuit about the boundary 
component I',, we have by (50) 


Ow 
) = 4 
(57) Dis "p a, OS: 
B 
These periods have the important symmetry property 
(58) Pov = Pvp, 


that is, the period of w,(z) over IT, is the same as the period of w,(z) over I,. 
The proof of (58) is as follows: Since w, = 1 on I, and w, = 0 on the rest 
of the boundary of D, (57) may also be written 


Ow, 
(59) Dw = [ ona, ds, 


where T =T,+T2+ ---: +T, is the complete boundary of D. By 
Green’s formula (12), this is identical with 


_ OW, 
Pav = fo Seas 


Since w, = 1 on T, and w, = 0 onT — I,, this is the same as 


By (57), the right-hand side is equal to p,,, and this proves (58). 
Another property of the periods p,, which we shall require later is the 
following: 
The symmetric quadratic form 
n—-1n-—1 
Pourrrp 
vol p=l 
ts positive-definite, that ts, 


n—-I n—-1 


(60) Paes > 0 


pS il mail 


unless all the numbers \1, . . . , An—1 are zero. 
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Before we prove (60), we remark that the exclusion of the subscript n 
from the summation in (60) is only due to the resulting convenience of 
notation; we might as well have excluded any other subscript. One sub- 
script has to be omitted; we shall see that otherwise the result will not be 
true. Consider now the expression 


w(z) = hw 1(Z) -+ A2we(z) a html + An—-1Wn-1(2), 
where Ay, Ag, . . . , An-1 are arbitrary real numbers, not all zero. OnT,, 
y= 1,2,...,n-—1, the harmonic function w(z) takes the boundary 


values },, and on T,, we have w = 0. Since not all X, are zero, it follows 
that w(z) cannot reduce to a constant. By Green’s formula (7), we have 


6] 
‘ia (we? + wy?) dz dy = ib w = ds. 


D 


The left-hand side of this expression is nonnegative. Since w is not con- 
stant, it cannot be zero, and we have therefore 


v= n= 
or 
Lay n—1 
OW, 
2, rae fo Seas 10: 
v=] p=l1 


In view of (59), this is equivalent to (60). We add the remark that (60) 
\ould not be true if the summation were extended from 1 ton. Since the 
sum of all n periods of w, is zero, we have 


n 


) Y P= » ( ) = 0, 


v=lp= yv=l p= 


which shows that (60) would be wrong for \; = \g = +--+: =A, = lif 
nm — 1 were replaced by n. 
From (60) we conclude that 


Pi Piz erry os) 
(61) P21 P22 ~ + = Wo n—1 4 (i) 


Des Preke . .- “Pr in—1 
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To prove (61), we note that, by the theory of linear equations, the vanish- 
ing of this determinant would imply the existence of a nontrivial solution 
M1, . . - » An—1 Of the homogeneous system of linear equations 
n—l 
Doudn = O, Ye 1 2 a Le 


p=l 


Multiplying by \, and summing from 1 to n — 1, we obtain 


n-ln-1 
» Pudi = 0, 
v=1 p=1 
which contradicts (60). 
EXERCISES 
1. Let D be a domain of connectivity n and let u(z) be harmonic in D and on its 
boundary components [T,,..., Vn. If, on T,(vy =1, 2,..., n), uz) <M), 
show that the inequality 
n-1l1 
v=1 


holds at all points of D. 
2. If D is a domain of connectivity n and if u(z) is harmonic in D, show that it is 
always possible to find n — 1 constants Ai, ..., An-1 so that the harmonic con- 
n—-1 
jugate of wi(z) = u(z) + Mb A,w,(z) is free of periods in D. 
y=l 
3. A domain D is enlarged by adding to it a piece a of its boundary component Tr, 
and a domain—outside D—whose common boundary with D is a. If the harmonic 
measures of D and the enlarged domain D* are denoted by w,(z) and w,*(z) (v = 1, 
. , n), respectively, show that 


wi*(z) < w:(2), wpe) > w,(z), y=2,...,n,2ED. 


4. If the function u(z) is harmonic in D and on its boundary components T), = i ; 
Yr, (Tf. +7T.+ --- +1, =7N), show that the period P, of its harmonic conjugate 


v(z) about TY, is 
FEN es [wo eam) ds. 


on 


5. Show that the harmonic measures associated, respectively, with the outer and 
inner boundary of the ring a? < x? + y? < b? are 


log r — log a 


one) log b — log a’ 
Mloee— log b » ; 7 
SO) Sa eE kala qh) r= Vx? + y?. 


Find their periods. 
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11. Dependence of the Green’s Function on the Domain. If p(z) is 
a differentiable function of z in an interval a < x < b and € a small posi- 
tive number, then, by the rules of the ordinary calculus, 


(62) p(x + «) = p(x) + ep’(z) + of), 
where o(e) denotes a quantity for which 


(63) lim Slag 0. 


(63) can also be expressed by saying that o(e) is a term of higher than first 
order in e«. If we call the expression p(x + e) — p(x) the variation of 
p(x) with respect to the increment e, it follows from (62) that, except for 
terms of higher order in e, the variation of p(x) is ep’(z). 

A similar situation arises if it is desired to compute, up to first-order 
terms, the variation of the Green’s function g(z,¢) of a domain D if D is 
made subject to a slight variation whose magnitude is measured by a small 
positive parameter e. There is, however, a significant difference. While 
p(x) is a point function, that is, it only depends on the point x, g(z,¢) is 
a domain function depending upon the domain D. If, for instance, D is a 
simply-connected domain and x = x(t), y = y(t), ti < t < te, is a para- 
metric representation of the boundary I of D, then g(z,¢) will depend on 
the values of the functions x(t) and y(¢) throughout the interval t; < t < és. 
Our problem is therefore of the same general character as those treated in 
the classical calculus of variations. 

In what follows we shall assume that the domain D is bounded by 
closed analytic curves x = x(t), y = y(t), ti < t < te, that is, curves such 
that for every t: < t) < t, the functions z(t) and y(¢) can be expanded into 


power series z(t) = 3 Gt —io)?, UG) = » b,(¢ — to)” which converge 
v=0 v=0 

in a certain neighborhood of t. The reason for this restriction is the 
following result which will be proved at a later stage (Sec. 5, Chap. V): 
The Green’s function of a domain D which ts bounded by analytic curves T is 
harmonic at the points of T. As shown in Sec. 6 of this chapter, this implies 
that the Green’s function has derivatives of all orders at the points of I. 

Let now s be the parameter which measures the are length of Tin such 
a way that the whole boundary I is described if s grows from 0 to L; if the 
domain D is multiply-connected, the various components will be traversed 
ina certain order. Let D* be a domain whose boundary I’* is obtained as 
the result of a slight deformation of IT. In order to obtain a complete 
description of this deformation, we construct the normal to T at every 
point z(s) of T and measure along the normal the distance 6n(s) between 
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2(s) and the first point of intersection 2*(s) of the normal with '*. Here, 
the ‘normal displacement”’ 6n(s) is to be taken positive if the vector 
starting from z(s) and terminating at z*(s) coincides with the outward 
pointing normal, and negative if it has the opposite direction. Intuitively 
speaking, 6n(s) is positive at points at which I is ‘pushed outward,” and 
negative if it is pushed inward. If D* contains D, 6n(s) will obviously be 
nonnegative at all points of fT. The fact that we are concerned with 
‘“‘small’”’ deformations is expressed analytically by the condition that, for 
0<s<L, |én(s)| < «Mf, where M is a constant and ¢ a small positive 
parameter. If we write én(s) = ep(s), then the function p(s) has to 
satisfy |p(s)| < Jf; in addition, we shall assume that p(s) is a piecewise 
continuous function of s. It is understood that the variation of I is to be 
such that, apart from the points of T which were not moved at all, T and 
['* have no common points; for a given function p(s), this can always be 
achieved by choosing e small enough. 

We temporarily assume that 6n(s) is negative at all points of I; this 
restriction is easily removed once the result for the special case has been 
obtained. If 6n(s) is negative throughout I, it follows that D* is a sub- 
domain of D, and, consequently, that g(z,f) is, apart from its singularity 
at z = ¢, harmonic in D*; we remark that « has to be taken sufficiently 
small so as to ensure that ¢ is in the interior of D*. If g(z,¢) and g*(z,¢) 
denote the Green’s functions of D and D*, respectively, the function 
g*(z,¢) — g(z,¢) will be harmonic in D* since the singularities of these two 
functions at z = ¢ cancel out. Hence, by (16), 


1 dg*(n,2) 
* = — * =~ ee 
(6) gtet) ~ 920) = — 2 | fortes) — 960) 2 a 
On the other hand, using the abbreviation 


(65) D;{u,r] = ‘| J (uve + Udy) dx dy, 
B 


we have by Green’s formula (7) 


On Era es lait g(n,z)] = on a g(n o a) as fa (n,f) fue aS,. 


Since g(7,¢) and g*(n,¢) vanish for 7 € T and 7 € I%*, respectively, this 
may also be written 


s Dp_v+(g(n,f),9(0,2)] = x |. [g*(n,5) — 9,5) ae dS. 
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Adding this identity to (64), we obtain 
1 
g*(z,¢) — g(z,¢) - On Dp_v+|g(n,f),9(n,2)] 


= - 2 [ torent) - ofa) ree) — otra) as 
or, in view of (7), 
(66) g*(e,t) — gle) = — 5 Do-o-la(.t),0(0.2)] 


— 5- Dorlg*(n,t) — 9(0,8),9*(12) — 9(n,2)) 


We now proceed to show that the second term on the right-hand side of 
(66) is of the order of magnitude of «2. To this end we observe that, by 
the mean-value theorem of the differential calculus, 


g(z*,¢) — g(z,5) = dn(s) @} 


where z* is that point of !'* which is obtained from the point 2(s) of T by 
means of the variation 6n(s) and z’ a certain point on the linear segment 
connecting z and z*. g(z,¢) is harmonic in the closure of the domain 
enclosed between I and I'*; hence its derivatives in this region exist and 
are uniformly bounded. Since, moreover, 6n(s) = ep(s), where p(s) is 
bounded, it follows that 


Ges) a g(z,¢)| < Me, 


where MM is a suitable constant. But g(z,¢) vanishes for z € I, and we 
have therefore 
lg@*,5)|< Me, 2™CT*. 


On I*, g*(z,¢) vanishes. The last inequality may therefore also be 
written in the form 


ig 2) GG) wal ea 


But g*(z,¢) — g(z,f) is harmonic at all points of D*. By the maximum 
principle, it therefore follows that this inequality holds at all points of 
D*, that is, 

lente) —9(2,5)| <a, 2am ; 


If u(z) = g*(z,¢) — g(z,f¢), the function u(z) thus has the order of magni- 
tude of «. In view of (16), the same is true of the derivatives uz, and wy. 
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Indeed, differentiating (16) under the integral sign, we obtain 


Ge 2 
Uz(Z) = a x fue) eae one ) as, 


mel < Ef 


and similarly for u,. In view of (65), it therefore follows that the last 
term on the right-hand side of (66) is of the order of magnitude of e?, and 
(66) can be replaced by 


whence 
0°g*(n,2) 


anon, | oo 


(67) g*(et) — let) = — ge Do-vlaln,t),9(0,2)] + 0€0. 


To evaluate the first term on the right-hand side of (67) up to first-order 
terms in e, we introduce a new coordinate system (c,v), where v is meas- 
ured along the normals to T and o is measured along the orthogonal 
trajectories to these normals. In particular, the curve I belongs to the 
family of curves vy = const. In a sufficiently small neighborhood of I, 
the normals to T do not intersect one another and the transformation 
from the (x,y) coordinates to the (c,v) coordinates is uniquely determined. 
At the points of T, the Jacobian of the transformation is 


O(,y) _ 
d(a,v) 


Le Ly 
Yo Yr 


Le Yo 
Yo —~—Lo 


= ee ar Use = 1. 


In an e-neighborhood of T, we therefore have, for reasons of continuity, 


0(z,y) 


age tO 


where o(1) is small if «is small. Hence, in view of (65), 


(68) A = Dp-vllo(n.t).a(n)) 
= ff (a2 ge + gg] dy do + o(6), 
D—D* 


where the abbreviations g™ = g(n,¢) and g® = g(n,z) have been used. 
The term o(e) is due to the correction term of the Jacobian and the fact 
that the width of the domain of integration is of the order of magnitude 
of «. It follows that 


L 0 
a= ‘ do he [ge ge + gy? gy] dv + of€). 
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The value of the inner integral is, by the mean-value theorem of the 
differential calculus, 


0 
fr, laeae + ogy] dy = —[geg. + gyPgy'] 4n + 00), 


where the derivatives of the Green’s functions may be taken at the points 
of [. Hence, 


L 
A SS tr [ge ge + gyYgy]dn(s) ds + o(e). 
On T, we have 
Js = Gxts + GyYs, Gn = Jzin + GyYn = GrYs — Gye; 


whence, by a formal computation, 


@. Vg, + Ge Ga = (ge 2G + Ge Oy ie + Ue) 
= g2Pg6 + gg, 


Since g and g‘? are zero on [, both g,“ and g,“” are zero. We thus 
obtain 


a [ 2o(n) ) da(n2) Gis tage 


and, in view of (67) and (68), 


(69) ogG,0) = = i “ne Oe ag(n, 2) dn(s) ds, + o(e), 
where he 
(70) dg(z,5) = g*(z,6) — g(z,f) 


is the variation of the Green’s function if the boundary I of D is made 
subject to the normal variation 6n(s) = ep(s). 

Hadamard’s formula (69) has so far only been proved under the restric- 
tion that 6n is negative or zero. However, this restriction is easily lifted. 
Suppose first that én is positive or zero throughout I. Then the roles of 
lr and I* are interchanged, and we have, by (69) and (70), 


*k 
ate) — Met) = ge fA) "OD gne(e) ae + of) 
Since 6n* is the variation leading from ['* toT’, we have 6n* = —6n + o(e). 
Moreover, replacement in this formula of g* by g and I'* by I results only 
in corrections of the order of magnitude of o(e). It therefore follows that 
Hadamard’s formula (69) also remains true in this case. Finally, if 6n 
may take both positive and negative values, we decompose I into two 
sets I, and I, such that 6n is positive on IT, and negative or zero on Le. 
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The total variation of T may then be regarded as the result of two suc- 
cessive variations. The first of these coincides with 6n on I, and is zero 
on In; the second coincides with 6n on I; and vanishes on T,. Since (69) 
has been proved for variations which are either nonnegative or nonposi- 
tive, it follows therefore that (69) holds in the general case. 

As an important special case of (69) we obtain the variation formula for 
the domain constant d(¢) defined by 


(71) d(o) = I [9(z,5) + log 7]. 


By (69) and (70), we have 


(72) sd(¢) = = fi Ee én(s) ds + o(e). 


d(g) grows monotonically with the domain D. Indeed, if D grows, 6n is 
nonnegative, and it follows from (72) that éd(¢) > 0. This monotonicity 
property of d(¢) can also be easily established with the help of the maxi- 
mum principle. If D’ > D, and we denote the Green’s function of D’ by 
g (2,¢), we have g’(z,f) — g(z,¢) > 0 on T, since g(z,¢) vanishes there and 
g’ (2,£) is positive in the interior of D’. But g’(z,¢) — g(z,¢) is harmonic in 
D and it therefore follows from the maximum principle that g’(z,¢) 
— g(z,f) > 0 throughout D. Letting z = ¢ and observing (71), we thus 
obtain d’(¢) — d(¢) > 0, which is the above result. 

If Dis a circle, (69) enables us to compute, up to first-order terms, the 
Green’s function of a nearly circular domain. The Green’s function of a 
circle of radius & about the origin was earlier found to be of the form (18), 
and the value of its normal derivative on the circumference was found to 
be (19). If we denote the polar coordinates of z and ¢ by r, ¢ and p, ¢, 
respectively, and insert the expression (19) in (69), we obtain 


(Bt — 12)(F? — p%) 


ra 6n(0) do 
I, [R? — 2rR cos (6 — $) + r>|[R? — 2pR cos (6 — v) + py] + o(e). 


For ¢ = 0, we have, in particular, 


ei 5n(6) dé 
SO) cae anim js R— BR eos @— 4 Fret 


Since the Green’s function g(z,0) of the circle is log (R/r), this result can 
also be formulated as follows: 
If D 1s a nearly circular domain bounded by the curve whose polar equa- 
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tion 1s p = It + ep(@), then tke Green’s function of D with respect to the cen- 
ter of the circle 1s of the form 


as a p(@) dé 
seo) = tog? 4 Ef EG FTO 


In Sec. 11, Chap. V, this result will be applied to a problem in the theory 


of conformal mapping. 
EXERCISES 


1. Show that the nearly circular ellipse of half axes 1 + « and 1, where « is a small 
positive number, has the polar equation p = 1 + e« cos? @ + o(e) and derive the 
expression 


g(z,0) = — log r + «(1 + 17? cos 2¢) + of) 


for the Green’s function of this ellipse. 

2. Let D be a domain which is bounded by n closed analytic curves T;, ...,Tn 
and let w,(z) denote the harmonic measure of D associated with T,. Using (69) 
and the fact that —27w,(¢) is the period of g(z,¢) if z surrounds I,, derive the variation 
formula 
Swr(n) O9(m,2) 5 (ay 


dele ie r On,  Onq 


3. Use the result of the preceding exercise to show that the periods p,, of w,(z) have 
the variation formula 


_ _ f deen) den(n) 
Spon = — ff SSH) Sew) a (s) dy 


n—1 
4. Use the preceding result to show that the quadratic form A = y PypA,Ay has 
vu = 1 


the variation formula 
n—l 


6A = — ie | »» dy Seta) 5n(s) ds 


r= 


and deduce the fact that A decreases if the domain D grows. 
6. If g(z,t) = — log r + h(z,t), where A(z,¢) is harmonic in D, show that A(z,¢) 
has the variation formula 
aly 0g(n,z) Og(n, 
dh(z,t) = hee 9g(n,2) Sem} dn(s) dsy, 
and conclude that 
6) o - 
aih(e2) + MEE) — BNI = gf | BM — SAME TN ance) dy. 
Deduce that the expression h(z,z) + A(¢t,t) — 2h(z,¢) grows monotonically with the 
domain. 

6. Enclosing a given finite domain D in a large circle of radius R and using the 
form (18’) for the Green’s function of this circle, show that the expression h(z,z) + 
h(¢,t) — 2h(z,¢) tends to zero for R— . Using this and the result of the preceding 
exercise, show that for any finite domain D we have the inequality 


h(z,z) + hf) < 2h(z,¢). 


CHAPTER II 
ANALYTIC FUNCTIONS 


1. Complex Numbers. The language of the theory of conformal 
mapping is that of complex-valued functions of a complex variable. The 
use of complex numbers, however, is of a much earlier date. It is due to 
the observation that certain algebraic equations do not admit of solutions 
if the algebraic operations are confined to ordinary numbers, or, as they 
came to be called later, real numbers.* For instance, the equation 
xz? = —1]1 has no real solution, since the square of a real number is either 
positive or zero, but never negative. The rule that every algebraic equa. 
tion of second order has two solutions can, however, be saved by a simple 
expedient. Since there is no real number whose square is —1, we con- 
clude that this is a new type of number which is defined by just this 
property ; if this number is denoted by 1, it is thus defined by the equation 


(1) a= — 1: 


Although the number 7 was introduced in order to give a solution to the 
particular second-order equation x? + 1 = 0, it is immediately seen that 
the adjoining of the number 7 to the real-number system guarantees two 
solutions (which may coincide) to any second-order equation with real 
coefficients. Indeed, the equation x? + px + q = 0 is formally solved 
by the elementary formula 


a 
e-—hy(5) -s 


which shows that its solutions are either real or else they are numbers of 
the form a + bi, where a and b are real numbers. A number of the type 
a+ bi is called a complex number. If b is zero, the complex number 
reduces to a real number; conversely, a real number may be regarded as a 
complex number in which 7 has the coefficient zero. If a is zero, that is, 
if the complex number reduces to the form 02, it is called an imaginary 
number. This unfortunate name, which seems to imply that there is 
something unreal about these numbers and that they only lead a pre- 
carious existence in some people’s imagination, has contributed much 


*It is assumed that the reader is familiar with the basic properties of the real- 
number system. 
49 
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toward making the whole subject of complex numbers suspect in the eyes 
of generations of high school students. 

The fact that the introduction of complex numbers simplifies certain 
theorems in the theory of algebraic equations would not be of much con- 
sequence, if it were not permissible to apply to complex numbers the same 
algebraic manipulations as are applied to real numbers. That this is 
indeed the case can be easily confirmed by regarding the number a + bi 
as the sum of the terms a and 67 and by making it subject to the usual 
algebraic operations while observing (1). The sum of the two complex 
numbers a + bi and c+ di will thus be the complex number (a + 6) 
+ (c + d)t, the product (a + bz)(c + dz) will be (ac — bd) + (ad + be)i, 
etc. Both the addition and multiplication of complex numbers are 
obviously commutative and associative, and it is easily confirmed that the 
multiplication is distributive with respect to addition. 

While originally the algebra of complex numbers was introduced along 
the lines indicated above, it has now become customary to introduce it in 
the following, somewhat more abstract, manner. A complex number a is 
defined as an ordered pair (a,b) of real numbers; if b = 0, a reduces to the 
real number a, that is, (2,0) = a. The sum of two complex numbers 
(a,b) and (c,d) is defined by 

(a,b) + (c,d) = (a+c,b+d). 
If b and d are zero, it follows that (a,0) + (c,0) = (a+c, 0) =at+e, 
which shows that our definition of a sum does not violate the rules of 


addition of real numbers. Multiplication of two complex numbers is 
defined by 


(2) (a,b)(c,d) = (ac — bd, be + ad). 


If b =d = 0, we have (a,0)(c,0) = (ac,0) = ac; hence, this operation 
reduces to ordinary multiplication if both complex numbers are real. 
The reader will verify that these rules of addition and multiplication of 
complex numbers have the same basic properties as the corresponding 
operations in the theory of real numbers, that is, we havea + 6 = B+ a, 
a°- B= Ba (a -- 8) +-y=a-+ (Ba), (ea, — a Ce, 
a‘(B8+y)=a:‘B+a-y. If the complex number (0,1) is denoted by 
the symbol 7 we have, in view of the multiplication rule, 


v= (0,1) (0,1) = Coal) = =all, 
in accordance with (1). Moreover, it follows from the addition rule that 
(a,b) = (2,0) + (0,b) =a+6-01) =a+ bi, 


which shows that our ordered pairs of reai numbers are indeed equivalent 
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to the complex numbers which are obtained by naively operating with the 
square root of —1 and observing the usual rules of algebra. 

The definition of complex numbers as ordered pairs of real numbers has 
the advantage of showing clearly that the essential feature of this algebra 
is not the emergence of mysterious “imaginary”? numbers; the crucial 
step is to realize that what we write as one complex number a is in reality 
a pair of two real numbers and that it is possible to define for these pairs 
algebraic operations which obey the same laws as the customary algebraic 
operations defined for real numbers. We shall, however, continue to use 
the notation a = a + 67 for the complex number (a,b). As shown above, 
formal algebraic manipulation of the expression a + bz and observance of 
the rule (1) will always lead to results identical with those obtained by 
means of the addition and multiplication rules for ordered pairs; the 
notation a + bi, seeming to imply that we are dealing with the sum of a 
real and an imaginary number, is therefore retained because of its extreme 
manipulative convenience. 

a is called the real part and 6 the imaginary part of the complex number 
a =a-+ 01; in symbols, a = Re {a}, b = Im {a}. Two complex num- 
bers are said to be equal if, and only if, they are identical, that is, if they 
have both the same real parts and the same imaginary parts. The num- 
ber @ = a — ib is called the complex conjugate of a = a + 1b; obviously, 
the complex conjugate of @ is a itself. A complex number is real, if its 
imaginary part is zero; if the real part of a complex number is zero, this 
number is said to be pure imaginary. It is clearly characteristic of real 
numbers that a = @; pure imaginary numbers a, on the other hand, are 
characterized by the relation @ = —a. 

The complex number zero, defined as the number 6 for which a + 6 = @ 
is, of course, identical with the real number zero, as the reader will have 
no difficulty in verifying. This can also be expressed by saying that a 
complex number is zero if, and only if, both its real and imaginary parts 
are zero. The difference y = a — 8 of two complex numbers is defined 
by the equation a = y + B; evidently yis a uniquely determined complex 
number. 

The product of two complex numbers can only be zero if one of the 
factors is zero. Indeed, from a8 = 0 we obtain aagB = aBaB = 0; if 
a=a-+ bhi, 8 = c+ di we thus have, in view of 


(a + 2b)(a — 1b) = a? 4+ D?, 


(a? + b?)(c? + d?) = 0, which is only possible if either a = 6 = 0 or 
c=d=0. There is only one complex number y such that ay = a 
(if a ~ 0), namely, the real number 1; indeed, subtracting the equation 
a-l=afroma:y =a we obtain a(y — 1) = 0, whence y = 1. 
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Division of complex numbers is a uniquely determined operation 
resulting again in a complex number, provided the divisor is not zero. 
Defining y = a/8 by the equation By = a, we have, multiplying both 
sides with 8, (c? + d?)y = BBy = af, winerae 

Q 
siden “ 7s 
except when c = d = 0. 

We close this section with a simple but useful remark. It is easily 
verified that equations between complex numbers of the type a + 8 = 7, 
a—B=y7, aB = 7, (a/8) = y remain true if all complex numbers 
appearing in these equations are replaced by their complex conjugates; 
for instance, it follows from a+ 6 = y that a+ 6 = ¥, and similarly 
for the other equations. As an immediate consequence, we obtain the 
following result: Any equation between complex numbers which only 
involves the operations of addition, subtraction, multiplication, and division 
remains true if all complex numbers appearing in the equation are replaced 
by their complex conjugates. 


EXERCISES 
1. If a = cost +7 sin t, where 0 <t < 27, show that 


vaya = 72 cot 
l—-—a 


SS 


2. Ifa =a + bi and b ¥ 0, show that the expression 


a 
irae a 
will be real only if a? + b? = 1. 
3. Show that »/a = -/a + bi is a complex number c + di, and find c and d. 
4. If a = a + 61, show that a‘ can be positive only if either a or b, or both, are zero; 
show further that a4 can be imaginary only if one of the four relations 


a= +(1 + v/2)b 
holds. 


5. Show that (cos 6 + 7 sin @)(cos gy +7sin ¢) = cos (@ + ¢) + isin (@ + 9), and 
deduce the formula (cos @ + isin @)" = cosné + isin n6, where n is a positive integer. 

6. Show that the reciprocal of cos 6 + isin @ is cos 6 — 7 sin 9, and deduce that 
the formula of the preceding exercise remains true in the case in which n is a negative 
integer. 


2. The Complex Plane. Since a complex number a = a-+ bt is 
uniquely determined by a pair of real numbers, and the same is true for a 
point in a plane, it is possible to establish a one-to-one correspondence 
between all complex numbers and the points of a given plane. Indeed, 
all we have to do is to associate with the complex number a = a + bi the 
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point in the plane whose rectangular coordinates are a, b; it is obvious 
that by this rule each complex number determines precisely one point in 
the plane, and vice versa. For the sake of simplicity, this point will also 
be denoted by a. The plane whose points represent the complex numbers 
is called the complex plane. 

The beginner is apt to think that the introduction of the complex plane 
is a mere technical device, designed to facilitate the operations with com- 
plex numbers by enlisting the powers of geometrical visualization. This 
isnot so. In the following chapters, it will become increasingly clear that 
both the theory of functions of a complex variable and the theory of con- 
formal mapping are pervaded by geometrical 
ideas, the key to which is the representation of 
complex numbers by the points of the complex 
plane. This is particularly true of the theory of 
conformal mapping; in fact, it is one of the char- 
acteristics of this theory that it emphasizes the 
geometrical aspects of complex numbers and that 
it tends to regard their arithmetic properties as Fie. 4, 
mere tools. 

If we introduce polar coordinates r, 6 in the complex plane (Fig. 4), we 
obtain a different representation of the complex numbers. 

In view of 


a=rcos 6, b=rsin 6, 
we have 


(3) a=a-+ bi = r(cos 6+ 7 sin 6). 


r= /a’?-+ 0b? is the distance of a from the origin. This quantity is 
called the absolute value, or the modulus, of a and is denoted by the symbol 
la|; the angle 6 is called the argument of a and is denoted by arg {a}. We 


clearly have 
le = V aa. 
If a and B are two complex numbers, it follows that 


|p| = VaaspB = V a& V BB, 


whence 


(4) |B] = |a[6l. 


If, in (4), we replace a by 5 (8 ~ 0), we obtain $B = H ||, whence 


|e 


a 


B 


(5) 
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The identity (4) is easily extended to a product of an arbitrary number of 


complex numbers a, a2, . . . , @n; for such a product we obtain 
Jara © + + nl = forsllao| > > * len. 
Taking, in particular, a1 = ag = *** =a, = a, We have 
{tt i—inliae |, n = lu) . ecm 


The distance between the points a = a-+ bi and 8 = c + di is, by 
elementary geometry, equal to »/(a — c)? + (b — d)?; since this is also 
the absolute value of the complex number a — 8, we thus have the result: 
The distance between the points a and B is |a — B|. Since the sides of the 
triangle (0,a,8) are |a|, |8|, |a — Bl, it follows from the elementary fact 
that the sum of two sides of a triangle is larger than the third side (unless 
the triangle degenerates into a linear segment) that ja — B| < |a| + |8|. 
If we replace 8 by —8 and observe that |—8| = |6|, we obtain the impor- 
tant inequality 


(6) la + B| < lal + (él. 


The reader will have no difficulty in verifying that the sign of equality in 
(6) can only occur if arg {a} = arg {8}. A lower bound for |a + 8| is 
provided by the inequality 


(7) (eee fel ales] — Neil 
which follows easily by replacing a in (6) by a — B. We obtain 
Fea es easel = lel 


substituting —@ for 8, we arrive at (7). 

The addition of two complex numbers can be carried out graphically 
with the help of the fact that the four points 0, a, a + 6,8 form a parallel- 
ogram such that 0 and a + 8 occupy opposite vertices. The proof is left 
to the reader. There is also a construction for the product of two com- 
plex numbers which follows from the representation (3). If aand 6 have 
the representations 


a = r(cos 6+ 7 sin 6), = p(cos ¢ +7 SIN ¢), 
we have 
a8 = rp{(cos 6 cos g — sin @ sin ¢~) + 2(sin @ cos gy + cos @ sin ¢)]. 


In view of the addition theorems of the trigonometric functions, this is 
equivalent to 


a8 = rp{[cos (6 + ¢) +7 sin (6+ ¢)]. 


Sec. 3] ANALYTIC FUNCTIONS 55 


It follows, in agreement with (4), that |a8| = |a||@|, and that 

arg {a8} = arg {a} + arg {6}. 
Hence, the point of is found by adding the arguments of a and @ and, in 
the direction thus obtained, taking the point whose distance from the 
origin is the product of |a| and |8|. 

We finally point out that the complex plane is completed by the 
infinitely distant point, denoted by the symbol ~, discussed at the end of 
Sec. 1, Chap. I; as shown there, this concept is given a definite meaning 
with the help of the stereographic projection of the plane onto a sphere. 


EXERCISES 
1. Show that the area of the triangle whose vertices are a, 8, y is given by the 


absolute value of 
i yY—a 
= —_ 2 ‘ 
2 Jae ea ema 6 = <i 


2. Show that the three points a, B, y are situated on the same straight line if, and 
only if, the expression 


Caan? 
a— y 
is real. 
3. Find the loci of the points a for which 
een (i =| =. 
l—a 
(b) | l+eo | =o 
l—ea 


(c) [1 — a] = » (xh > 0). 

@) Ja +1) + le —1 =n>2. 

4. Show that if the real parameter \ grows from — to », the point a + A(B — a) 
describes the straight line determined by the points a and 8. 

5. If a and £ are two fixed points, show that the locus of the points y for which 
arg {(y — a)/(y — 8)} is constant is a circle passing through a and 8. 


3. Sequences and Series of Complex Numbers. The sequence of 
complex numbers a; = @; + 1b1, ag = G2 + tbe, . . . Qn = Ant ibn, ... 
will be said to converge if the two real sequences 


Uy Co. an 
Ce 
converge. If 
lim a, = a, lima G),. = bs 
n—> n— © 


we say that a = a + 1b is the limit of the sequence {a,}, that is. 


lim a, = a. 


lr © 
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The well-known necessary and sufficient convergence criteria for rea] 
sequences are easily translated into criteria applying to complex sequences. 
The real sequences {a,} and {b,} converge to the limits a and b, respec- 
tively, if, and only if, for every arbitrarily small positive e there exists an 
integer n = n(e) such that 


(8) ae cml <emes [De elamale < ae 


provided m > n. The corresponding criterion for complex sequences is 
the following: The complex sequence {a,} converges to a limit a if, and only 
if, for every arbitrarily small positive « there exists an integer n = n(e) such 
that 


(9) le — m| <e 


form >n. The proof is immediate. From (8) it follows that 


la — am| = VW(a — Gm)? + (b — bm)? < € v/2, 


which shows that the criterion is necessary. It is, however, also suffi- 
cient, since the inequality 


la — am| = V(a — an)? + (6 — bn)? <e 


entails |a — a,| < ¢« and |b — b,,| < e, that is, the inequalities (8). 

As in the case of real sequences, this criterion may he replaced by a 
different type of necessary and sufficient condition in which no explicit 
reference to the limit a is made. The complex sequence {an} converges if, 
and only if, for every arbitrarily small positive ¢ there exists an integer 
n = n(e) such that 


lam — o| < 


af both k and m are larger than n. The proof of this criterion from the 
corresponding result for real sequences is left as an exercise to the reader. 

(9) has a simple geometric interpretation. Since, as shown in Sec. 2, 
la — am| is the distance between the points a and am, the convergence 
criterion is equivalent to the following geometric condition: If we describe 
about @ a circle of arbitrarily small radius e, then ultimately, that is, 
starting from a certain subscript n, all points a, must lie in the interior of 
this circle. a is therefore a limit point of the set of points a, a2, .. . 
in the sense of the definition of Sec. 1, Chap. J. Furthermore, a is 
clearly the only limit point of the set. 

We now turn to the consideration of the infinite series 


Ciery Oge * * en 


whose terms are complex numbers a, = @, + ibn. The series is said to 
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converge if its partial sums 
§1 = 1, So = a1 + Qe, S3 = a, + ae + ag, 
form a converging sequence. If lim s, = s, then s is called the sum of 


n— © 


che series and we write 


a ar °° TS ae: re, 
Obviously, this series converges if, and only if, the series of real terms 
(10) Gr eee = eG 


bi tbo +t: +> tots: 


converge; if the sums of these series are a and b, respectively, then 
s=a-+u1b. If we apply the convergence criterion for sequences to the 
sequence {sn}, we obtain the following result: For the convergence of the 
series 


O55 CF) 5 mam Cin si ie 


ut 1s necessary and sufficient that for every arbitrarily small positive e there 
exist ann = n(e) such that 


lent + Onto + ipa + anim| <e 


for every positive integer m. 

It is well known that the real series (10) converge ‘‘unconditionally,”’ 
that is, they remain converging and their sums are not affected if the 
order of their terms is changed, if, and only if, they also converge abso- 
lutely, that is, the series 


(11) laa] - [aol - - -  | 
|ba| + [be] + > * + [bn 


converge. Since, by (6), 
lan| = |an + 2b,| < lan] + dal, 
the convergence of the series (11) entails that of the series 
lau + laal + + lal Ho 


On the other hand, both |a,| and |b,| are not larger than |a,,| = +/a,? + 6,2. 
We thus have the following result: A sertesa; + a2+ +--+: tante:: 
converges unconditionally if, and only zf, it converges absolutely, 1.e., af the 
sertes of the absolute values 


loa] + Jao} +--+ + lanl +: 


converges. In the applications it is generally not the unconditionality of 
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the convergence, guaranteed by this result, that matters but the con- 
vergence itself. Since absolute convergence is a sufficient condition for 
convergence, we are thus able to test the convergence of a complex series 
by means of the known criteria for real series. 


EXERCISES 
1. Let ao, a1, a2, . . . and Bo, Bi, B2, . . . be two sequences, and set 
ao tort -->- tan = 8a. 
Show that, for m > 0 and p > 1, 
m-+p m+p 
anBn = Sn(Bn — Bn41) — SmBmi1 + 8m4pBmipsi- 
n=m+1 n=m+1 


2. Use the result of the preceding exercise to show that the series » anBn CcOn- 
n=Q 


verges if By) > Bi > --- >O, lim 8, = 0, and if there exists a constant M such 


rt © 


that |s,| < M for all n. 


3. Show that the convergence of »s anBn iS also assured by the convergence of 


n=0 
i-] 


a, and the conditions Bp) > B61 > :- +: > A, where A is a real constant. 


n=0 


4. Analytic Functions. If S is a set of points in the complex plane 
and the point represented by the complex number z = x + zy may be 
identified with every point of S, we say that z is a complex variable defined 
in S. If we are given a certain rule according to which a complex value 
w = u + wis associated with every point z of S, we say that w = f(z) isa 
complex function of the complex variable z. We are mainly interested 
in the case in which the set S is a domain D, as defined in Sec. 1, Chap. I; 
in this case, D will be called the domain of definition of the complex- 
valued function w = f(z). 

In this generality, the concept of a complex-valued function of a com- 
plex variable is not very useful. Clearly, the statement that w = wu + iv 
is a function of z = x + zy does not amount to more than to the fact that 
u = u(z,y) andv = v(z,y) are two real functions of the two real variables 
x and y. This situation is also not altered if we restrict ourselves to 
continuous functions, that is, to functions f(z) for which |f(z) — f(a)| < «, 
where ¢ is a given, arbitrarily small positive number, provided |z — a| < 
6(e); the reader will have no difficulty in verifying that this continuity is 
equivalent to the continuity of the two real functions u = u(z,y) and 
v = v(x,y) of the real variables x and y. The crucial step is the require- 
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ment that our complex functions be differentiable at the points of D. The 
definition of differentiability of functions of a complex variable is formally 
the same as in the case of functions of a real variable. We say that the 
function f(z) is differentiable at the point 29 € D if 

(12) To) pit OS 1) 

h-0 h 

exists; the value f’(zo) of this limit is called the derivative of the function 
f(z) at the point z = 2. There is, however, a fundamental difference 
between this derivative and the derivative of a function of a real variable. 
While in the latter case the value of the parameter h is either positive or 
negative, h may now be an arbitrary complex parameter which ultimately 
tends to zero. Geometrically speaking, the point 2) + h may approach 
the point 29 along an arbitrary curve ending at 2. By the statement that 
the limit (12) exists, we mean that the limit exists, and is the same, 
regardless of the path along which 2 is approached. 

Since, formally, the definition (12) is identical with that of a function 
of a real variable, it follows that the formal rules of differentiation, such 
as the formulas for the derivatives of sums, products, quotients, etc., are 
exactly the same as in the real case. Moreover, those differentiable func- 
tions known from real analysis whose domain of definition can be extended 
to complex values and which possess a derivative in the sense of (12) for 
real values of z will clearly retain their old differentiation formulas. 

We now give a number of definitions. A complex function which in 
some domain D of the complex plane is single-valued, that is, has a 
uniquely determined value at each point of D, and which has a derivative 
in the sense of (12) at each point of D is called an analytic function. The 
analytic function f(z) is called regular in the domain D if it is single-valued 
and has a derivative at each point of D; f(z) is called regular at the point zo 
if it is regular in a small neighborhood |z — zo| < ¢ of zo. A point zo at 
which f(z) is not regular is called a stngular point of the function f(z). In 
the literature on the subject, one meets occasionally a slightly different 
terminology. Some writers use ‘‘analytic”’ also in the sense of ‘‘ regular,” 
as in the statement “‘f(z) is analytic in D”’; others, influenced by French 
usage, replace “‘regular” by ‘‘holomorphic.”’ 

As an example of an analytic function, consider the function 


2) peace cay)”, 
where n is a positive integer. By (12), we have 


PO) = fag 8) _ yee Cec Woe — wt 


hk 


60 CONFORMAL MAPPING [Cuap. II 


provided the limit exists and is independent of the manner in which h 
approaches 0. In view of the binominal theorem, which is a purely 
formal algebraic identity and therefore holds for complex as well as for 
real numbers, we have 


f'(z) = Wit | nee ~ 5 n(n — be So he] 
h-0 


where, with the exception of the first term, all terms contain powers of h. 
If z is a fixed finite complex number, all these terms will therefore tend to 
zero if h tends to zero. It follows that f’(z) = nz"—!, in accordance with 
the formula known from the elementary calculus. We have thus proved 
that the function f(z) = 2", where n is a positive integer, is an analytic 
function of the complex variable z; this function is regular at all finite 
points of the complex plane. Its differentiation formula agrees with that 
of the real function f(z) = x"; as mentioned before, this is a consequence 
of the fact that f(z) = 2* 1s regular on the real axis, that is, for real values 
of z, and that the rule (12) for calculating the derivative of an analytic 
function is formally identical with that used in the ordinary calculus. 

We have likewise pointed out above that, because of this formal 
identity of the real and complex differentiation rules, the differentiation 
rules for sums, products, quotients, etc., remain valid for complex differ- 
entiation. For example, if the functions f(z) and g(z) have derivatives in 
the sense of (12) at the point z = 2p, it follows that the same is true for the 
function af(z) + bg(z), where a and 0 are constants, and that the value of 
this derivative is af’(2o) + bg’(z). Hence, if f(z) and g(z) are analytic 
functions, regular in a domain D, the same is true of the function af(z) + 
bg(z). Similarly, the product of two analytic functions, regular in D, is 
again an analytic function, regular in the same domain. The same state- 
ment holds for the quotient of two regular functions; however, in this case 
we have to except those points of the complex plane at which the denomi- 
nator is zero, since there the division ceases to be defined. If we apply 
these principles to the analytic functions f(z) = z*, which were shown 
before to be regular at all finite points of the complex plane, we obtain the 
following results: A polynomial 


f(z) = ao + aye + ez? + + + * + ane" 


is an analytic function of z, regular at all finite points of the complex z-plane. 
A rational function 


4@ = ag-|- aig + Ge? -- -- - 4. ae 
bo + bz + bez? + °° + One™ 
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that is, the ratio of two polynomials, is an analytic function which is regular 
at all finite points of the complex z-plane, except at those points at which the 
denominator ts zero. 


EXERCISES 


1. Show that if the function f(z) is differentiable at z = zo, it is also continuous 
there. 
2. Show that the functions 


f(z) = Re {z}, ff) =Im {z}, ff) = [a 


are not differentiable in the sense of (12) and that, therefore, they are not analytic 
functions of z. 

3. Let ¢ = f(z) be an analytic function of z, regular in a domain D in the z-plane, 
such that, for z © D, its values are situated in the interior of a domain D’ in the 
t-plane; if the analytic function w = g(¢) is regular in D’, show that the derivative 
of w with respect to z can be computed by means of the formula 


5. The Cauchy-Riemann Equations. It is to be expected that the 
condition of differentiability (12) will establish certain relations between 
the real part u = u(z,y) and the imaginary part v = v(x,y) of an analytic 
function f(z) = f(z + ty) = u(z,y) + w(z,y). In order to find these 
relations, we compute the value of f’(z) in two different ways. In the 
first case we let the parameter h in (12) tend to zero through positive 
values; in the second case h will be taken to be of the form h = ik, where k 
is positive. Since the derivative is independent of the manner in which h 
approaches zero, both procedures must lead to the same result. In the 
first case, f’(z) is obtained as the limit of the expression 


f@ +h) — f@ _ ue th, y) — w@) , ve +h, y) = vy), 
h h 


n 


Since h tends to zero through positive values, we thus have 
ig) = 2 4 
(13) f@=s+iz 


In the second case, f’(z) is the limit of 
flz + tk) — f@) _ uy +h) — uy) , oe, y +) — vy) 
1k 1k k 
if k approaches zero through positive values. Hence, 


en oe, OO 


LO = say t ay ay | ay 
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Comparing this with (18), we obtain 


Since the equality of two complex numbers implies that they agree in both 
their real and their imaginary parts, we have thus arrived at the following 
result. 

At a point at which an analytic function f(z) = u + wv ts regular, its real 
part u = u(xz,y) and its imaginary part v = v(x,y) are connected by the 
Cauchy-Riemann differential equations 


Ou Ov Ou Ov 
ue) dx (Oy dy sk: 
If f(z) ts regular in a domain D, the equations (14) hold throughout D. 

The existence of f’(z) implies the existence of the partial derivatives 
Uz, Uy, Vz, Vy. We shall see later (Sec. 3, Chap. III) that this assumption 
is also sufficient in order to guarantee the existence of derivatives of all 
orders. Anticipating this result tothe extent that we assume the existence 
of continuous second derivatives, we can draw an interesting conclusion 
from the equations (14). Differentiating the first equation (14) with 
respect to x and the second equation with respect to y, and adding the 
results, we obtain 


Ur -+- Uyy = 0. 


Interchanging the roles of x and y in these differentiations, we have 
similarly 
Viz + Vy, = O. 


Since the second derivatives of u and v are continuous and u and v satisfy 
the Laplace equation, it therefore follows that both u and v are harmonic 
functions (see Sec. 2, Chap. J). Moreover, as a comparison of (14) with 
(38) (Sec. 8, Chap. I) shows, v is the harmonic conjugate of u. We thus 
have proved the following result: 

Both the real part u = u(x,y) and the tmaginary part v = v(x,y) of an 
analytic function f(z) = u + are harmonic functions in a domain in 
which f(z) is regular; moreover, v(x,y) ts the harmonic conjugate of u(x,y). 

However, the relations between the theory of analytic functions and the 
theory of harmonic functions are even closer than indicated by this 
statement. We shall show that the following converse statement holds: 

If u = u(z,y) ts a harmonic function and v = v(x,y) tts harmonic con- 
qugate defined by (14), then u(z,y) + wary) ts an analytic function of the 
complex variable z = x + iy. 
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We shall prove a slightly stronger result, namely, that wu -+ iv is an 
analytic function of z + zy if wu and v are continuous, have continuous 
first derivatives, and satisfy the Cauchy-Riemann equations (14); this 
result is stronger than the above statement because the definition of a 
harmonic function requires, in addition, the existence and continuity of 
the derivatives of the second order. 

We define the function f(z) by 


f(2@) = ua,y) + way) = ut wv, 


where wu and v have continuous first derivatives and satisfy (14). In 
order to prove that f(z) is an analytic function of z, we have to show that 
it has a derivative in the sense of (12). Since w and v have continuous 
first derivatives, it follows from the mean-value theorem of the ordinary 
calculus that, with the notation h = hi + the, 


fle +h) —f2) _ ue thy + ha) — ulay) 
h h 
“ PC: mi hi, y ae aa v(x,y) 
= Uz(x + bhi, y + 6he)hi + Cp + bhi, y + 6he)he 
h 


ae 5 vale =o 0’hi, y 4- Ohea)hi — Bl Gs “e Ohi, y oa O’he)he 
h 


_ Ue(z,y)hi + u,(2,y)he 
h 


oh ge oe ee ne prec 


where 0 < 6, @’ < 1, and e,(h), eo(h) are quantities that tend to zero if 
h—0O. We now use the Cauchy-Riemann equations (14) and the fact 
that |Ai| < |h|, |he| < |h|. We obtain 


nde ee =u, HEM + a, eee e(h) 


= U, + Ww, + e(h), 


where e(h) ~0 if h— 0. Letting h— 0, we thus find that f(z) has a 
derivative as defined by (12) and that its value is f’(z) = uz(x,y) + w-2(,y), 
irrespective of the manner in which h approaches zero. The function f(z) 
is therefore analytic and our above statement is proved. 

A comparison of the last two italicized statements shows that the theory 
of analytic functions of a complex variable and the theory of harmonic 
functions of two real variables are essentially one and the same thing. It 
would therefore be possitle to avoid the use of complex quartities alto. 
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gether and to obtain all the results of complex function theory without 
leaving the field of real analysis. That this is generally not done is due to 
two reasons. The first of these is the extraordinary elegance and con- 
venience of manipulation inherent in the use of complex algebra. The 
second reason—already pointed out in Sec. 2—is that operations with 
complex quantities are the analytic equivalents of certain geometric facts. 
‘‘Complex thinking” is, essentially, geometric thinking; the translation 
of complex function theory into the language of real analysis would 
obscure many of the geometric ideas which play a vital part in the theory 
of analytic functions and in the theory of conformal mapping. There are, 
however, situations which are “‘real” in character and in which the 
appropriate tools are furnished by the theory of harmonic functions rather 
than by the theory of analytic functions. In these cases, we shall decom- 
pose our complex expressions into their real and imaginary parts and 
apply the techniques developed in Chap. I. This procedure will also be 
adopted in cases in which the methods of Chap. I yield shorter and more 
direct proofs than corresponding complex manipulations. 


EXERCISES 


1. Show by means of the Cauchy-Riemann equations that an analytic function 
which is regular in a domain D and whose values at all points of D are real reduces 
to a constant. 

2. Show that an analytic function which is regular and has a constant absolute 
value in a domain D reduces to a constant. 

3. If f(z) = u + w is regular in a domain D, show that the Jacobian u,v, — uyvz 
of the transformation (z,y) — (u,v) is equal to |f’(z)|? ( =z + ty © D). 

4. Find the real and imaginary parts of the analytic functions 


1 
sa oo 


il 
’ (b) en 


and verify that, with the exception of certain points [z = 1 in (a), z = 0 in (6)], the 
Cauchy-Riemann equations are satisfied. 
5. Show that the function 


f(z) = e* cos y + te* sin y 


is an analytic function of z = z + iy which is regular at every finite point of the 


complex z-plane. 
6. Show that 


fe) =log V2? Fy +i tan! = logr+i0, O<06 <2r, 


is an analytic function of z which has its only finite singularity at 2 = 0. 
7. Show that 


(3+ =) lf(z)|? = 41f’ (z)|?. 


8. Show that the function log |f(z)| is harmonic in a domain in which f(z) is regular 
and f(z) ~ 0. 
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9. If f(z) is regular in a domain and f’(z) = 0, |f(z)| # 1, show that the function 


|f’ 2) 
w = log ———~,, 
el - OF 
satisfies the partial differential equation 
02m , d?w 
—— ———. = 2w 
Ox? oy? ee 


6. Power Series. A power series is an infinite series of the form 


(15) ao +ai(2—a)+a(z2—a)?+-+-+a,(z—a)*+---, 


where z is a complex variable and a, ao, ai, . . . are fixed complex num- 
bers. If ais zero, the series (15) reduces to the particularly simple form 
(16) do + Q1z2 + aoe? +--+ > tag" +-:: 


We shall show in this section that, in its region of convergence, a power 
series represents a regular analytic function of z. Ata later stage (Sec. 4, 
Chap. III) we shall see that, conversely, every analytic function can be 
represented by means of power series. This explains the great impor- 
tance of power series as computational tools for the practical evaluation 
of analytic functions. 

Turning now to the convergence properties of power series, we first 
derive the following result. 

If a power series (15) converges at a point z = Zo, then it converges abso- 
lutely at all points situated in the interior of the circle whose center ts at a and 
which passes through 2p. 

Proof: Since 


ao + ailfaeo— a) +-°-+-+* +4a,(@o—-a)\*+-°--: 


converges, the terms of this series must tend to zero. There exists there- 
fore an integer N such that for n > N the terms of this series are, in 
absolute value, smaller than 1. The terms for which n < WN are finite in 
number, and it follows therefore that there exists a positive number M 
such that 


(17) lan(2o — a)"| < M 


forn = 0, 1, 2,.... Let now z be a point inside the circle about a 
which passes through zo. We clearly have |z — a] < |zo — a]. Hence 


~* lan(z2 — a)"| = y lan(2o — @)?| 


n=0 n=0 
<u), "= a) on 
n=0 n=0 


A bin 
20 — a 


ee 
Zo 7 a 
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The latter series converges since, in view of |z — al < |z. — al,p <1. It 
follows therefore that the series (15) indeed converges absolutely for this 
value of z, and the above statement is proved. 

A moment’s reflection shows that our result implies the following alter- 
native: If a power series (15) converges at a point zo ¥ a, then either it con- 
verges for all finite values of z, or else there exists a positive number r such that 
(15) converges for |z — a| < rand diverges for |z — a| > r. ris called the 
radius of convergence of the power series, and the circle of center a and 
radius r is its circle of convergence. Nothing general can be said regarding 
convergence of a power series at points of the circumference of its circle of 
convergence; there it may, or may not, converge. 

The concept of uniform convergence of series whose terms are functions 
of the same variable is defined in the case of functions of a complex varia- 
ble in exactly the same way as with respect to functions of a real variable. 
If the functions u,(z), we(z), . . . are defined in a domain D and the series 


OAC) Se 016) = aes 1 = ae 


converges at all points of D, then, for a given arbitrarily small ¢«, there 
exists an integer N = N(e;z) such that 


\Un+1{2) + Un+e(zZ) ss ial | a G; re Nes JO) i N. 


In general, N will depend on z and it will not always be possible to find an 
integer N such that the latter inequality is satisfied for all points of D at 
the same time. However, if this is the case, that is, if for every « > 0 
there exists an N = N(e) that depends on e but not on z such that the 
absolute value of the nth remainder (n > N) of the series is smaller than e, 
then we say that the series converges uniformly in D. As in the case of 
functions of a real variable, the usefulness of the concept of uniform con- 
vergence is due to the fact that the sum of a series of continuous functions 
of z, which converges uniformly in D, is also a continuous function of zin D. 
The proof is almost identical with that employed in the case of a real 
variable and is left as an exercise to the reader. 

It was pointed out before that an analytic function f(z) which is regular 
in a domain D is also continuous in D. It therefore follows that a series 
whose terms are analytic functions regular in a domain D, and which 
converges uniformly in D, has a sum which is a continuous function in D. 
The terms of the power series (15) are regular for all finite values of z; 
hence, the sum of this series will be a continuous function of z in any 
domain D in which it converges uniformly. It is easy to see that D mnay 
be taken to be the interior of any circle concentric with the circle of con- 
vergence and contained in it. Indeed, if # is the radius of convergence 
and p = |z — a| < |z) — a| = r < R, then, by (17), 


Src. 6] ANALYTIC FUNCTIONS 67 


Dd ae = vael< > lan(z — a)"|= > ae 
ae 

cu (*) - 7 o 

r 


If N is taken large enough, the last expression can obviously be made 
smaller than any given positive e. Since this N does not depend on gz, it 
follows that a power series converges uniformly in the interior of any circle 
which ts concentric with the circle of convergence and contained in it. As 
pointed out before, this implies the fact that the sum of a power series is 
a continuous function of z in the interior of the circle of convergence. 
However, we want to prove more than this; we want to show that the sum 
of a power series is a regular analytic function throughout the interior of 
its circle of convergence. This is an immediate consequence of a gen- 
eral theorem according to which the sum of a series of regular analytic 
functions which converges uniformly in a domain D is again regular in D. 
However, since this theorem will be proved only at a later stage (Sec. 3, 
Chap. III), we shall give here a simple direct proof of the desired result 
for power series. For greater simplicity of writing, we shall carry through 
the proof for power series of the form (16); the reader will have no diffi- 
culty in verifying that a power series of the general form (15) yields to the 
same treatment. 

Our aim is to show that the power series 


(18) nee > ee 


n=0 


Zo — Qa} 


which is supposed to converge in the circle |z| < R, is a regular analytic 
function for |z| < R and that its derivative can be obtained by means of 
term-by-term differentiation, that is, 


(19) f'(z) 


| 
eal 
= 
= 
i 


We first observe that the series 


g(z) = 


| 
3 
— 
= 
Q 
3 
R 
3 
| 
= 
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likewise converges for |z| < R. Indeed, let jz] =r < Randr <7 < R. 
Since (18) converges for |zo| = ro, it follows from (17) that 


oo oO L-°] 
| p\e-* 
n\G.2°5'| = n|an20"—'| <— )pnit—-) » 
0 To To 
n=l n=1 n=l 


z 
2 
which shows that the series in question converges for all |z| < R. 
Let now h be a complex number such that r + |h| < p < R, and denote 
the absolute value of h by «. We then have 


ites = ne) th + ee: fee 
< mo eee as oe n= ar, 


Hence, 


“|S. [pase] 
n=0 


_ Me 
~ O25) =a 


Since this tends to 0 if « = |h| > 0, it follows that f(z) has a derivative 
and that this derivative is of the form (19). We have thus arrived at the 
following result: In the interior of its circle of convergence, a power series 
represents a regular analytic function; its derivative can be found by term-by- 
term differentiation. Since a derivative of a power series 1s again a power 
series which converges in the same circle, we can, in turn, differentiate 
this power series in order to obtain the second derivative of the original 
series. By continuing in this fashion, it is seen that a power series has an 
arbitrary number of derivatives, all of which are again power series which 
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converge in the same circle as the original series. It is therefore permissi- 
ble to determine the coefficient a, of the series 


f@= ) a-a),  e-al <B, 
n=0 
by differentiating f(z) n times and then setting z = a. It follows that 
f(a) = nia, and, therefore, 


fle) = yae Ae — a) 


Hence, a power series is the Taylor series of the function which is repre- 
sented by 1t. On the other hand, the Taylor expansions known from the 
calculus are obviously power series and the definitions of the functions 
represented by them may be extended to the complex domain by the 
simple expedient of regarding the independent variable as a complex 
variable. As an example, consider the Taylor series 


a 
log (I +z) =x-yty- 


known from the elementary calculus. This series converges for —1 < 
z<1. We can now “extend” this function to the complex domain by 
writing 


Zee 
log (lL +z) =2-gt3- LS 


where z is a complex variable. Obviously, this new series converges in 
the circle |z| <1 and represents there a regular analytic function. 
Because, for real values of z, this function coincides with the real function 
log (1+ 2), this function is also denoted by log (1 + 2). In the next 
section, we shall see more examples of analytic functions which, for real 
values of z, coincide with well-known elementary real functions. 

We finally derive Cauchy’s rule for the determination of the radius of 
convergence of a power series. Jf do, a1, . . . are the coefficients of the 
power series (16) and A = fa why \/|an|, then the radius of convergence 
of (16) zs given by 


pa] 


If zis a fixed value, then 


lim sup V/Ja,2"| = Ale. 
n— 
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Hence, if |z| > (1/A), then for an infinity of subscripts n we have 
V/\anz"| > 1, that is, |a,z"| > 1. In this case, the series diverges 
because wecannothave lim a,z* = 0. If, onthe otherhand, |z| < (1/4A), 


rt 0 


then there exists an index no such that, for n > no, ~/|anz"| < t, where 
Alz| <t<1. For n> mo, the terms of (16) are therefore smaller in 
absolute value than the corresponding terms of the converging geometric 


oO 


series » t*(0 <t< 1). Hence, the series (16) converges. 


n=0 


EXERCISES 


oO 


1. Find the radii of convergence of the power series 5 a,z", where 


n=0 
(a) an = - ; 
Oe.= ( af =) 
(c) — 


oe 


2. If the power series f(z) = » anz” and g(z) = b.z" both converge for 
n=0 n=0 


oo n 
\z| < R, show that the series h(z) = y Cn2", where Ch = » aybn_y, also converges 


n=0 v=0 
for |z| < Rand that h(z) = f(z)g(z). 


3. If f(z) = » = show with the help of the result of the preceding exercise that 
n=0 : 

[f(z]? = f(2z). 

4. Find a power series which satisfies the differential equation f’(z) = 2f(z) and 
show that it converges for all finite values of z. 

5. Find the most general power series (involving two arbitrary constants) which 
satisfies the differential equation f’’(z) + f(z) = 0. 

6. Show that the value of a power series cannot be constant in the interior of its 
circle of convergence unless it reduces to its first term. 

7. Using the result of the preceding exercise, obtain the power series expansion of 
the function f(z) = (1 — z)-? by means of a recursion formula derived from the 
identity (1 — z)*f(z) = 1. Find the radius of convergence of the series in question. 


7. Preliminary Study of Some Elementary Functions. As already 
pointed out in the preceding section, the Taylor series expansions known 
from the elementary calculus can be made the starting point for the 
definition of many analytic functions. In the present section we shall 
discuss the properties of some of these functions. We begin with the 
study of the exponential function which is defined by the power series 
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2 n 
ee) =1+5+5+°°°5 a 
n=0 

Since, by Cauchy’s test, this series converges for all finite values of z, it 
follows that the analytic function e(z) is regular at all finite points of the 
complex z-plane. By term-by-term differentiation it is seen that the 
function e(z) satisfies the differential equation e’(z) = e(z). If ais a 
constant complex number, it is immediately verified that the derivative 
of the analytic function e(z)e(a — z) is zero. Hence, this function is 
necessarily a constant, whose value is found to be e(a) by setting z = 0. 

Thus, e(z)e(a — z) = e(a) or, setting a — z = wv, 


e(zje(w) = e(2 + w). 


The addition theorem of the real function e*—to which e(z) reduces if z is 
real—is therefore also verified for the analytic function e(z). With the 


to) 


i, : ae 
notation e(1) = maa ic it follows from the addition theorem that 
n=0 
e(2) = e?, e(8) =e, .. . , e(n) = e”. Because of this property of the 
function e(z), we shall henceforth write e? instead of e(z). The reader 
will, however, do well to remember that this is a purely symbolical nota- 


(ig 


tion; by no stretch of the imagination can the number e!*+? = nl 


n=0 
be regarded as the ‘‘(1 + 2)th power” of e. 
An immediate consequence of the addition theorem of e? is the fact that 
the exponential function does not take the value zero at any finite point 
of the complex plane. Indeed, we have 


eve? = & =]; 


since the value of e~? is a well-determined finite number, it follows that e* 
cannot be zero as otherwise its product with e~* would also be zero. 
Consider now the function 


(2z) G2); 


14 \3 
ani + My ey 


leat a 


In view of 22 = —1, this may also be written 


zg? 2 z 25 


(20) ee ee (oe 
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The two power series appearing here are formally identical with the well- 
known Taylor expansions of the real trigonometric functions cosine and 
sine. The analytic functions which are obtained if z is regarded as a 
complex variable will also be denoted by the symbols cos z and sin z, 
although it goes without saying that, for complex values of z, the trigo- 
nometric associations of these functions lose their meaning. The 
analytic functions cos z and sin z are thus defined by the power series 


2? z4 
ep tT ml ) 
; Zz z 
ee han 7 a 


Since both these series clearly converge for all finite values of z, cos z and 
sin z are regular at all finitely distant points of the z-plane. It is immedi- 
ately confirmed that 


(21) cos (-—z) = cos z, sin (—z) = — sin z, 


that is, cos z 1s an even function of z and sin z is an odd function of z. It is 
further apparent from the expansions for cos z and sin z that these func- 
tions have the differentiation formulas 


d . d,. 
aE (cos z) = — sing, rE (sin z) = cos z. 


(20) shows that cos z and sin z are related to the exponential function by 
the identity 
(22) | e* = cos z+ 7 sin z. 


Substituting —z instead of z in (22) and using (21), we obtain 


(23) e—* = cos z — 7 Sin Z. 
Multiplication of (22) and (28) yields 
(24) cos? z+ sin? z = 1 


which shows that the relation which, in the trigonometric interpretation 
of the real functions sine and cosine, expresses the theorem of Pythagoras, 
remains true if the definition of these functions is extended to complex 
values of the variable. (22) and (23) can also be used to give alternative 
definitions of the functions cos z and sin z. We evidently have 


(25) cos z = 5 (e* +- e—*), Sines — = (e" — e=™), 
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With the help of (22) and the addition theorem, the function e can be 
decomposed into its real and imaginary parts. We obtain 


e? = erty = erev = e*(cosy +7 sin y), 
that is, 
(26) e? = e* cos y + 7e7 sin y. 
The absolute value of e? is therefore 
|e?| = e*(cos* y + sin? y)? = e?, 

Since the real function e7 assumes the value 1 only for x = 0 (e? increases 
monotonically with x), the absolute value of e* will be 1 if, and only if, 

= Re {z} = 0, that is, if 2 is pure imaginary. We further observe 
that, with the help of (22), the polar representation (3), Sec. 2, of a complex 
number can be cast into a more compact form. If the absolute value r 
and the argument 6 (r > 0,0 < @ < 27) of the complex number z = zx + ty 


are defined by 
ie y =rsin 6, 


then, by virtue of (22), 
(27) Zope. 

The real trigonometric functions cos y and sin y are known to have the 
period 27, that is, they satisfy the relations cos (y + 27) = cos y and 
sin (y + 27) = sin y. As shown by (26), the function e? will therefore 


also remain unchanged if 27 is added to the imaginary part y of the varia- 
ble z. Hence, the function e? has the period 2m, that is, 


(28) Cs 
This periodicity of e? can also be derived in a direct fashion which, at the 


same time, shows that e? has no periods which are not integral multiples 
of 2x1. By the addition theorem, we have 


eztP = ePe?, 
p will therefore be a period of e? if, and only if, 


(29) ep? = 1. 


As shown above, the absolute value of e? is equal to 1 only if z is pure 
imaginary. Hence, p = it, where ¢ is real. It thus follows from (22) 
that we must have cos ¢ + 7 sin ¢ = 1 which, of course, is only possible if 
cosé=1,siné=0. It is known from elementary trigonometry that 
this occurs for ¢ = 27 and for no other value between 0 and 27. 27 and 
its integral multiples are therefore periods of e7. If there were a period 
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p = it which is not of the form 277m, then there would exist an integer m 
such that 2mm < t < 2r(m-+ 1), and we would have 


ezti(t—24m) = ezette—2nim = @, 


The number 2(t — 21m), where 0 < t — 21m < 22, would therefore also 
be a period, but this was shown to be impossible. Hence, the equation 
(29) has only solutions of the form 277m, and these are all the periods of e?. 

The addition theorems of the real trigonometric functions also hold for 
the analytic functions cos z and sin z. We thus have 


(30) cos (z + w) = cos z cos w — sin z sin w, 
(31) sin (zg + w) = sin z cos w + cos Zz sin w. 


The proof is an immediate consequence of (25) and (22) and is left as an 
exercise for the reader. 

We now turn to the function log z which, exactly as in the case of the 
real logarithm, is defined as the function inverse to the exponential func- 
tion. The fact that the exponential function and the logarithm are 
inverse to each other is expressed by saying that the two equations 


(382) w = log z, z= ev 


are equivalent to each other. We first prove that log z is indeed an 
analytic function of z by showing that, for z 40, f(z) = logz has a 
derivative. We have, by (32), 


f'(2) = lim Hea NS line 
zi 21 — @ Wi w a 2! 

7 1 oe 

— evr — ev "ew 


lire ge) 


wow W1 — Ww dw 


In view of z = e”, we finally obtain 
d 1 
E (log z) = a 


which shows that log z has a derivative, provided z ~ 0. The function 
log z is therefore regular at all points of the z-plane except at the origin. 

The function log z has a peculiar property which was not displayed by 
the analytic functions considered so far. It is many-valued. In order to 
understand this property, we recall the periodicity of the exponential 
function, that is, the identity 


Gm ee) reo OE eae ee 
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The inverse of the exponential function defined by (32) may therefore be 
taken to be any of the functions log z + 2rim (m = 0, +1, +2, .. .); 
in other words, the function log zis only defined up to an integral multiple 
of 277. This may appear to the beginner as a source of confusion; 
however, order is readily restored by means of a more penetrating study 
of the properties of the function log z. Writing w = u + w, we find from 
(32) and (26) that 


z2=x+1y = e*(cosv+7sinv), 


whence |z| = ev and (y/x) =tanv. If “log’’ now denotes the real 
logarithm of a positive number, as known from real analysis (it is some- 
what inconsistent to use this notation for both this real function and the 
many-valued analytic function log z; however, confusion can hardly arise 
because of this practice), we have log (e“) = u, whence 


u = log |z| = log r, a Fe. 


In view of (y/x) = tan v, we have v = tan—! (y/x) = 6, where the angle 6 
is only determined up to an integral multiple of 27. With the expressions 
for u = Re {log z} and v = Im {log z} thus obtained, we have 


(33) log z = log r + 16, z= re’, 


The indeterminacy of the logarithm is therefore simply an expression of 
the fact that the polar coordinates of a point in the plane are not uniquely 
determined; we can always add an integral multiple of 27 to the angle 6 
without changing the position of the point which is described by the polar 
coordinates. In analytic geometry, this many-valuedness of the polar 
coordinate system is decreed out of existence by the simple expedient of 
prescribing that the angle 0 is always to be taken between 0 and 27. We 
may employ the same device in order to turn the function log z into a 
single-valued analytic function; however, it is customary to restrict the 
value of 6 to the interval —1r < @ <7, rather than to the interval 
0<6< 27. The value of the function log z obtained by this restriction 
is called the principal value of log z. It is defined by (33), where log r 
denotes the real logarithm of the positive number r, with the additional 
condition that —xr <@< 7. In order to understand the connection 
between the principal value of log z and its other values, namely, those 
obtained by adding 21m to 6, we consider a point z = re’ and let this 
point traverse the circle |z| = r until it returns to its original position. 
In this operation, the angle @ will have increased or decreased by 2z, 
according as the point traveled in the positive or negative direction. (33) 
shows that, at the same time, the value of log z was changed by an amount 


76 CONFORMAL MAPPING [Cuap. II 


of +277, the sign depending on whether the origin was surrounded in the 
positive or negative direction. If the point z surrounds the origin m 
times (where m may be positive, negative, or zero), we shall therefore 
arrive at the value 


(34) log z = log r + 20 + 2mim, 2— re’, 7 <0 aa. 


This situation may also be described by saying that the function log z has 
an infinity of branches all of which are single-valued; in order to get from 
one branch to another in a continuous manner, we have to surround the 
origin a suitable number of times. 

The condition —z < @ < m which determined the single-valued princi- 
pal value of log z can be restated in a more graphic fashion. Since both 

= 7and @ = —7 can be regarded as the equation of the negative axis in 
the z-plane, the condition —7 < @ < =z “‘forbids ” the passing of the point 
z across the negative axis. The function log z will therefore be a single- 
valued function of z if a “‘cut”’ along the whole negative axis is applied to 
the z-plane: In accordance with the restriction —r < 6 < 7a, the ‘upper 
edge”’ of the cut belongs to the cut plane and the “lower edge”’ does not. 
The placing of the cut along the negative axis is, of course, a pure matter 
of convention; the reader will easily verify that any curve that does not 
intersect itself and connects the origin with the point at infinity will serve 
just as well. In the cut plane, not only the principal value but also all 
the other values of the function log z are single-valued functions. The 
desire to define a region in which the function log z in its entirety is 
single-valued may therefore suggest the following device: To each branch 
of the function log z we assign one replica of the cut plane in which this 
branch is single-valued; these cut planes can be ordered according to the 
integer m (m= ..., —1,0,1, .. .) in (34) by which they are charac- 
terized. We now stack all these cut planes upon each other in such a 
fashion that the (m + 1)st plane lies immediately on top of the mth plane 
and that the corresponding points in all planes lie exactly on top of each 
other. In order to take account of the fact that we pass from the mth 
branch of log z to the (m + 1)st branch if the point z surrounds the origin 
in the positive direction, we now connect the upper edge of the cut in the 
mth plane with the lower edge of the cut in the (m + 1)st plane. If these 
connections are effected throughout the whole infinite set of planes (m 
runs from — © to +), we arrive at what is known as the Riemann sur- 
face of the function logz. On this Riemann surface, log z is a single-valued 
function. Itisinteresting to note that this surface has only two boundary 
points, namely, the points z = 0 and z= «. All the other possible 
boundary points satisfy 0 > z> —; but, since each sheet of ‘the 
Riemann surface is connected with its two adjacent sheets along the two 
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edges of the cut 0 > z > — ~, these points are—in all sheets—situated 
in the interior of the surface. 

We close this chapter with a discussion of the function f(z) = z*, where 
ais an arbitrary complex number. If a is a positive integer, say n, then 
2” is defined as a product of n factors all of which are equal to z. The 
easiest way of generalizing this definition to the case in which a is an 
arbitrary complex number is by means of the function log z. We define 


(35) ge = em toes, 


The reader will verify without difficulty that if a is an integer or a rational 
number, this definition coincides with the usual definition of a power of z. 
Clearly, the many-valuedness of the function log z will generally result in 
the many-valuedness of the function z*. If, in (85), log z denotes a 
definite branch, say, the principal value, of the logarithm, the various 
possible values of 2“ will be of the form 


a@ — pa(log z+2rTim) — pa log z p2riam 
ce = €6 é é ; 


where m is an arbitrary integer. The various different values of z% will 
therefore be obtained from any one of them by multiplication with a 
factor e’""¢" (m = ...,—-1,0,1,.. .). Asa result, z* will in general 
have an infinity of different values. However, there are cases in which 
the number of the different values of 2% is finite; obviously, these corre- 
spond to the cases in which only a finite number of the values 


erniem, (a Pe 


are different from each other. If this occurs, then there must be two 
integers m and m’ (m’ ~ m) such that e?™«" = ete’ or in view of the 
addition theorem of the exponential function, 


e2ria(m—m’) = |. 


Since ¢* takes the value 1 only if z = 2rin, where n is an integer, this is 
equivalent to a(m — m') =n. It follows that @ is a rational number. 
On the other hand, if a is a rational number of the form m/n (m and n 
having no common factors and n > 1), then the set 
Qnim pn 
ue ESO, 
clearly contains only n different numbers; as such we may take those 
corresponding to » = 0, 1, ...,m%-—=4A1. Hence, the function 2% is 
n-valued if, aud only if, a is a rational number m/n, where m and n have 
no common factors; if a is not rational, z* has an infinity of values. 
In view of (35), the function z* is single-valued on the Riemann surface 
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of the logarithm; each branch can be made single-valued in the z-plane by 
the introduction of a cut along the negative axis. However, if a is 
rational, it is possible to construct a Riemann surface which has only a 
finite number of sheets and on which 2? is single-valued. As an example, 
consider the function f(z) = zt = +/z. In view of the foregoing, this 
function is two-valued; it has two branches which, for z = 1, reduce to 1 
and —1, respectively. We have 


V2 = Vr eb? Zone, 


where +/r is the positive square root of r. If we surround the origin in 
the positive direction, that is, if @ grows by the amount 27, /z will 
assume the value 


Jr ehiet2n) = y/p etiferi = — 4/p che = — V/z, 


Another closed circuit will again result in multiplication with the factor —1. 
Hence, two closed circuits about the origin will bring us back to the 
original value of the function. In order to construct a Riemann surface 
that takes account of these facts, we proceed as follows: We take two 
replicas of the z-plane both of which have been furnished with a cut 
from z = ~ to z = 0 along the negative axis and place one on top of 
the other; to make things definite we suppose that the upper plane corre- 
sponds to the branch of +/z for which +/1 = 1 and the lower plane to 
that for which 1/1 = —1. We connect the upper edge of the cut in 
the upper plane with the lower edge of the cut in the lower plane and, 
at the same time, we connect the lower edge of the cut in the upper 
plane with the upper edge with the cut in the lower plane. It should 
be noted that the two connections of the two sheets penetrate each 
other and that it is consequently impossible to build a correct paper 
model of this Riemann surface. The points z = 0 and z = o deserve 
special attention. Obviously, the function f(z) = ~/z is two-valued 
in any domain which contains either of these points and therefore, in 
view of our definition of regularity, f(z) cannot be regular throughout 


ae : Lh 
these domains. Taking, in particular, the domains |z| < e and |z| > Z 


(e arbitrarily small) which contain the points z = 0 and z = ©, respec- 
tively, we conclude that z = 0 and z = © are singular points of the 
function f(z) = +/z. A singular point of this type, that is, a point a 
such that there exists no neighborhood |z — a| < «in which the function 
f(z) is single-valued, is called a branch point of f(z). If, for arbitrary 
small e, the function is n-valued in |z — a| < ¢«, then we say that ais a 
branch point of order n — 1 of f(z). z =O and z= o are thus branch 
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points of first order of f(z) = +/z. The singularities of the function 
f(z) = log z at z = 0 and z = o may be regarded as branch points of 


infinite order. 
The construction of a Riemann surface for the n-valued function 


1 
zn = 72 is effected along the same lines as in the case n = 2. We take 
n replicas of the z-plane and cut them along the negative axis. We then 
place them one upon another and connect the edges of the cuts in the 
following manner: We connect the upper edge of the uppermost sheet 
with the lower edge of the second sheet, the upper edge of the second 
sheet with the lower edge of the third sheet, etc. If this has been done 
for each pair of adjacent sheets, there remain only two unconnected 
edges, namely, the lower edge of the first sheet and the upper edge of the 
last sheet. We then connect these two edges and thus obtain a closed 
n-sheeted Riemann surface. The proof that the function f(z) = ~/z is 
indeed single-valued on this Riemann surface is left as an exercise to 
the reader. 
EXERCISES 

1. The hyperbolic functions are defined by cosh z = cos 7z and i sinh z = sin 7z. 
Show that the functions are real for real values of z, and use your result and the addi- 
tion theorems of the trigonometric functions in order to decompose sin z and cos z 
into their real and imaginary parts. 


2. Obtain the power series expansion of the function f(z) = : +? 


real parts and using (27), derive the identity (23’’) of Sec. 6, Chap. I. 
3. By applying a similar procedure to the series obtained in Exercise 7 of the pre- 
ceding section, obtain closed expressions for » mr™ cos n@ and » nr” sin n@ 


ol = Il 


and, by taking 


(Oecere<el1). 

4. Prove the periodicity of sin z and cos z from their addition theorems, the identity 
(24), and the fact that sin 47 = 1. 

5. Use (22) and (25) to prove the trigonometric identities 

(a) eo oe eee - ++ + cos n6 1S Cit ae 
2 2 sin 36 


sin 2n0 
(b) cos 6 + cos 86 + --- + cos (2n — 1)6 7 


“| 1 1 1 
(c) sin 6+ sin 26+ --- +sinn@ = Stn ae eee Ee — a(n aa 
sin 38 

6. If ¢ is a real parameter, growing from — © to ~, and a, b are constants, show 
that the points z = cos (a + it) and z = cos (é + 7b) describe, respectively, hyper- 
bolas and ellipses whose foci are at z = +1. 

7. Prove the addition theorem of the function e* by direct multiplication of the 
series for e? and e”, and suitable rearrangement of terms. 

8. Solving the differential equation f’’(z) + f(z) = 0 by means of a power series 
with indeterminate coefficients, show that the most general analytic solution of this 
equation can be obtained in either of the forms A cos z + B sin z or Ce* + De-*, 
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where A, B, C, D are arbitrary constants. Use your result in order to deduce the 
identity (22). 
9. Use the addition theorem of the exponential function in order to prove the 
identity 
log (zw) = log z + log w. 


[This formula is to be understood in the following manner: If log z is one of the 
values (34) and log w is one of the infinitely many possible values denoted by this 
symbol, then their sum is one of the infinitely many possible values of log (zw).] 

10. Use Taylor’s formula in order to find a power series expansion of the form 
» an(z — a)" (a ¥ 0) for one particular branch of the function log z; show that the 
n=0 
circumference of the circle of convergence of this series passes through the origin. 

11. Show that the usual formula for the derivative of a power also holds for the 
general power of z defined in (35), and find a power series expansion of the form 

an(z — a)” (a * 0) for one branch of the function z*; show that the circle of 
n=0 
convergence of this series coincides with that of the series in Exercise 10. 

12. Find all roots of the equation z§ = 1. 

13. Show that the function f(z) = +/1 — 2? is single-valued on a Riemann surface 
consisting of two sheets which are crosswise connected along the linear segment 
—1 <z <1; show that z = +] are simple branch points of f(z) and that z = o is 
not a branch point. 

14. Show that the Riemann surface of the function f(z) = /(1 — 22)(1 — kz?) 
(0 < k <1) can be obtained in the following manner: Two replicas of the z-plane 
are both cut along the linear segments —(1/k) <z< —1 and 1 <z < (1/k) and 
placed upon each other. Then, the two sheets are crosswise [in the manner described 
in the text for f(z) = ~/z] connected with each other along the two linear segments. 
Show that the only branch points of this surface are simple branch points situated at 
2=> 41, 21/K. 

15. Show that the analytic function w = sin~! z, defined by z = sin w, is regular 
at all finite points of the z-plane with the exception of the points z = +1, and that 
its derivative is (dw/dz) = (1 — z?)-}; show further that sin— z is an infinitely many- 
valued function of z which is made single-valued by cutting the z-plane along the rays 
—o <z< —landl <z< »o. 

16. Show that the function w = tan7! z, defined by z = tan w = [(sin w)/(cos w)], 
is regular for z ~ +7 and has the derivative (dw/dz) = (1 + z2?)—}; prove that this 
infinitely many-valued function is made single-valued by cutting the z-plane along 
the parts of the imaginary axis extending from 7 toi and —i to —i, respectively 
(the meaning of the symbols 1% and —1z© is obvious). 

17. Prove the identities 


sin! z = Flog [V1 — 22 + iz] 


and 
{+ TZ 


1 — iz 


1 
—] 
tan“! z = % log 


CHAPTER III 
THE COMPLEX INTEGRAL CALCULUS 


1. Complex Integration. In the ordinary calculus, the concept of 
integration is introduced in two a priori entirely unrelated ways. Indefi- 
nite iutegration is defined as the reverse of differentiation, and definite 
integration is defined by the limit of a process of summation in which the 
individual terms tend to zero and their number tends to infinity. The 
fact that both definitions lead to one and the same thing is one of the 
most fundamental results of the calculus and also one of the main reasons 
for its usefulness. Jf we wish to extend the concept of integration to 
analytic functions of a complex variable, we encounter no difficulties as 
far as indefinite integration is concerned. As in real analysis, the indefi- 
nite integral F(z) of a regular analytic function f(z) is defined by the 
equation F’(z) = f(z). By means of this rule, we can immediately write 
down the integral of a converging power series; we integrate the series 


: i 1 
term by term and observe that the integral of z” is et getl, The 


indefinite integral F(z) of f(z) will be denoted by F(z) = f f(z) dz; the 
true reason for this notation will become apparent in the next section. 
The situation is, however, not so simple if we wish to extend the concept 
of definite integration to the complex domain and, at the same time, 
preserve the connection between definite and indefinite integration 
known from the calculus. It is in the very nature of definite integration 
that it involves an integration path along which the integration is carried 
out. In the case of a function g(x) of a real variable z, the integration 


path along which the integral [ ° g(x) dx (a < b) is computed is the 


linear segment a < x < b connecting the lower and upper limits of the 
integral. In the case of a function of the complex variable z, the inte- 
gration limits a and b may be any two points of the complex plane and, 
moreover, the integration path may be any curve C' connecting a and b 
which satisfies certain smoothness requirements. It might therefore be 
expected that the definite integral between the limits a and b depends on 
the particular path C along which it is computed. This is, however, 
not the case, as we shall see in the next section. It is this independence 
of the integral of the particular path along which it is computed that 
makes complex integration one of the most powerful tools of mathe- 


matical analysis. 
81 
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We now proceed to give a formal definition of the complex integration 
process. Let C be a smooth arc connecting the two distinct points a and 
b of the z-plane, that is, let C be given by a parametric representation 


(1) 2t=2%), g=9%, OUSt<1, 2x0) + yO) =a, 
x(1) + ty(1) = 6, 


where x(t) and y(t) have continuous derivatives x’(¢) and y’(t), respec- 
tively. Let further 21, 2, ... , 2n be n distinct points on the curve C, 
where z; = a, zn = b, and z, is situated on the section of C which con- 
nects 2,-1 and 2,,,; finally, let f(z) be an analytic function which is 
regular at all points of C, including its end points a and b. Consider 
now the expression 


n-1 
cae ys CN Cun aN 


where ¢, is an arbitrary point on the section of C which connects z, and 
Zy41, and denote by A, the largest among the numbers |zz — 2,|, |z3 — 2el, 
..., [én — 2n-1|. If the number of points z, on C grows and finally 
tends to infinity in such a way that the largest distance between two 
consecutive points on C tends to zero, S, tends to a limit which is called 


the integral of f(z) along the curve C' and denoted by i F f(z) dz. Thus, 


1 


(2) [, f@) dz = lim Y f(t.)@41 — 2). 


r= 


An— 0 


The existence of the limit and its independence of the particular sets of 
partition points z, chosen is shown in exactly the same way as in the 
case of the integral of a continuous function of a real variable, whose 
definition is formally identical with (2); the adaptation of the ‘‘real”’ 
proof to the case of a regular, and therefore continuous, analytic function 
is recommended to the reader as a useful exercise. It also follows from 
the formal identity of (2) with the definition of a real integral that in 
those cases in which f(z) is real for real values of z, and C is a segment of 
the real axis, real and complex integration will give identical results. 
The integral (2) has some elementary properties which follow imme- 
diately from its definition. If both f(z) and g(z) are regular on C, then 


[,U@ +a@ldz = ff) det fae ae. 


If a is a point of C other than a and b, then 
a b b 
[teat [ i@a= Pie a, 
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Finally, if the direction of the integration along C is reversed, then 


iid fiz) dz = — iy f(z) de. 


The integral (2) is subject to an important inequality. If L is the 
length of the curve C and |f(z)| < M at all points of C, then 


(3) | [,1@ dz | < ML. 


This is an immediate consequence of (2). Indeed, we have 


pall 
<M ) ler ~ a 
v=1 


n—1 
>, FG) Gra — 2s) 


and the latter sum cannot be larger than L since the chord connecting 
the points 2,41 and z, cannot be larger than the section of C between 
these points; hence, (3) follows. 

For many purposes it is important to decompose the integral (2) into 
its real and imaginary parts. If we write f(z) = u(z) + i(z) and 
z= 2 -+ ty, we may bring (2) into the form 


m= 
[$@ dz = Vim Y ful.) errr — 2) = 06) rr — I 
n— © yaa 
1 


+72 lm » Dic Carel = Yr) alr DCs) Opy1 = 47) | 
ne? y=l 


where, in view of A, —> 0, the maxima of both |z,,1 — 2,| and |y,11 — yp 
tend to zero. If we denote by ¢, the value of the curve parameter ¢ 
in (1) which corresponds to the point z,, y,, and observe that because of 
the differentiability of the functions z(t) and y(t) we have 


Lyp1 — Ly = (Gap) (to41 — ely Yoel — Yr = U-Ge) Uae) "i Ey) 


where t, <1,, 7»* < ty41, we obtain 
n—-—1 

[,4@ dz = Fim Y [u(g,da'(es) — ou) Mba — &) 
y— 


+i lim » [u(tyy’(r.*) + v(f,)2' (7) (tr41 — t), 


where max (t,11 — t#,) tends to zero if n— ©. Since x’(¢) and y’(¢) are 
continuous functions, we therefore obtain 


[,f@ de = [) tuleu)e’ — vGeu)y’O) at 
+6 [> uu’ + »@y)2'() at, 
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or, in view of the definition of a real line integral, 


(4) [,f@ de = foude —vdy +i [udy + var. 


Occasionally, the identity (4)—which, in a purely formal way, seems to 
follow from the relation 


f(z) dz = (u+ w)(dz +2 dy) = ude — vdy + i(u dy + v dz) 


—is taken as the definition of the integral i. A (z) dz. 


We finally mention the obvious fact that our definition of the integral 
can immediately be extended to curves C' which are continuous and are 
the sum of a finite number of smooth, that is, continuously differentiable, 
arcs. Such piecewise smooth curves are also known as contours. <A 
simple closed curve which consists of a finite number of smooth arcs is 
called a closed contour. 


EXERCISES 
1. Deduce from (2) that I, dz = 0, if C is a closed contour. 


2. Show by means of (4) that i e? dz = O if C is the perimeter of the square whose 
corners are at the points z = 0, 1, 1 +7, 7. 

3. Show that f, cos z2dz = 2 if C is the polygonal line obtained by connecting, 
in that order, the points z = 37,2 = 47 +7,2 = ~—4n +7,2 = —4Hr. 

4. By introducing polar coordinates, show that [ 2” dz = 0, where C is the circle 


\z| = r (r > O) and v is an integer different from —1; show further that 


2. Cauchy’s Theorem. The definition (2) of the complex integral 
involves the curve C along which the integral is to be computed. If it 
were true, as this fact might indicate, that the value of the integral 
depends on the particular curve C which connects the points a and 5, 
complex integration would be a highly complicated affair and its useful- 
ness would be very limited. We shall show that this is not the case and 
that the following theorem, due to Cauchy, holds. 

Let f(z) be regular in a simply-connected domain D and let a and b be two 
points of D. If C, and C2 are two different contours, entirely situated in D, 
which connect a and b, then 


(5) [,f@ dz =f, $@ az 


Here, C'; and C; have to be traversed in the same sense, that is, starting 
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from a and ending at b. Cauchy’s theorem is often stated in the following 
more compact form. 
If f(z) ts regular within and on a closed contour C, then 


(6) [,4@ a =0. 


Since the two contours C; and C2 in (5) form together a closed contour 
C as in (6), provided the direction of one of them is reversed, these two 
formulations of Cauchy’s theorem are clearly equivalent. In (6) it makes 
no difference in which direction the integration over the closed contour C 
is carried out. Since, however, we shall also be concerned with integrals 
over closed contours which are not zero, it becomes necessary to adopt a 
convention regarding the direction in which such integrals are to be taken. 
In agreement with the convention of Sec. 3, Chap. I, we therefore stipulate 
that all integrals over closed contours are to be taken in the positive direc- 
tion, that is, in such a way that the interior of the domain bounded by C 
remains at the left if C is traversed. 

Cauchy’s theorem would be easy to prove if it were known at this stage 
that the derivative f’(z) of a regular analytic function f(z) is continuous. 
In this case, it would follow from (4) and Gauss’ theorem (5) (Sec. 3, 
Chap. I) that 


[t@a= [ude—vay +i f udy + ode 
Cc 


Cc C 
Ou Ov : Ou Ov 
~ | [G+ Raa ssf [ (E-Zaca, 
D D 


where D is the domain enclosed by C. Gauss’ theorem requires that the 
partial derivatives of u and v be continuous, and this condition is satisfied 
if f’(z) is continuous. Since, by the Cauchy-Riemann differential equa- 
tions (14) (Sec. 5, Chap. II), the integrands of both area integrals vanish 


identically, it follows that i e f(z) dz = 0, which is Cauchy’s theorem. 


However, we cannot use the fact that the derivative of a regular function 
is continuous, since so far we have not shown this to be true; in fact, the 
continuity of f’(z)—and, moreover, the fact that f’(z) is also a regular 
analytic function of z—will be one of the results to be deduced from 
Cauchy’s theorem. We therefore have to have recourse to another proof 
which, though it lacks the elegance and brevity of the above argument, 
avoids the use of the continuity of f’(z). 

We begin with the observation that if the domain D is divided by means _ 
of a number of contours into subdomains 


Di... SF D,+De+t::-+D, =D, 
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n 


(7) fi@a= > [10 a, 
a | 

where C,, denotes the boundary of D,. Indeed, any part C’ of a boundary 
C, which does not also belong to C is the common boundary of C, and 
another subdomain, say C, (v ¥ uw). If C’ is traversed in the positive 
direction with respect to D,, it clearly is traversed in the negative direction 
with respect to D,. Hence, since the integrals over C, and C, are taken 
in the positive sense with respect to the domains D, and D,, respectively, 
it follows that the contributions of the arc C’ to these two integrals cancel 
out. This proves (7). For the proof of Cauchy’s theorem it will there- 


fore be sufficient to show that > i f(z) dz = Oif the C, are the boundaries 


corresponding to some subdivision of D. The particular subdivision 
which we shall use is obtained by intersecting D with two sets of equi- 
distant straight lines, parallel to the z-axis and y-axis, respectively. 
If two adjacent straight lines have the distance d from each other, this 
procedure will divide D into a number of squares of side d and a number of 
irregularly shaped domains which are parts of such squares. 

If S denotes the boundary of one of the complete squares and 2) is a 
point in the interior of the square, then 


(8) ik le — zo| |dz| < 4+/2d? = 4 /2 area of the square. 


This is an immediate consequence of the fact that |z — z0| cannot be larger 
than the diagonal ~/2 d of the square and that ik aa ie a/dx? + dy? 
is the length 4d of S. ; 

Since f(z) is regular, that is, differentiable, at all points of the closure D 
of D, there exists for each zo of D a certain neighborhood in which 


f(z) a f (20) = f’ (20) 


<6, 
4 —— By 


where ¢€ is an arbitrary positive constant. This may also be written in the 
form 


(9) f(z) — flo) = f’(o)(e — 20) + dlz — aol, 


where |6| < e«. We shall now show that this “local” property can be 
extended throughout D in the following manner: Given e, then it is possible, 
in the manner indicated above, to divide D into a finite number of meshes— 
either complete or incomplete squares—such that within each mesh there ts a 
point zo for which (9) holds, where z 1s any point in the same mesh and 
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6] <e. The truth of this statement, which is known as Goursat’s lemma, 
is easily established. We first remark that with every point zo of D we 
can associate a positive number d(zo) such that (9) is true for any square 
parallel to the axes which contains 2) and whose side is smaller than d(z). 
This follows from the fact, mentioned before, that because of the differ- 
entiability of f(z) at 2 there exists a neighborhood of z in which (9) is 
satisfied; we may therefore choose d(zo) such that +/2 d(zo) is smaller than 
the radius of this neighborhood. Consider now the set of the numbers 
d(z), where z may denote any point of D. If the greatest lower bound of 
the d(z) is a positive number d, that is, 0 < d < d(z), then, for a sub- 
division into squares of side d, (9) will be true, and Goursat’s lemma is 
proved. If gj.b. d(z) = 0, then there exists a sequence of points 2, 
zz, .. . of D, converging to a point 20, for which lim d(zn) = 0; since D 


is a closed set, 20 is also a point of D. But this contradicts the fact that 
f(z) is differentiable at 2. Indeed, as shown above, the differentiability 
at 2 entails the existence of a neighborhood of zo in which (9) is satisfied; 
this is clearly incompatible with the fact that there are points arbitrarily 
close to 2) which cannot be encased in arbitrarily small squares in which 
(9) is true. This proves Goursat’s lemma. 

We now integrate (9) around the boundary uw of each mesh. We obtain 


(10) i, f(z) dz — f(z) ‘A dz =f") ib ae 
— 2of' (20) [ az “- i, 5|2 — 2o| dz. 


The integrals if dz and i zdz both vanish. This is seen either by using 


the fact that the functions 1 and z have continuous derivatives and 
Cauchy’s theorem has already been proved for such functions, or else as 


immediate consequences of the definition (2). In the case of i z dz, we 


have 
fie dz = lim » 2,(2r41 — 2) = lim > Zv4i(Zr41 — 2p) 
= lim >» (2, + 2141)(2.41 — 2,) = lim >») (2417 — 25°), 
and this is zero, since yp is a closed contour and the first and the last point 


z, are identical. The latter remark also proves i dz = 0. Hence (10) 


reduces te 


Lf® te fi 8|z — 2o| dz. 
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By adding the contributions of all meshes, we obtain, in view of (7), 


[,1@ aes > ff ale — Zo| dz, 
whence 


(11) | [,f@) dz | < Yfke — 2| dz. 


Let now o be a large square which contains D and whose sides also belong 
to the network of straight lines by means of which D was subdivided. 
The integrations in the right-hand side of (11) are extended over those 
parts of the network which are inside D and over the boundary C of D. 
We shall therefore enlarge the right-hand side of (11) if we add to it 
integrations over that part of the network which is outside D but con- 
tained ine. Since, by (8), the value of the integral over each individual 
small square is smaller than 4 1/2 times its area, it follows that 


| [,f@ ae <4V2 Are +e [|e — 20] dz, 


where A is the side of c. On the other hand, z and 2 are both in D; 
|2 — Zo| is therefore not larger than the diagonal ofa. Since f ¢ (de| is the 
length L of C, we obtain finally 


| [,7@ dz eA? 42 72 Ane. 


Since ¢ is arbitrarily small, it follows that 


[,1@ dz = 0. 


This completes the proof of Cauchy’s theorem. 

As a first application of Cauchy’s theorem, we show that every analytic 
function f(z) which is regular in a simply-connected domain D has an 
indefinite integral F(z) which is again a regular analytic function in D, 
and that the connection between definite and indefinite integration is the 
same as in the ordinary calculus. The function 


(12) F@) = [°7@) ag, 
where z and a are both in D, ts an analytic function regular in D, and 


(13) F'(z) = f(2). 


We note that it is sufficient to indicate the upper and lower limits of the 
integral (12) since, by Cauchy’s theorem, the value of the integral is inde- 
pendent of the particular contour C in D along which the integral between 
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these two points is taken. To prove (13), we observe that, for any 
zo € D, it follows from (12) that 


Fle) — Fe) _ yy) » de MO — Seolat 


2 = 26 & — £0 


Since f(z) is continuous at Zo, there exists a 6 = 6(e) such that |f(¢) — 
f(zo)| < efor |¢ — 20] < 6. If |2 — 2o| < 6 and the circle |z — zo| < 6 is 
wholly contained in D, the integration may be carried out along the linear 
segment of length |z — zo| connecting z and zo. Hence, by (8), 


| [ u@ —sedlar| < «le — ad, 


and it follows that 
F(z) — F(@) 


4 > 


— f(zo)| <e 


for |z — 20| < 6. This shows that F(z) is a regular analytic function in D 
and that its derivative is f(z). 

The validity of Cauchy’s theorem is not confined to simply-connected 
domains. If D is a domain of connectivity n which is bounded by n 
closed contours, we can transform D into a simply-connected domain D 
by n — 1 appropriately chosen crosscuts (see Sec. 1, Chap. I), which may 
be taken to be contours. If f(z) is regular and single-valued in D, and C* 
denotes the boundary of D*, then 


ss f(z) dz = 0, 


since Cauchy’s theorem was shown to hold for simply-connected domains. 
Those parts of C’* which do not also belong to C, that is, the crosscuts, 
appear twice in the above integration, but in different directions; this 
situation is described in detail in Sec. 3, Chap. I, to which the reader may 
refer. Since f(z) is single-valued in D, the values of f(z) on both ‘‘edges”’ 
of the crosscut are the same and the two contributions of the crosscut to 
the integral cancel out. Hence, the integral over C has the same value as 
that over C and we have 


|, f(@) de = 0, 


where C is the boundary of the multiply-connected domain D. The 
condition that f(z) be single-valued in D deserves particular stress. If 
f(z) is regular at all points of D + C but not single-valued, that is, if we 
can continue f(z) along a closed circuit about one of the ‘‘holes” of D and 
come back with a different value of f(z), the above argument fails. The 
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values of f(z) at both edges of the crosscuts will not necessarily be the 
same, and Cauchy’s theorem will, in general, cease to be true. In the 
case of a simply-connected domain D, we do not have to worry about a 
possible many-valuedness of the function f(z); it will be shown in Sec. 5 
that a function which is regular in a simply-connected domain D is 
necessarily also single-valued in D (monodromy theorem). 

If the function f(z) is single-valued in D but not regular at all points of 


D, then » f(z) dz will, in general, not be zero. As an example, consider 


dz 
ee! 
Cc @ 


where C is a simple closed contour surrounding the origin. In order to 
evaluate this integral, we observe that the function 1/z is regular in the 
doubly-connected domain D’ which is bounded by C and a small circle 
|z| = p situated in theinterior of C. If the point z describes the boundary 
of D’, this circle is obviously described in the negative direction. Apply- 
ing Cauchy’s theorem to the boundary of D’. we obtain therefore 


[#-[ ao 
G@ & 2 


v |z|=p 


or 


dz dz 
14 ae ae 
( ) " z ee é 


The value of this integral thus remains unchanged if the contour C is 
“deformed” into the circle |z) = ». The procedure used in the derivation 
of this result is obviously of wider application. The reader is recom- 
mended to prove by similar considerations that the following general 
statement is true: The value of a “‘contour integral,” that 1s, an integral 
taken over a closed contour, remains unchanged if the contour over which it 1s 
taken is continuously deformed into another contour in such a way that at no 
time a singularity of the integrand is crossed. Yo return now to our 
integral, we introduce volar coordinates in the integral on the right-hand 
side of (14). We have z = pe*® and, since p is constant, dz = ipe” dé. 


Hence 
2x 
i ee —- i G0) = 2 
lzl=p * 0 
whence, by (14), 


(15) [4 =o 
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We note that we also have 


dz : 
(16) I. a 271, 


if Co is a simple closed contour surrounding the point zo. (16) follows 
from (15) by the substitution of z — zo instead of z and the observation 
that, under this substitution; a simple closed contour surrounding the 
origin is transformed into a similar contour surrounding 2p. 

The considerable freedom we have in deforming a contour without 
altering the value of the corresponding contour integral can be utilized for 
the convenient computation of many real definite integrals. We shall 
confine ourselves here to the discussion of one famous example, namely, 


the integral 
| ~ sin x a. 
0 46 


Consider the contour integral 


e =) - on: jl 


Le dz, Fig. 5. 


taken along the contour C indicated in Fig. 5. Since the origin is in the 
exterior of C and e* is regular at all finite points of the z-plane, the inte- 
grand is regular in the interior of Cand on Citself. By Cauchy’s theorem, 
the value of the integral is therefore zero. Introducing polar coordinates 
on the two half circles, we thus have 


—r eit BR eiz ; wv 
(17) | — dx — _—s dz —4 e7T sin 6+ir cos 0 dé 


T 


+ 4 ek sin 6-+4R cos 6 dé — 0. 
0 


In view of 


R ae 
i [e* — e-*] thn 21 i Sua 
Z z an 


We now let r — 0 in (17). Since the third integral in (17) obviously has 
the limit —z ‘F "do = —nt, we obtain 


Re: T 
(17’) 9 | sin & (Gg a i eR sin O+iR cos? JQ — (. 
0 0 


x 


92 CONFORMAL MAPPING [Cuap. III 


This is true for every R > 0 and therefore also in the limit for R— o. 
We shall show that the last integral in (17’) tends to zero for R- o. 
Since 
lem sin 06+4R cos r| = e-® sin e, 
we have 
— "i —R sin +4 oos 0 os —R sin 0 
ul =| fre do| < fre dé. 


In view of 


ie e-Rein®@ JQ = lho e Rein ® dg. 


x 


it follows further that 
i= 2 ae, 
Now, for 0 < 6 < $x, we have sin 0 > 26/r; this inequality simply 


expresses the fact that the linear segment connecting the origin and the 
point ($7,1) lies under the arc of the sine curve forO < 6 < gx. Hence 


—— us 
<2 f e * d6=-—s(1 —e-*), 
0 R 


and this obviously tends to zero if R tends to infinity. It follows there- 
fore from (17’) that 


R _: 
2 tim ee 
0 of 


R- @ 
or 
* sin x T 
ie 
ik x 2 
EXERCISES 
1. Show that 
oe 00 et = ee 
C 2 


where C is a simple closed contour surrounding the origin. Hint: Consider the 
corresponding integral over the circle |z| = R, and introduce polar coordinates. 
2. Using (15), Cauchy’s theorem, and the result of the preceding exercise, show 


by evaluating 
2n 
faa (+S 
\z[=1 2 zZ 


both with the help of polar coordinates and as a contour integral, that 


1-3-5 +--+ (Qn —1) 


2x 
2n = 
i cos?" 6d@ = 2r pea 6 eR 
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8. Show, by means of (15), that the analytic function log z defined by 
logz = /; gee 
e ie 


is determined only up to an additive term 2xim where m is an integer, and that m is 
the number of closed circuits about the origin made by the contour connecting 1 and z; 
show that a cut along the negative axis, as described in Sec. 7, Chap. IJ, makes this 
function single-valued. 


4. Using the fact that f= [eo — derive the addition theorem 
z 


log (zw) = log z + log w 


from the definition of log z given in the preceding exercise. 
5. By deforming the contour connecting 1 and z into a piece of the positive axis 
and a circular arc, show that 


log z = log r + 76 
if z = re*?, 
6. The function tan“! z is defined by the integral 


z dz 
=o = ee 
tan! z f ae 


Show, by taking an integration contour similar to that used in the preceding exercise, 
that Re {tan7! z} = 4 if |z| = 1 and |arg 2| < 4. 


3. The Cauchy Integral Formula. Let f(z) be regular and single- 
valued in a domain D, which may be simply-connected or multiply- 
connected, and on the closed contour or contours C by which D is bounded. 
The integral 


OS 
aap 


will in general not be zero if z is situated in the interior of D, since the 
integrand has a singularity at the point z._ If we wish to find the value of 
this integral, we can proceed in the same fashion as in the evaluation of the 
integral (15) in the preceding section. We delete from D a small circle of 
radius r and center 2; since, in the remainder D* of the domain, the inte- 
grand is regular and single-valued, we conclude from Cauchy’s theorem 
that 


FW | F@) 
ey i: t—2 ge It-zl=r$ — es 


Here, the negative sign is due to the fact that the positive sense with 
respect to the interior of the small circle is identical with the negative 
sense with respect to the domain D*. In the second integral in (18) we 


94 CONFORMAL MAPPING [Cuap. III 


introduce polar coordinates ¢ = z + re‘®; we obtain 


ih i = if "he + ret) a8. 
c= 0 


jer f — 2 =e 
If we let r tend to zero, this tends to 
: 2x ‘ 2x . 
iff f(z) dé = af(z) . d@ = 2nif(z). 


Indeed, because of the continuity of f(¢), the expression |f(z + re”) — f(z)| 
can be made smaller than an arbitrary positive e, whence 


2x 4 2x 
lf," fe + re) do — [> f@) a9 
2x ; x 
=| [Pe + re) — fle) d0| <e [* do = One. 
The second integral in (18) has thus the value 277f(z), and we obtain 


(19) fe =s5f ear. 


This is the Cauchy integral formula, which expresses an analytic function 
in a domain D in terms of its values on the boundary of D. This formula 
reveals the surprising fact that the values of a regular analytic function 
in a domain D are completely determined once its values on the boundary 
of D are known. 

As a first application of (19), we shall show that the derivative of a 
regular analytic function is again a regular analytic function. If f(z) is 
regular inside and on the contour C, we have by (19) 


fet+h-f@)_1f1f 4 

h Sel Baler eee HG) a 
1 fF 
| ee 


where 


— fae 
dni Jo © — aE — 2 — hi) 


f(¢) is regular on C' and therefore it is bounded there; hence, there exists a 
positive Mf such that |f(¢)| < Mf on C. If d is the smallest distance 
between z and C and In| is taken small enough so that |h| < $d, we have 
l¢ — 2|? > d? and |t — z — h| > 3d; hence, by (3), 


se 
IZ] < lhl 5 
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where L is the length of C. If h— 0, we therefore obtain I — 0, whence 


h—0 h 2mi Jo (¢ — 2)? 


This shows that the derivative of f(z) can be computed by differentiating 
the expression (19) under the integral sign. However, the most impor- 
tant conclusion from the formula 


(20) fa=s) eee 


is the following. If, in the expression 


eth -s@ 
h 


we express both f’(z) and f’(z + h) by means of (20) and repeat the pro- 
cedure which was applied to (19), we find in the same way that f’(z), in 
turn, has a derivative f’’(z) which is given by 


” 2 f() 
a ee & — 2)3 ze 


nt 


But this means that the derivative f’(z) of a regular analytic function f(z) 
is again a regular analytic function. Applying the same reasoning to 
f'(z), f(z), etc., we arrive at the following result. 

A regular analytic function f(z) possesses derivatives f™(z) of all orders, 
all of which are again regular analytic functions. If f(z) ts regular in the 
closure of a domain D which is bounded by a closed contour or closed contours 


C, then 
n! #&) 
(21) fo) = Bf Oe. 


We point out that this result fills a gap in the proof of one of the 
theorems of Sec. 5, Chap. II. We showed there that the real part u and 
the imaginary part v of a regular analytic function f(z) = u-+ i are 
harmonic functions, provided the second partial derivatives of both u and 
v exist. Since the existence of these derivatives is an immediate con- 
sequence of the differentiability of f’(z), the proof of that statement is 
therefore now complete. 

Another consequence of the fact that the derivative of a regular func- 
tion is again a regular function is the following converse of Cauchy’s 
theorem which is known by the name of Morera’s theorem. 
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If the function f(z) 1s coutinuous and single-valued in a domain D and if 
the value of 


(22) F@) = [" f@ ae, 


where a, 2, and the contour C connecting them are in the interior of D, is 
independent of the contour C, then f(z) ts a regular analytic function of z 
an D. 

The reader will verify that in our proof of the fact that the function 
defined by (12) has the derivative (13) we made no use of the analyticity 
of f(z). All we used was the existence of the integral and this is certainly 
guaranteed by the assumption that f(z) 1s single-valued and continuous 
in D. The function F(z) in (22) has therefore, the derivative f(z), which 
shows that F(z) is a regular analytic function in D. Consequently, the 
same is true of its derivative f(z), and Morera’s theorem is proved. 

Morera’s theorem leads to a short proof of the following very useful 
result which has already been mentioned in Sec. 6, Chap. II: Jf the 


analytic functions fi(z), fo(z), . . . faz), . . . are all regular in the same 
domain D and 1f the series 
(23) f@ = ‘ fal) 


converges uniformly in D, then its sum f(z) ts also a regular analytic function 
in D. To prove this statement, we first remark that, as the sum of a uni- 
formly convergent series of continuous functions, f(z) is certainly con- 


tinuous in D; hence i . f(z) dz, where C isa closed contour situated entirely 


within D, exists. Moreover, because of the uniform convergence, the 
integral can be found by term-by-term integration of the series (23). 
Indeed, because of the uniform convergence there exists, for e > 0, an 
integer N = N(e) such that 


Irwl = | y fal2)| <6, zE€ D. 


n=N+1 


| [10 He ) [f@) de =| [ory ae| eel, 


where L is the length of C. Since e may be taken arbitrarily small, it 


follows that , 
i, f(z) dz = ) [, 1G Ge 


Hence, 
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The functions f,(z) are regular in D and, by Cauchy’s theorem, their 
integrals over the closed contour C vanish. As a result, we have also 


iL f(2) dz =0 


As shown in connection with the proof of Cauchy’s theorem, this means 
that the integral of f(z) between two arbitrary points of D is independent 
of the contour over which it is taken. Hence, in view of Morera’s 
theorem, f(z) is a regular analytic function in D. This completes the 
proof of our theorem. 
EXERCISES 

1. If f(z) is regular in the closed circle |z| < R, show by (19) and Cauchy’s theorem 

that 


R? — |2|? (Od - wi 1 
“Sa le Fane om > Fe Je laa tH] IO er = 30, 


where |z| < R and C is the circumference || = R; introducing polar coordinates 
z = re”, ¢ = Re*®, show that this reduces to the relation 


ion R? — r? f2e f(Re*®) do 
2r o R? — 2rR cos (6 — ¢) +r? 


which is identical with the Poisson formula of Sec. 6, Chap. I. 
2. Let f(z) be regular in the unit circle and let f(0) = 1; by evaluating the integrals 


Ori fees [2 = (: +2) |r@o9 


both by means of (21) and by introducing polar coordinates, show that 
2 an a8 29 = fe 10) win2 2 aa 
=f fle#) cost 5d0 = 2 +70), = |" se!) sin? $do = 2 — 7"). 


Use this result in order to prove the following statement: If f(z) is regular in |z| < 1, 
f(O) = 1 and Re {f(z)} > 0 in |z| < 1, then —2 < Re {f’(0)} < 2. 

3. With the help of (21), prove the following statement: If f(z) is regular and 
[f()| <1 im |z| <1, then |f'0)| <1. 

4. The Legendre polynomial P,(z) is defined by 


P,(z) = a = ~ {(22 re D5 


show that P,(z) can be represented by the contour integral 


1 (Ce We 


init Jo BE aye 


Paz) = 


where C surrounds the point z. Taking, in particular, C to be the circle of center - 
and radius ~/|z? — 1], deduce Laplace’s formula 


Ei) = : a (2 + 2 — 1 cos 6)" dé. 
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4. The Taylor Series. The function (¢ — z)-! can be expanded into 
a converging power series in any circle in the z-plane which does not con- 
tain the point ¢. Indeed, 


_— 1 -— 1 
S=2 § =e =a  ¢ — @ =) 
— 
© —a 
Si z—a\" _ a 
a a 
n=0 n=0 
since the geometric series converges if the absolute value of the variable is 
smaller than 1, this expansion is valid if = < i, that is, if |jz — al < 


|; —a|. It will therefore converge in the interior of the circle C with cen- 
ter a which passes through the point ¢. 

Let now f(z) be an analytic function which is regular for |z — a| < R. 
If C denotes the circumference |f — a] = R, we have by (19) 


f(z) = ea AACS) aq al ——s dg, 


ant JoS —z CS 
n=0 


if jz — a| < R. The convergence of the series under the integral sign is 
obviously uniform with respect to ¢ if ¢ is on C. Hence, we may integrate 
term by term; this yields 


i] 


(24) fe) = ) ale-a),  \z-al <R, 
n=0 

where 

(25) ee | ee 


2m) eiGea a) 


We thus have proved the following theorem. 

An analytic function f(z) which is regular in the interior of a circle 
jz — al < Ran be expanded there into a power series (24) whose coefficients 
are given by (25), where C may be taken to be any closed contour surrounding 
a within and on which f(z) ts regular. 

In this statement, we have replaced the regularity of f(z)in|z-—a| < R 
by the weaker condition that f(z) be regular in lz — al < R; this is per- 
missible because for any z such that |z — a] = r < R we can find a num- 
ber R, such that r << Ri < R. For |z — al = Ri, f(z) is regular and the 
above argument applies. We also remark that the replacement of the 
circle by the general contour C is possible because of Cauchy’s theorem. 
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It was shown in Sec. 6, Chap. II, that every power series is a Taylor 
series. We therefore necessarily have 


= 2), 


. n! 


This can also be directly verified by comparing (25) and (21). However, 
the formula for the remainder of the Taylor series if it is broken off after 
a finite number of terms takes a form which is different from that known 
in the real case. If we write 


m 


fe) =) anle — a)* + tal2); 


n=0 


it follows from (24) and (25) that 


1 fz =a] £0) 
ra) = 35 | yy (2) | Mae 


=mt+1 


Summing the series, we therefore obtain 


(2 — a)m+! ih f(s) dg 


2n1 C (& — a)™*(E = 2) 


From (26), we can deduce a convenient estimate for7,,(z). If f(z) is regu- 
lar in |z — a| < R, then |f(¢)| is bounded on |¢ — a] = R, that is, 
If()| < M. If d denotes the shortest distance from z to the circumference 
|¢ — al = R, it follows therefore from (26) and (3) that 


lz = Ge 


wd 


(26) Tm(2) = 


(27) Irm(z)| < M. 

As shown above, any analytic function which is regular in the interior 
of a circle can be expanded there into a power series. On the other hand, 
we have seen in Sec. 6, Chap. II, that any power series represents in its 
circle of convergence a regular analytic function. As a result, regular 
analytic functions can also be defined as those complex functions which 
are represented by converging power series, and it is possible to develop 
the whole theory of analytic functions starting from this definition. 
Another consequence of this identity of the regular analytic functions 
with the functions represented by converging power series is the following 
result: 

On the circumference of the circle of convergence of a power series there ts at 
least one singular point of the analytic function represented by it. 
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The proof follows from the remark that the power series is identical 
with the expansion (24) of the function represented by it. It therefore 
must converge in the largest circle |z — a| < FR in which f(z) is regular. 
If it does not converge in any circle |z -- a] < R + «, this is only possible 
because f(z) is not regular in these circles. Since f(z) is regular in 
|z — a| < R, there must be at least one singularity inR < |jz-—a| <R+.. 
As this is true for any arbitrarily small positive e, it follows that there is at 
least one singularity on |z — a| = Rk. This result can also be expressed 
by saying that the circumference of the circle of convergence of the expansion 
(24) of an analytic function which is regular at a passes through the singu- 
larity of f(z) which ts closest toa. For instance, the radius of convergence 
of the power series (24) for the function log z is a, since the only finite 
singularity of this function is situated at the origin. 

From (25), we obtain a useful estimate for the absolute value of the 
coefficient a,x. Taking, for convenience, a = 0, we assume that f(z) is 
regular for |z| < R and that |f(z)| < M(r) for |z| =r < R. In view of 
(3), it then follows from (25) that 


? 


M 
(28) lan] < a 
(28) is known as Cauchy’s inequality. 

More precise information regarding the magnitude of the coefficients 
can be obtained by means of Parseval’s identity 


6 


2r 
af, Utremieae =)" Jastr, 


n=0 


(29) 


which has also many other useful applications in the theory of functions. 
To prove (29), we observe that 


f(ret)|2 = f(re®)f(re'*) = ( y anne?) ( 
n=0 


re) rs) 
= » » (Ula ey eae et(n—m) t) ; 
n=0 0 


0 


ih48 


in view of the absolute convergence of both series, the term-by-term 
multiplication and the rearrangement of the terms are permissible. 
Hence, 


2 d =z = aS 
ik If(re*)? dé a y » Ondgrrtm ff et(n—m) 0 dé, 


n=0 m=( 
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where the term-by-term integration is justified by the uniform con- 
vergence of the series. The integrals in which n ¥ m are obviously zero. 


2nr 
If n = m, the integrals reduce to . d@ = 2x. Hence, the only surviv- 
ing terms are 2r > |a,,|2r2". This proves (29). 
n=0 
If |f(z)| < M(r) for |z| = 7, then obviously 


2 
i [ if (re!) |? do << M%(r). 
Hence, by (29), 
(30) i G@n\ mo” Sale). 
n=0Q 


This inequality not only proves (28) but also shows under what conditions 
we can have equality in (28). A comparison of (28) and (30) shows that 
this is only possible if all coefficients other than a, vanish. f(z) thus 
reduces to the form f(z) = a,z"._ The reader will easily verify that in this 
case there is indeed equality in (28). 


EXERCISES 
1. With the help of (21), show that 


(2). axe {sabe 
ni} —- Bri Jo nitm &” 


where C surrounds the origin; using this identity, prove that 


z\? = 1 eo 22 cos 8 
» (4) = i. e€ dé. 
n=0 


2. Show that the absolute value of the error committed by substituting for the 


function e? the finite sum 
gn-l 


22 
ee teenth = oo 
is not larger than 
e®|z|" 
R(R — [ely 
where # is any number satisfying R > |z|. For a given z, how has R to be chosen in 
order to make this quantity as small as possible? 


3. If f(z) is regular for |z| < 1 and |f(z)| < ia (|z| <1), show that the coeffi- 


cients a, in the expansion f(z) = » anz” are subject to the inequality 


n=0 


lan] < (rn + 1) € AF “) < e(n + 1). 
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4. Applying Parseval’s identity to the function 


2) 


1 
ea Dy me 


show that = 
ih Comoe ta”) MO mG ay Ose sh 
n=l 
5. Applying Parseval’s identity to the function 
i ==, 


deduce the formula 


2x [si 2 
le ea 

5. Analytic Continuation. As a means of representing an analytic 
function, a power series has one serious drawback. Beyond the circum- 
ference of the circle about the “‘center”’ of the series which passes through 
the nearest singularity of the function, it ceases to converge, and it there- 
fore does not provide any direct information regarding the behavior of the 
function outside the circle of convergence. For example, the series 
T--2+-2*-- - +> --2"-- = - *giepresents the function f(¢) = 1/7 (ae 
for |z| <1. For |z| > 1, the series diverges (its general term does not 
tend to zero) and becomes useless; nevertheless, the function f(z) is well 
defined for all values of z with the exception of the point z = 1. 

The deeper issue involved here is the question of what constitutes a 
definition of an analytic function. ‘The answer to this question is easy if 
we are given what we may call a global definition of a particular function. 
By this is meant a definition which enables us to do the following: Starting 
from a point Zp at which the function, or a branch of it, is regular, we draw 
arbitrary continuous curves; along any such curve the function is regular 
and its values, which vary continuously along the curve, can be uniquely 
determined. This process of ‘“‘continuation’’ will only come to an end if 
the curve we use meets a singularity of the function; it is part of the 
global definition of a function to provide complete information as to 
where, on any given curve, we first meet a singularity of the function. 
Examples of global definitions are the definitions 


log z = log r + 76, F — |2)aoe— eee 
and 
‘de 


log z = 5 


for the function log z. As shown in detail in Sec. 7, Chap. II, these 
definitions enable us to calculate the value of log z if we continue this 
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function in the above sense along any curve starting from, say, the point 
z = 1, at which we assume log 1 = 0; continuation becomes impossible 
only if the curve meets the origin or the point at infinity. An even 
simpler example of a global definition is the function f(z) = [1/(1 — z)] 
mentioned above. For every value of z, except z = 1, this function is 
uniquely defined; along every curve starting from, say, z = 0, it can be 
uniquely continued as long as the curve does not meet the point z = 1. 
Since this function is single-valued in the whole plane, it is, of course, 
immaterial along which curve we proceed in order to reach a given point; 
only in the case of a many-valued function, such as log z, does the identity 
of the curve along which we continue the function become important. 

A power series can also give a global definition of an analytic function 
if the function has no finite singularities and, therefore, the series con- 
verges for all finite values of z. The function is in this case single-valued 
and it is completely defined by the series. However, as already pointed 
out, a power series with a finite radius of convergence is an entirely 
different affair. The above described process of finding the values of the 
function represented by the series along an arbitrary curve breaks down 
the instant the curve crosses the circumference of the circle of convergence, 
and we are left in the dark as far as the behavior of the function outside 
the circle of convergence is concerned. It therefore would appear that a 
power series with a finite radius of convergence is not a suitable instrument 
for the global definition of an analytic function. 

However, this is not the case. We shall show that a function which 
originally is given in the form of a power series with a finite radius of 
convergence can also be investigated beyond the circumference of the 
circle of convergence and that, by a procedure termed analytic continua- 
tion, the local definition afforded by the power series can be extended so as 
to yield a global desnition of the function. Suppose, for the sake of 
simplicity, that a function f(z) is originally defined by a power series of 


the form f(z) = » a,z” which converges in the circle |z| < R. We 


n=0 
choose an arbitrary point a ~ 0 such that |a| < R, and we compute f(a) 
and the derivatives f’(a), f(a), . . . by means of the given power series. 


With these values, we set up the new power series 


ne) =) SP @- or 
n=0 


In view of the results of the preceding section, this series converges in the 
largest circle about a in which the function f(z) is regular and gives there 
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a representation of f(z). Since f(z) is regular in \z| < R, this series will 
therefore certainly converge in the interior of the largest circle about a 
which is still contained in |z] < R; its radius of convergence R will thus 
be at least R — |a|, and for |z — al < R — |al| we have f(z) = f,(z). Now 
there are two possibilities. Either the value of Ai is exactly equal to 
R — |al, or else the circle |z — a| < FR has a crescent-shaped part A which 
is not contained in the circle |z| < R (see Fig. 6). In the first case, both 
circles have only one point in common. ‘This point is obviously a singu- 
larity of f(z); indeed, there must be at least one singularity of f(z) among 
the points of the circumference |z — a] = R,, and all these points except 
the one mentioned lie in the interior of the 
circle |z| < R and are thus regular points 
of f(z). In the second case, we say that in 
the region A the series f(z) provides an 
analytic continuation of the function f(z) 
which latter was originally only defined in 
the interior of the circle |z| < R. If the 
function f(z) is also defined by some other 
method, that is, not by power series, and this 
definition is valid in a domain which contains 
the circles of convergence of both series, it is clear from the expansion 
theorem of the preceding section that, in their respective regions of con- 
vergence, both series represent the function f(z). If, however, the first 
power series is the only definition of f(z) available to us, we define the 
function f(z) in the region A by the process of analytic continuation 
described above. It is not difficult to see that this rule leads to a global 
definition of the function in the sense discussed above. Let f(z) be given 
in |z| < R by its power series expansion, and trace an arbitrary continu- 
ous curve C starting from the origin. With each point 2p of this curve 
such that |zo| < R we associate a function element f.,(z), namely, the power 
series expansion of f(z) about the point z.. Suppose now—and this is the 
only interesting case—that C crosses the circumference at a point a. If 
the radii of convergence of the series f,,(z) tend to zero if z9 approaches a, 
then @ is a singular point of f(z). Indeed, on the circumference of each of 
these circles there must be at least one singular point, and the entire 
circumferences, including these singular points, converge toward the point 
a. But, as a limit point of singularities, a is itself a singularity. If f(z) 
were regular at a, it could be expanded in a certain neighborhood of a 
into a converging power series; this, however, is impossible since any 
neighborhood of @ contains singularities of f(z). 

If ais not a singular point, the radii of convergence R(z) of the function 
elements f,,(z) will therefore not tend to zero if z) tendstoa. If |z|<R 


Pres 6; 
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and Zo is close enough to a, the circle about 2 of radius R(z9) will therefore 
contain a finite portion of C which is not situated in |z| < R. In the 
domain in which this circle and the circle |z| < R overlap, f(z) and f,,(z) 
coincide; we therefore say that along the part of C which protrudes from 
|z| < & but is situated in |z — zo| < R(Zo), f(z) is continued analytically 
by f..(z). In order to continue our function beyond the point 8 (|8| > R) 
at which C intersects |z — zo| = R(2o), we now employ the same procedure 
which we used with respect to the point a. Again, there are two possi- 
bilities. Either 8 is a singular point of the function, or there exists an 
analytic continuation of f(z) along a finite portion of C which is not 
situated in the circle |z — 2o| < R(zo). By repeated application of this 
process we obtain a chain of circles which, together, cover the curve C up 
to a certain point 7. Each of these circles has a domain in common with 
the two adjacent circles, and wherever two circles overlap, the function 
elements belonging to these two circles take identical values. As a 
result, the analytic continuation of f(z) along Cis uniquely determined up 
to the point 7. If the point 7 is a singularity of the function, analytic 
continuation beyond 7 becomes impossible; if 7 is a regular point, then f(z) 
can be continued beyond y in the manner described before. However, 
before we conclude from this that f(z) can be continued along C' indefinitely 
unless C' meets a singularity of f(z), we have to rule out another possi- 
bility. It may happen that in spite of an infinite repetition of the above 
process we do not cover more than a finite portion of the curve C. 
Although each circle contributes a crescent-shaped domain which was not 
contained in the preceding circle, the radu of these circles may tend to 
zero and there may exist a point 7 on C such that, after a certain number 
of steps, all circles are contained in a given neighborhood of 7. This, 
however, is only possible if 7 is a singularity of f(z). Since on the circum- 
ference of each circle there is at least one singularity of the function, and 
since every neighborhood of y contains an infinity of circles, it follows that 
7 is the limit point of an infinity of singularities of f(z). As shown above, 
this means that 7 itself is a singularity of f(z). We have thus proved that 
along any continuous curve C we can continue f(z) analytically; this process 
is interrupted only if we reach a singularity of f(z) which is situated on C. 
The same process of analytic continuation may, of course, also be applied 
in the case in which the function f(z) is originally not given in the form 
of a power series but by some other method which does not provide a 
global definition of the function. 

From now on, whenever we refer to “‘the analytic function f(z)” with- 
out further specification of its domain of definition, we shall mean the 
totality of all function elements which may be obtained from a given function 
element of f(z) by analytic continuation. Since one functios element is 
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sufficient in order to determine all its analytic continuations in a unique 
manner, it follows that two analytic functions are completely identical 
if they agree in one function element. From this fact we can draw the 
following remarkable conclusion: 

Tf f(@n) = g(@n),n = 1, 2, ... , 22 % 2, and lim z, = Zo, and if both 


f(z) and g(z) are regular at zo, then f(z) = g(z). 

If h(z) = f(z) — g(z), it is plainly sufficient to show that h(z) must 
be identically zero if h(z,) = 0, n = 1, 2, ... , and if h(z) is regular 
at 2. Because of the regularity of h(z) at 29 we have an expansion 


h(z) = a + ay(z = 20) _ ao(z — 26)? f+ -- 


which converges in a certain circle about zo. h(z) is continuous at 29; 
hence, h(zo) = lim h(z,) = 0. It follows that the coefficient ao is zero. 


i © 


We may now write 
h(z) = (2 — 2o)[ai + ao(z — 20) + - - ¢). 


Since h(z,) = O and 2, ¥ 20, the expression in the bracket vanishes for 
Zn,n=1,2,.... Because of its continuity, we have a; = 0. Con- 
tinuing in this fashion, we find successively that all coefficients vanish. 
In its circle of convergence, the function h(z) is therefore identically zero. 
Since the constant zero is an analytic function defined in the whole 
z-plane, and since one function element of h(z) is equal to zero, it follows 
therefore that the function h(z) is identically zero. 

An important consequence of the last result is the so-called principle 
of the permanence of a functional equation. Before we give a formal 
statement of this principle, we shall illustrate it by two examples. From 
elementary trigonometry it is known that the real function sin z has 
the addition theorem 


sin (x + uw) = sin x cos u + cos zx sin 4, 


where wu is an arbitrary real value. Since sin z, cos z, and sin (z + 2) 
are analytic functions which are regular for all finite values of z, and 
since the relation 


sin (z + u) = sin z cos u + cos z sin u 


is satisfied if z is any point on the real axis, it follows by analytic con- 
tinuation that the same relation must hold for all finite values of z. If 
we repeat the same argument with respect to the real variable u, we 
find that u« may be replaced by a complex variable w without invalidating 
the relation in question. Hence, the addition theorem of the function 
sin 2 is true for arbitrary complex values of z and w. Another important 
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example for the principle of permanence of a functional equation is 
afforded by functions satisfying differential equations. To take a par- 
ticularly simple case, we consider the function f(z) = log (1 + z) which, 
for |z| < 1, is represented by the power series 


ee foes 
aad TE a meal 
Its derivative is 
Oe eg ik RR 
Although the identity 


f@= 75 


has thus only been proved for |z| < 1, it follows that it must hold for 
all analytic continuations of the two functions involved. The ‘‘analytie 
function log (1 + z),” in the sense defined above, has therefore every- 
where the derivative 1/(1 + 2). 

We now formulate the general principle of the permanence of a func- 
tional equation. 

Let F(p,q,r) be an analytic function of the three variables p,q,r, which is 
regular for all finite values of p,q,r, and let f(z) and g(z) be analytic functions 
of z. If arelation of the form F[f(z),g(z),z] holds between a function element 
of f(z) and a function element of g(z), this relation is also true for all analytic 
continuations of these function elements. 

The proof of this principle is left to the reader. We remark that it 
may easily be generalized to functional equations involving more than 
two functions. 

In connection with the problem of analytic continuation, the following 
remarks concerning the singularities of analytic functions are of interest. 
In all the examples of analytic functions considered so far, the singu- 
larities were isolated points. It is, however, easy to construct functions 
for which this is not the case. Consider, for example, the function 


il 
OM sin (1/z) 


For (1/z) = an, where n is an integer, the denominator vanishes; hence, 
f(z) is not continuous there and the points z = (1/7) are singular points 
of the function f(z). These points converge to the point z = 0, which 
is therefore also a singular point of f(z), but clearly not an isolated one. 
It is furthermore possible for the singular points of a function to fill an 
entire arc of a continuous curve; in this case, we speak of a singular line 
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of the function. A particularly interesting situation presents itself if a 
function f(z) has a closed singular line. If a function element of f(z) is 
known in the interior of the domain bounded by the singular line C, then 
it is obviously impossible to continue f(z) analytically across C. The 
entire domain of definition of f(z) is therefore the interior of C, and we 
say that C is a natural boundary of f(z). Such an occurrence is not so 
unusual as it may seem. Consider, for instance, the analytic function 
f(z) defined by the power series 


fz) =zte2tatete-- = ie 
=0 


By Cauchy’s test, the circle of convergence of this series is |z| <1. By 
the results of the preceding section, f(z) must therefore have at least one 
singularity on |z| = 1. For the sake of simplicity, we shall assume that 
this singularity is situated at the point z = 1; a different location will 
cause a minor change of the argument which the reader will be able to 
carry out without difficulty. From the definition of f(z) it follows that 


fi) =24+2+24--+ = ) 2 =f@) -2 


By the principle of permanence, the functional equation f(z) = z + f(z?) 
is true for all analytic continuations of f(z). Let now z tend to the point 
—1. In view of f’(z) = 1 + 2zf’(z?), it is clear that f(z) cannot have a 


derivative at z = —1, because from f’(—1) = 1 — 2f’(1) it would follow 
that f’(1) exists; but this would imply that z = 1 is a regular point of 
f(z), which is false. Thus, z = —1 is also a singular point of f(z). In 


the same way, it follows from f(z) = 2+ f(z?) = z+ 22+ f(z') that 
the points z for which z* = 1 are singularities of f(z); if this were not 
true, 2 = 1 would be a regular point. Continuing in this fashion, we 


conclude from f(z) =z+ 22+ --- +2" + f(z”) that all points z 

Qui 
for which z? = 1 are singularities of f(z). But these are the points e2" 
which divide the circumference |z| = 1 into 2" equal parts. Since, for 
n— ©, all points on |z| = 1 are limits of these points, and since the 
limit point of singular points is also a singularity, it follows therefore 
that all points on |z| = 1 are singular points of f(z). In other words, 


the unit circle is the natural boundary of the analytic function f(z). 

We close this section with the proof of an important result which is 
known as the monodromy theorem. 

An analytic function f(z) which ts regular in a simply-connected domain D 
1s also single-valued in D. 
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If 2; and ze are any two points of D and if C’ and C”’ are two different 
curves connecting 2; and z. which are entirely contained in D, then the 
monodromy theorem asserts that the analytic continuation of the func- 
tion f(z) along C’ and C”’ yields identical results. If the theorem were 
false, there would exist two points 2:1, z2 in D and two curves C’ and C” 
connecting them, such that the continuation of the same function ele- 
ments f,,(z) along these curves leads to two different values of f(z). 
Since D is simply-connected, the points of the domain D, bounded by 
C’ and C” are also points of D, and f(z) may be analytically continued 
along any curve in D, which connects z, and 22. For any given positive e, 
we can draw a finite family of curves R in D,; which has the following 
properties: (1) R contains C’ and C”’; (2) all curves of R connect z,; and 22; 
(3) any curve of R has two neighboring curves whose distance from it is 
less than e, with the exception of C’ and C”’ which have only one such 
neighboring curve. By saying that the distance between two curves is 
less than «€ we mean that for any given point on one curve we can find 
a point on the other curve such that the distance of the two points is 
less than «. We now consider the analytic continuation of f(z) along 
all the curves of R. Obviously, there must exist two neighboring curves 
of & such that continuation of f(z) along them yields different results. If 
this were not so, continuation along all curves of R would lead to the 
same value of f(z), and this contradicts our assumption regarding the 
continuation along C’ and C’”’. 

From the assumption that the monodromy theorem is false it thus 
follows that there must exist two curves, say C; and C2, whose distance 
is less than any given positive e, such that continuation of f(z) along 
C, and C2 leads to different values of f(z2). But this involves a con- 
tradiction. Indeed, the analytic continuation of f(z) along C; is carried 
out by means of a chain of circles S which, in view of the fact that f(z) 
is regular on C, and its end points, can be taken to be finite. Hence, 
there exists a positive e such that any circle of radius e whose center is on 
Ci is contained in S. It follows that a curve C2 whose distance from C, 
is less than « is also contained in S. But this means that the analytic 
continuation of f(z) along C2 can be carried out by means of the same 
chain of circles S that was used for continuation along C;. Hence, 
continuation along these two curves must lead to the same result. This 
completes the proof of the monodromy theorem. 


EXERCISES 


1. The gamma function is defined, for values of z such that Re {z} > 0, by the 
integral 


GZ) = i, ' eu tdi, 
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where ¢ is taken along the positive axis and {#1 = e(— lee ¢ is formed with the real 
value of log ¢. Show that I'(z) is an analytic function which is regular for Re {z} > 0. 
Integrating by parts, deduce the functional equation zI'(z) = r(1 +z). Using the 
principle of permanence, show that I'(z) can be continued analytically throughout 
the zplane and that its only singularities are situated at the points z = 0, —1, —2, 
—3, 

2. BROW ‘that the sum of the series 


is 1 when |z| <1, but is 0 when |z| > 1. This seems to contradict our results on 
analytic continuation. How is this possible? 

3. By the example of the function f(z) = log z and the domain 1 < |z| < 2, show 
that the monodromy theorem cannot be true for multiply-connected domains. 


6. The Laurent Series. Consider an analytic function f(z) which is 
regular and single-valued in the circular ring 0 < a < |z-—a| <B. Ifz 
is an arbitrary given point in the interior of the ring, we can choose a 
positive « such that a +e < |z —a| <®6-—e. If we denote the circles 
lz — al = 8 —e and |z —a| = a+e by C; and C2, respectively, then 
f(z) is regular and single-valued in the closure of the circular ring bounded 
by C, and C2. Since this ring contains the point z, Cauchy’s integral 
formula yields 


2Qr1 


indeed, C,; and C» constitute the entire boundary of the ring, and the 
negative sign of the second integral takes account of the fact that the 
negative direction on the circle C2, coincides with the positive direction 
with respect to the ring. In the first integral we have 


ko a] Se = ee | a, 
Hence 


where the geometric series converges because of |z — a| < |¢ — al. 
Since, on Ci, this convergence is uniform with respect to ¢, we may 
integrate term by term. We obtain 


-) 


(32) fil) = 5 Lf JO a = Y, anle = 0, 


n=0 
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where 
book AG) 
~ Bri Jo, F— apn 


ay 


On C2, we have |f — al = a+e< |z—al. In this case, we write 


L — Ji al ms = (¢ — a) 
ae ks A ee ———— 
z—a n= 


and the geometric series converges because now |f¢ — al < |z — al. 
Hence, by integration, 


mae ce, 
33) Oe a 


where 


an = 


2 f @ arya 
We note that in the integrals defining a, and a_, we may replace the 
circles C, and C2 by any closed curve which can be obtained from them 
by continuous deformation within the ring; this follows from the fact 
that both integrands are regular in the ring. In particular, we may 
replace both C, and C2 by the same circle C which is concentric with 
them and situated in the interior of the ring. We have thus proved the 
following result. 

If f(z) is regular and single-valued in the circular ring a < |z — al < 8B, 
wt can be expanded there into a series of the form 


2) 


(34) 7) = ) Gea) 
where . 
(35) “oo _ SW) ae Oe 


2nt Jo (¢ — a)™t} 


and C isa circle |{ —al =r,a<r< 8. 

We may also say that the function f(z) can be written as the sum of 
the two functions f,(z) and f2(z), defined by (32) and (33), which can be 
expanded into series proceeding by positive and negative powers of 
2 — a, respectively. (32) is an ordinary power series; as such, it will 
converge in the interior of the circle |z — a| <r if it converges at a 
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point zo for which |z. —a| =r. It follows that the function f,(z) is 
regular for |z — a| < 8. Similarly, (33) is a power series of the variable 
(z — a)—}; if it converges at zo, it converges for all values of z such that 
lz — al“! < |zo — a|-!, that is, |z — a| > |za — a]. (83) will therefore 
converge in the exterior of the circle |z — a| > @ and represent there a 
regular function. Hence, if f(z) is regular for a < |z —a| < B, then 
f(z) = file) + fez), where fi(z) and f2(z) are regular for |z — a| < B and 
|z — al > a, respectively. It should be noted that the domain of regu- 
larity of f2(z) includes the point at infinity. Generally speaking, a 
function g(z) is said to be regular at z = © if g(1/z) is regular at z = 0. 

If jz — a| = a and |z — al = 8 are the boundaries of the region of 
convergence of the Laurent series, it is clear that on both these circum- 
ferences there must be at least one singular point of f(z). <A particu- 
larly interesting case is obtained if f(z) has only one singular point in 
2 — a] < 6 and this point is situated at z = a. Clearly, the series (34) 
will then converge for 0 < |z — a| < 6. We now distinguish between 
two cases. In the first case, only a finite number of the coefficients 


d_1, @_2, . . . are different from zero, and the expansion (34) takes the 
form 
= ee ee ee = a 
Am ~ 0; 


in the second case there is an infinite number of nonvanishing coefficients 
with negative subscripts. If the expansion of f(z) is of the form (36), 
we say that f(z) has a pole of order m at z = a; in the second case, we say 
that z2 = a is an essential singularity of f(z). This terminology can also 
be applied to the case in which the singularity is situated at z = o. 
Since z~! tends to zero if z tends to infinity, a pole of order m at z = © 
will correspond to an expansion 


f(z) = ame™ +++: tanzet+ % 
n=0 


while an isolated essential singularity at z = © will give rise to an infinity 


of different positive powers of z. Any power series of the form » Gre” 
n=0 
which converges for all finite values of z,and which has an infinity of 
nonzero coefficients will therefore represent a function with an essential 
singularity at z = ©, 
The behavior of an analytic function in the neighborhood of a pole 
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is easy to describe. It is clear from (36) that f(z) — © if z— a, regard- 
less of the path along which a is approached. It further follows from 


(36) that 
g(z) a (z a @ei(z) = A_m — Q—(n—1) (2 _ a) aa Oo 0 6 


is regular in the neighborhood of z = a and that g(a) #0. Now, if 
g(z) is regular in the vicinity of z = a and if g(a) # 0, the function 
h(z) = [1/g(z)] will also be regular in a certain neighborhood of a. To 
show this, we first remark that there is a circle |z — a| < y in which 
g(z) ~ 0. If this were not the case, the point z = a would be a limit 
point of zeros of g(z), that is, of points z, for which f(z,) = 0. Since 
g(z) is regular at z = a, g(z) would therefore, as shown in the preceding 
section, reduce to the constant 0; but this is impossible since g(a) ¥ 0. 
For |z — a] < 7, the function will therefore be continuous and its deriva- 


tive is found to be 


h(z) is thus indeed a regular function in a certain neighborhood of a. 
It follows that the function [(2 — a)"f(z)]-' has there a converging 
Taylor expansion 


1 2 So G@ o 38 
Gaara ee tale) ae ale 90)" ; 


hence, 

a Spier au idee cymes = 
This shows that if f(z) has a pole of order m at z = a, then 1/f(z) is regular 
atz = aand has there a zero of orderm. Here, a zero of order m is defined 
as a point at which both the function and its derivatives up to the 
(m — 1)st order vanish. Obviously, the converse of the italicized state- 
ment is also true: if 1/f(z) has a zero of order m, then f(z) has a pole of 
order m. It is also worth noting that a pole is always an isolated singu- 
larity; this is an immediate consequence of the fact that the zeros of a 
regular function are isolated. 

The behavior of a function in the neighborhood of an isolated essential 
singularity: is vastly different from the behavior characteristic of a pole. 
An idea of the complicated character of a function near an essential 
singularity is given by the following theorem: 

In any neighborhood of an isolated essential singularity, an analytic 
function approaches any given value arbitrarily closely. 
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To prove this theorem, we first remark that in the neighborhood of an 
isolated singular point a function cannot be bounded. Indeed, if 
lf(z)| < M for |2z — a| <r, then, by (35), 


= | ee 


2=1, teem... 


Since r may be taken as small as we please, it follows that 
@) =@.2=::: =0. 


All the coefficients of the negative powers vanish, and the Laurent series 
reduces to a Taylor series, which shows that f(z) is regular at z = a. 
Suppose now that, for |z — al < «, |f(z) — y| does not become arbitrarily 
small. In this case, there exists a constant M such that 


ne ae 
a= 7 


The only possible singularity of the function [f(z) — y]~! in |z — al <.« 
isz =a. But this function is bounded there, and, as we have just seen, 
this means that z = ais not asingularity. Hence, [f(z) — y]-)is regular 
for |z—a| <e. Its reciprocal, that is, f(z) — y, is therefore either 
regular in |z — a| <e or else has a pole there. But this contradicts 
our assumption that f(z) has an essential singularity at z =a. Since 
was an arbitrary value, this proves our theorem. We shall show at a 
later stage (Sec. 6, Chap. VI) that even more is true. In the neighbor- 
hood of an isolated essential singularity, an analytic function actually 
takes any arbitrary value, with one possible exception. That such an 
exception can occur is shown by the function f(z) = e* which has an 
essential singularity at z = © but nevertheless never takes the value 0. 

Returning to poles, we shall now derive the following result. 

A rational function has no other singularities than poles; conversely, an 
analytic function which has no other singularities than poles is necessarily 
a rational function. 

A rational function f(z) is of the form 


< M. 


_ Pi) 
(37) f(z) = OG) 
where 
P(z) = aot aze+ °°: + ane” 
and 


OC) a (i (ee 2 
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are polynomicals of degree n and m, respectively. P(z) and Q(z) are 
regular at all finite points of the plane. We may further assume that 
P(z) and Q(z) have no common zeros. If zo is a zero of P(z), then it 
follows from its Taylor expansion about 2 that P(z) = (2 — z0)"P,(z), 
where P;(z) is a polynomial, Pi1(20) # 0 and ky is a positive integer. Simi- 
larly, it follows from Q(Zo) = 0 that Q(z) = (2 — 20)" Qi(z), Qi(Zo) # O. 
In view of (87), it is therefore always possible, by canceling a suitable 
number of the (z — 2o)-factors, to write f(z) as the quotient of two poly- 
nomials with no common zeros. Obviously, the only possible finite singu- 
larities are situated at the zeros of Q(z). Since the zeros of P(z) do not 
coincide with those of Q(z), it follows that 1/f(z) is regular at these 
points. As shown before, such points can only be poles but not essential 
singularities. We have thus proved that all finite singularities of f(z) 
are poles. At z= ©, we have to distinguish between two cases, accord- 
ingasn >morn<m Ifn>™m, we have 


ee 
fle) = 2 
eee 
z Z 
— eae 2s 
é (+434 ) 


| 
=| <u 
zZ 


where the power series in 1/z converges in some neighborhood 
of z= «©. Hence, 
ie) = oot + Vaca a + ae 


which shows that f(z) has a pole of ordern —matz=o. Ifn<™m, 
the reader will confirm in a similar fashion that f(z) is regular at z = o. 
This proves the first half of our theorem. In order to prove the con- 
verse, suppose that all the singularities of a function f(z) are poles at 
the points a1, @2, . . . , dn; the orders of these poles may be denoted by 
M1, M2, ..., Mn, respectively. In the vicinity of the point a,, the 
functicn f(z) has an expansion of the form 


ee A_\™ : ; 
fle) = ee + A + Years — coe 
w=0 


a,)™» (z = 
This can be written in the form 


f(z) = p.(z) + r.(2), 
where 
A_im (y) ARE 


(38) plz) = Eau i 2s 


—= Op) ihe 
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is the so-called principal part or meromorphic part of f(z) at the pole 
z= a, and r,(z) is regular at z= a. If a, is the point at infinity, the 
principal part of f(z) belonging to this point will be of the form 


(39) Dr(z) = Ami am + -- > + Arg, 
We now consider the expression 


giz) = f@) —epalz) — pelZ) - -- - — pale). 


Since f(z) — p,(z) is regular at z = a, and p,(z) is regular everywhere 
except at z = a,, it follows that g(z) is regular at all points of the plane, 
including the point at infinity. Such a function is necessarily a constant. 
Indeed, since g(z) is regular and single-valued everywhere, it must have 


a Taylor expansion g(z) = > ‘vnz" which converges for all finite z. But, 
n=0 

as shown before, such a power series has a singularity at z = © unless 

all its coefficients except yo vanish. Since g(z) is regular at z = ~, we 

have therefore identically g(z) = yo, whence 


(40) {@=w+t > pl). 


yi 


In view of (38), f(z) can therefore be brought into the form (37). This 
completes the proof of our theorem. As a by-product we have also 
obtained the following result. 

Any rational function (37) possesses a decomposition (40) into partial 
fractions of the form (38); if the degree of the numerator exceeds that of the 
denominator, then (40) includes a term of the form (39). 


EXERCISES 


1. The Bessel function J,(z) is defined as the nth coefficient (n > 0) of the “‘gen- 
erating function” 


2 7) y SEONG 


Prove that J,(z) can be represented by the formula 
ao) = i " cos (n@ — z sin 4) dé. 
7 JO 
Use your result in order to find the power series expansion 


ee) (—1) z n+2y 
J,(z) = Y Ome 


vy=0 
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Deduce the same expansion by writing the generating function in the form 


and computing the product of the two exponential series. 
2. Show that, for 1 < |z| < 2, 


8 


—— ee 
E— i C=) fF 


oe 


n=1 n=0 


3. For0 < p < |z| < 1, the function f(z) is regular and single-valued, and it satisfies 
the inequality Re {f(z)} >0. If 


t] 


for » S+it Dane oye 
un 


n=1 
is its Laurent expansion, show that 


sof l2-P —wllO SE == fl” sem sin? ae, 


oe econ iane™ = i he [2 +(E ») + ("10% 


= es 10 = 
ef f(pe*’) cos? 5 46, 


2 — An — an 


By adding these two identities and observing that Re {f(z)} > 0, prove that 2(1 + »*) 
— (1 — p*) Re {a,} > 0, and hence 
Raaialliacue ae 
1 — p* 
Verify that the function fi(z) = f(e**z) (0 < a < 27) satisfies the same conditions as 
f(z), and use this fact in order to deduce the more general inequality 


2 
Hal See i a 


Show that f.(z) =f (2) satisfies the same hypotheses as f(z) and that therefore 


la_n| < =) Me ND © ad 


Lea 

7. Liouville’s Theorem. The following theorem, due to Liouville, is 
as important as it is easy to prove. 

An analytic function cannot be single-valued, regular, and bounded at all 
finite points of the plane unless 1t reduces to a constant. 

If f(z) is single-valued and regular for all finite values of z and if every- 
where |f(z)| < Af, then, by (20), 


AC?) Mk 
af gas |< eer 


@I = aa a) (R — zl)? 
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where £ is an arbitrary positive number. By choosing FR large enough, 
we can obviously make the right-hand side of this inequality as small 
as we please. Hence, f’(z) = 0 for all finite values of z, and f(z) must 
be a constant. 

As an application of Liouville’s theorem, we prove the fundamental 
theorem of algebra. This theorem states that an algebraic equation of the 
form do + a1z2+ °--:+ + a,2" = 0 (a, ~ 0) has exactly n finite roots. 
We first remark that it is sufficient to demonstrate the existence of only 
one root of the equation. Indeed, if P(z) is the polynomial ap + - : - 
+ a,z" and if P(z,) = 0, then, as shown in the preceding section, 


P(z) = (@ — a)Pi(2), 


where P,(z) is a polynomial of degree n — 1. If Pi(z), in turn, has one 
root z2, we may conclude that Pi(z) = (2 — z2)P2(z), where P.(z) is now 
a polynomial of degree n — 2. Continuing in this fashion, we find that 
P(z) will have n roots if it can be shown that every polynomial must 
have at least one root. In order to prove the latter, we consider the 
function 


fe) = poy 


f(z) is a rational function whose only singularities are situated at the 
zeros of P(z); z = © is clearly a regular point of f(z). If P(z) had no 
zeros, f(z) would therefore be regular in the whole plane, including at 
z= ©, But this means that f(z) must be bounded everywhere; indeed 
if there existed a sequence of point a1, a2, . . . , converging to a point a 
such that lim f(a,) = ©, this would contradict the fact that f(z) is 


y= 


regular at a and that therefore f(a) = lim f(a,). Hence, by Liouville’s 
theorem, f(z) must be a constant. But the conclusion 
P(z) =aot+az+:-+ + a,2" = const. 


is absurd since P™(z) = nla, # 0. Hence, P(z) must have at least 
one zero. 

An analytic function which is regular and single-valued at all finite 
points of the plane is called an entire function. Liouville’s theorem is 
therefore equivalent to the statement that a bounded entire function is 
necessarily a constant. The simplest entire functions are polynomials. 
An entire function which is not a polynomial is called a transcendental 
entire function; examples of such functions are e*, cos z, sinz. A tran- 
scendental entire function has necessarily an essential singularity at 
z= ©, In the first place, it must have a singularity there, since other- 
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wise it would have no singularities at all and would thus reduce to a 
constant. But this singularity cannot be a pole unless the function 
reduces to a polynomial. 

By a suitable modification of the proof of Liouville’s theorem we can 
derive the following more general result. Jf f(z) is an entire function 
and, for all z, |f(z)| < Alz|", where A is a positive constant and m > 0, 
then f(z) 1s a polynomial of degree not exceeding m. By (21), we have 


mf I) ae Se R > zl. 


IFPI = las eae (R= ep 


If n > m, the last term evidently tends to zero if R— ©. Hence, the 
nth derivative of f(z) is identically zero and f(z) can only be a poly- 
nomical whose degree does not exceed n — 1. 


EXERCISES 


1. Prove both Liouville’s theorem and its generalization by means of Cauchy’s 
inequality. 
2. If n > 0 and z is on the positive axis, show that lim z%e~* = 0. 


r—> 0 

3. Use the Poisson formula of Chap. I, Sec. 6 (see also Exercise 1, Sec. 3 of this 

chapter) to derive the following result, analogous to Liouville’s theorem: A function 
u(z,y) which is harmonic and bounded at all points of the zy-plane is a constant. 


8. The Maximum Principle. If the function f(z) is regular and single- 
valued in a domain D, then its absolute value |f(z)| is obviously a con- 
tinuous function in D. We shall show that |f(z)| is subject to the follow- 
ing maximum principle. 

If f(2) ts regular in a domain D, then |f(z)| cannot obtain its maximum 
in D at an interior point of D, unless f(z) reduces to a constant. 

This is also known as the maximum modulus principle. If f(z) is 
regular in the closure D of D, then |f(z)|—as a continuous function— 
must obtain its maximum in D at some point of D. Since, by the maxi- 
mum principle, this point cannot be situated in D, it must lie on the 
boundary of D. Hence, zf f(z) 1s regular in a domain D and on tts bound- 
ary C,, then |f(z)| attains its maximum in D + C ata point of C. 

Suppose the maximum principle is not true and that there are points 
z = z in D such that |f(z)| < |f(zo)| throughout D. Let S denote the 
set of all points zo with this property. Unless |f(z)|, and therefore also 
f(z), is constant, S cannot contain all points of D. Accordingly there 
must exist a boundary point of S which is an interior point of D. Let 
Zo denote such a boundary point. If r > 0 is taken sufficiently small, 
then the circle |z — zo| = 7 is in the interior of D and, moreover, it con- 
tains points z for which |f(z)| < |f(zo)]._ By the Cauchy integral formula, 
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2x 
ay fed=gif PO aed [pet renan, 


201 z—2)=r © —~ @ 
Hence, 
Lee 
eo <p” Ipten + re] ay, 
or 
jg | gs 
x |, [sol — lie + rel] a0 <0. 


Since |f(zo)| > |f(zo + re*®)| and the integrand is continuous, this is only 
possible if 


[f(zo + re**)| = |f(zo)|, 0< @ < 2r. 


It follows that f(zo + re’*) is of the form f(z)e*”, 0 < yg < 2x. Inserting 
this in (41), we obtain 
Tee 
l= oF [ e’? dé 
and, by taking real parts, 
2 
— ds | cos ¢ dé. 
20 (0) 


Since ¢ is a continuous function of 6 and cos ¢ < 1, this is only possible 
if cos g = 1 for all 6. Hence, ¢ = 0 and, in view of the definition of ¢, 
f(Zo + re) = f(@o) for O< 6 < 2n. But if f(z) is constant on a cir- 
cumference on which it is regular, it is constant everywhere. This 
completes the proof of the maximum principle. 

A similar result will hold for the minimum of an analytic function which 
is regular in D, provided the function does not vanish in D. Indeced, 
if f(z) #0 in D, then [f(z)]-! is regular there. Since the minimum of 
|f(z)| is attained at the same points as the maximum of |f(z)|-}, it follows 
from the maximum principle that |f(z)| cannot attain its minimum in the 
interior of D. 

Since the inability of a function to attain its maximum at an interior 
point is a “local” property, the maximum principle is also valid for 
analytic functions which are regular but not single-valued in a multiply- 
connected domain. As an application of this remark, we prove Hada- 
mard’s three-circle theorem. 

Tf f(z) ts regular and single-valued in p < |z| < Rand M(r) denotes the 
maximum of |f(z)| on the circle |z| = r (9 <r < R), then log M(r) is a 
convex function of log r. 
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In other words, for p < 71 < re < 73 < R&R we have the inequality 


log r3; — log re 
log r3 — log ri 


log re — log py 


<< 
(42) log M(rz) < log M(r) log rs — log ri 


+ log M(rs) 


To prove (42), consider the function z2°f(z), where 
— log M(rs) — log AM(r1)_ 


(48) log r1 — log rz 


Although z“f(z) will in general not be single-valued in 7, < |z| < rz, it is 
regular there and, moreover, |z*f(z)| is single-valued. |z*f(z)| will there- 
fore attain its maximum on one of the circles |z| = rm, |z| = 73. The 
reader will confirm without difficulty that a has been so chosen as to 
make the maxima of this function on these circles equal. If7r1 < re < 73, 


we have therefore 
ro*M (ra) < ry~M (ri). 


With the help of (48) and some elementary manipulation it is easily 
verified that this inequality is equivalent to (42). 


EXERCISES 


1. Let f(z) be regular in a domain D and on its boundary C. If |f(z)| is constant 
on C,, show that unless f(z) reduces to a constant there must be at least one zero of 
fie) ine). 

2. Let Pi, . .., Pn ben arbitrary points of the plane and let PP, denote the dis- 
tance between P, and a variable point P. If P is confined to a closed domain D, 

n 


show that the product I PP, attains its maximum if P is a point of the boundary 


y=] 


of D. 
3. Prove the fundamental theorem of algebra by applying the maximum principle 
to the function f(z) = (ao + aiz + - - - + n2%)7! in the closed domain |z| < R, 


and letting R- o. 

4. Show that the function log f(z) is a regular analytic function in any domain in 
which f(z) is regular and different from zero; by considering the real part of log f(z), 
show that the maximum principle of this section and the maximum principle for 
harmonic functions (Sec. 4, Chap. I) are equivalent. 

5. If the power series p(z) = Go + Qmz™ + Gm4i2™t! + +--+ (Qm #0) converges 
in a neighborhood of the origin, show that for sufficiently small positive e« there exists 
a point |zo| = « such that |p(zo)| > |ao|. Use this result to prove the maximum 
principle. 

9. The Residue Theorem. If the analytic function f(z) is single- 
valued in a domain D and is regular there except at a point a of D, then, 
as shown in Sec. 6, f(z) may be expanded in the vicinity of a into a con- 
verging Laurent series 


t] 


f= ) a(¢- a) 


rn=-—-—- 4 
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whose coefficients are given by (85). The coefficient a_, of this expan- 
sion is of particular interest. By (85), we have 


(44) a1 = = i fS) a, 


where C is a closed contour surrounding z = a and, except at z = a, f(z) 
is regular within and on C. a_, is called the residue of f(z) at the singular 
point z =a. (44) shows that, apart from a numerical factor, the residue 
is equal to the integral of f(z) over a closed contour surrounding the 
singular point z = a. This result can easily be generalized to the case 
in which the contour C contains more than one singularity of f(z). Sup- 
pose that f(z) is single-valued and regular within and on the closed 
contour C, the only exception being the n points a1, a2, . . . , @n Within 
C which are singular points of f(z). We now describe about each point 
a, a circle C, which is contained in the domain D bounded by C and 
whose radius is taken sufficiently small in order to prevent the over- 
lapping of two such circles. In the domain D* which is obtained by 
deleting from D the circles Ci, ..., Cn, f(z) is regular and single- 
valued. By Cauchy’s theorem, the integral of f(z), taken over the 
boundary of D*, is therefore equal to zero. Hence 


[1 Ue |, §@ dz = 0, 


where the negative sign is due to the fact that the positive direction with 
respect to D* coincides with the negative direction with respect to C,. 
It follows that 


[1 dz = y [,.f@ dz. 
y= 


If the residue of f(z) at the point a, is denoted by R.,, this can, as shown 
by (44), also be written in the form 


(45) [,4@ az = 2ni y Ra, 


The identity (45) is known as the residue theorem. The reader will have 
no difficulty in verifying that the residue theorem remains valid if D 
is a multiply-connected domain bounded by a finite number of closed 
contours. 

Cauchy’s residue theorem has numerous applications both in the theory 
of analytic functions and in the theory of conformal mapping. Besides, 
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it renders useful services in the evaluation of a great many real definite 
integrals. We shall devote the remainder of this section to illustrations 
of the latter type of application. 

Consider first the evaluation of integrals of the type 


f *" (cos 6, sin 6) dé, 


where F(cos @, sin @) is a rational function of cos 6 and sin 6. If we 
write z = e, the integration path is transformed into the circle |z| = 1 
in the complex z-plane. Since 


_il a) Le 1 
cos 9 = 5 (¢ +e ) =3(- +4), 


: ail 5) a es —— 
sin 6 = 5. (e € y=2(2 ‘), 


and dz = ie d@ = iz dé, the integral in question is transformed into 
the contour integral 


1 1 1 | 1\ | dz 
eae) 


where C’ is the unit circle. The integrand is clearly a rational function 
of z, say r(z). By the residue theorem, the value of the integral is there- 
fore 277 times the sum of the residues of r(z) at the poles of r(z) which 
are situated in the interior of the unit circle. As an example, consider 


the integral 
2a 
dé 
Ae i a@+b5 cos 0 a> b > 0. 


Making the above substitutions, we obtain 


an? f dz -i/ dz 

4 Je bet? + Q2az+b ~~ ib Je (2 — al(z — BY 
Oem) og D° @ = mite =")? 
ee 


a = 


Since a8 = 1 and || > |{al, only a is situated in the interior of the unit 
circle. Our task is therefore reduced to finding the residue of the inte- 
grand at z = a, that is, the coefficient of (¢ — a)—! in its Laurent expan- 
sion about z= a. This is particularly easy because the singularity at 
z = a happens to be a pole of the first order. In general, if a function 
g(z) has a pole of the first order—or, as we shall also say, a simple pole— 
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at z = a, then its residue at z = ais — (2 — a) g(z); this follows imme- 
diately from the expansion g(z) = Pai: —a)'!+ a+ ai(z-a)+ 
, valid in the neighborhood of a. In our case, the residue of 
2 I 
ib (2 — a)(z — B) 
at z = a will therefore be 2[7b(a — 8)]~ or, using the values of @ and 8, 
ss 
t/a? — 0B? 
It thus follows from (45) that 


2x dé on 
[ at+bcos6 /qt— he a>ob>Q0. 


Another type of real integral which can be evaluated is 
i Rialedz; 


where R(z) is a rational function of z, and the integral jie \R(x)| dz 
exists. It is clear that the latter condition will be satisfied if, and only 
if, R(z) has no poles on the real axis and the degree of the denominator 
of R(z) exceeds that of the numerator of R(z) by at least two. We con- 
sider the integral 


if R(z) dz, 


where C consists of the part of the real axis between —p and p (p > 0) 
and the half-circle pe’, 0 < @ < 7; p will be so chosen that there will be 
no poles of R(z) on the half circle. By the residue theorem, 


dri) Re, = [,R@ de = f° R@)dx t+ [, R@ ae, 


where a, are the poles of R(z) within C and C’ is the above mentioned 
half circle. R(z) is of the form 


Qn-1 AN ao 

Riz) = Qo tazt-:+ + + ane 2 il s as E a as zn 
bo + biz tees t+One™ en at .. bo : 

Dm + a + + zm 


where m — n> 2. It follows that, for sufficiently large |z|, we shall 
have |zR(z)| < «, where eis arbitrarily small. Hence, if p is large enough, 


Le R(z) dz| = | ip fi R(pe*®) do| < TE, 
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and therefore 


| [0 R@) de — ai) Re, 
For p— ©, we finally obtain 
[7 , R@) dx = Qi) Ra, 


where the summation is extended over the residues belonging to all 
poles of R(z) in the upper half-plane. As an example, we consider the 
rational function R(z) = (2? + 1)-*, where n is a positive integer. Its 
poles are situated at zg = +7. In the upper half-plane, R(z) has there- 
fore only the pole z = 7. In order to find the residue of R(z) at this 
point, we have to expand R(z) by powers of 2 — 7. Writing ¢ = z —1, 
we have for |¢| < 2 


1 a ry ae 
@+i1y [@+o?4+ 1" [F2i+ pH] (2) 2 
1 


n(n + 1) 
~ Baye E a i 


ae ll =o 


The coefficient of 1/¢ in this expansion is 


1 nnt+D(m+2) +--+ Qn er _1 1 (Qn—2)! 
Gy i ™m—ir  \2 ~ 7 2-11 (n — 1)I? 
Hence, 
iL dx _ i. (2n — 2)! 
ea PGE iyi 


The last type of integral we shall consider here is 
i a TGR) Cheer 


where a is not an integer, and where A(z) is a rational function which, 
of course, has to be free of poles on the real axis and, moreover, is such 
that 2*R(z) tends to zero if zg tends to0 or . We evaluate the integral 


[ CED) OHA 


over the closed contour indicated in Fig. 7. A contour of this type is 
necessary since z2~! is not single-valued in the z-plane (see Sec. 7, Chap. 
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II); in the domain bounded by C, 2? is single-valued since this domain 

is contained in the z-plane which has been cut along the entire positive 

axis. It is shown in the same way as in the preceding example that the 

integral over the circle of radius p tends to zero if p— ©. The integral 
over the circle of radius r tends to zero if 
r — Q; indeed, 


_ [2m 
tage 1R(z) dz = 2 i z*h(z) dé, 


and z*R(z)— 0 for z— 0. If on the “upper 

edge”’ of the positive axis we take the positive 

value of 2*-!, then we have to take the value 

z2—1e?r*(0-) on the lower edge; this follows from 

Fic. 7. the fact that, because of the cut, arg {z} = 0 

on the upper edge and arg {z} = 27 on the 

lower edge. For p— © and r—Q, the contour integral therefore 
reduces to 


i, Dw a) dt 4. i) , ees Dei eae. 


Since e?7(¢-D = ¢?**¢ we thus obtain 


00 2rt ) Re, 
a—l ee ’ 
bree dnlaa)) eae yaa 


where Ee is the sum of the residues at the poles of 2° "'R(z). To 


illustrate this formula, consider the integral 


he gen} 
dz, Oa < 1. 
0 


Since me — 0, if x— 0 or z— »~, the above procedure applies. The 


ge : 
only pole is situated at z2 = —1, and the residue of Tee at this point 
is (1) et = =—¢7'* gence, 
ie . em 202 
I l+2 dt = 2m 7 — giria — gria ._ g—ri’ 
and tinally 
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EXERCISES 

Evaluate the integrals 1 to 6 by the residue method. 

2r ae 27a 
igs ih (a + 6 cos 6)! a iene @)2 = (Ge) a B22 0<6b <a. 

2x cos? 30 _ l-a+a 
2. [ i i Se , O<a<l. 
3 ie ea at? 9 om 
* J-w0 z*+ 107? +9 12 

80 ae 3 V/2 6 
4, (Se 16a ’ a>o0O. 

oe -z¢dzr _ x(1 —a) he 
5. | (1 +22)? 4 cos ina’ Deere 

%0 Ceca w sin aé 
6. f 1+ 2zcos6+22 sinzasiné a ae 


7. By evaluating the integral / e-*’ dz around a rectangle whose corners are —R, 


R,R + at, —R + ai and letting R— o, show that 


0 


i ” 6-8" cos Qax dx = 2e72 if e-* dz. 
8. If f(z) is regular in |z] < 1, show that 
1 — Zz 


d= beyv@ = 55 [10 Fae ars 


verify that, for |g] = 1, |1 — z¢| = | — z|, and that therefore 


(= HIF! <x f." Ie™| ae. 
9. Show that if 


[-o} 
fe) - y an, lel <r, 
n=0 


FOR » baz”, lel <p, 
n=0 


then 


1 


2\ ay 


@0,2° = 


n=0 
- =) 


10. If f(z) = y a,z” is regular in |z| < R and s,(z) = ” a,z” denotes the nth 


v=0 v=0 
partial sum of the power series expansion of f(z), show that 
ay 1 cnt — grt dt 
2) =55 |, (0) (--=-—)ew l<®. 
11. Let 21, 22, . . . , 2, be n distinct points which are situated in the interior of a 


closed contour C, and let p(z) denote the polynomial 


DG) wale en) @ 29) (2 ag). 
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If f(z) is regular within and on C, show that 


we) f 1) pO) — pe) 
acon Ss 


is a polynomial of order n — 1 and that f(z,) = P(z,),» =1,...,n. 


10. The Argument Principle. Let f(z) be an analytic function which 
is single-valued in a domain D that is bounded by one or more closed 
contours C. We assume that, except for a finite number of poles in D, 
f(z) is regular in D + C and that, moreover, f(z) does not vanish on C. 
By the residue theorem, the integral 


1 fre 
ie | que” 


is equal to the sum of the residues of the logarithmic derivative of f(z) 
in D. Now the only possible singularities of f’(z)/f(z) in D coincide with 
the zeros and poles of f(z). In order to determine the residue of f’(z) /f(z) 
at a zero of f(z), we observe that, in the neighborhood of a zero a of 
the nth order, f(z) has an expansion 


f@) =(@—a)taita(we-—a)t+:-], a0. 


We therefore have f(z) = (2 — a)"fi(z), where f:(z) #0 in a certain 
neighborhood of z = a. Hence, log f(z) = n log (2 — a) + log fi(z) and 


(Qn , fle 
f@) ~z-a" fi)’ 


where the last term is regular at z = a. It follows that the residue of 
f'(z)/f(2), or, as we also say, the logarithmic residue of f(z), at z = ais n, 
that is, it is equal to the order of the zero of f(z) atz =a. If the zeros 
of f(z) in D are counted with their multiplicities—a simple zero to be 
counted once, a double zero twice, etc.—the sum of the logarithmic 
residues of f(z) at the zeros of f(z) in D will therefore be equal to the 
number of these zeros. We now turn to the poles of f(z) in D. Ifz =b 
is a pole of order m, we have near z = b an expansion 


fey by —— Om neers 
T= (ee hyn + ay t met + 
= Gop t he -)+--1=- A, 
where f2(z) is regular at 2 = 6 and f2(b) # 0. Hence, 
f@) ___m_, fil) 


[er w= Tee 
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which shows that the logarithmic residue of f(z) at a pole of f(z) of order 
mis —m. Ii the poles of f(z) in D are counted with their multiplicities, 
the sum of the logarithmic residues of f(z) at the poles of f(z) in D will 
therefore be equal to minus the number of these poles. Since f’(z)/f(z) 
has no singularities in D except at the zeros and poles of f(z), we have 
thus obtained the following result. 

If the domain D is bounded by one or more closed contours C and if f(z) 
is single-valued and regular in D+ C except for a finite number of poles 
in D and, moreover, f(z) # 0 on C, then 


Ff’) 

(46) 5 of) dz = No = N. 
where No and No are, respectively, the number of zeros and the number 
of poles of f(z) in D. Both zeros and poles are to be counted with their 
multiplicities. 

If, in (46), we replace f(z) by f(z) — a, this formula will yield the differ- 
ence between the number of zeros of f(z) — a and the poles of f(z) — a. 
Since the latter are identical with the poles of f(z), we thus find that 


if s@ 
Ini Lh = an ci 


where N, indicates how often the value a is taken by f(z) in D. 

(46) can be brought into a different form in which the essentially 
geometric character of this identity becomes more apparent. If we 
write 


e =arg {f@)}, fe = lfele*, 


we obtain 


f') 1 
= ck a se 


= if [d log |f(z)| + i dg] 


i ] 


We saw in Sec. 7, Chap. II, that log w is a many-valued function of w; 
if log w is continued along a closed curve which surrounds to origin, or, 
what amounts to the same thing, the point w = ©, we shall not return to 
the value of log w with which we started. However, this many-valued- 
ness was confined to Im {log w} = arg {w}; Re {log w} = log |w| was 
single-valued. If we write w = f(z), it follows therefore that 


J, dlog \f(e)| = 0. 
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Indeed, 
[7 d log |f@| = log |f(e2)| — log If(e), 


and if the integration is performed over a closed contour, the terminals 
z, and 22 of the integration coincide; because of the single-valuedness of 
log |f(z)|, the value of the integral is therefore zero. Hence 


Logie) ep. _ ll 
. ari Roy = oe Jat 


where g = arg {f(z)}. To interpret this formula, we observe that 


[2 do = o(@:) — ola) = arg {(f(0)} — arg {f(e)} 


is the change of the argument of f(z), or, as we shall also say, the variation 
of the argument of f(z), if zg varies from 2; to 2s. / és dy will therefore be the 


total variation of arg {f(z)} if z describes the entire boundary C of D. It 
is clear that the value of this integral must be an integral multiple of 27. 
If z describes C, the point f(z) describes a closed curve C”’, and if C’ sur- 
rounds the origin m times in the positive sense, the increase of arg {f(z)} 
along C’ will be 2rm. In view of (46) and (47), we therefore obtain the 
following theorem. 

Let the domain D be bounded by one or more closed contours C and let the 
analytic function f(z) be single-valued and, apart from a finite number of 
poles, regular in D+ C. If No and N., denote the number of zeros and 
poles of f(z) in D, respectively, and f(z) # 0 on C, then 


(48) = Ac arg {f()} = No— Nu, 
where Ac arg {f(z)} denotes the total variation of arg {f(z)} if 2 describes C. 
This important result is known as the argument principle. It is worth 
pointing out that the argument principle essentially expresses a topologi- 
cal fact which is quite independent of the theory of analytic functions. 
We shall see Iater (Sec. 1, Chap. V), that the set of points w which corre- 
sponds to the points z of D by means of the relation w = f(z) is also a 
domain, say D’. D’ may be on ordinary plane domain such as D or it 
may be self-overlapping in a fashion reminiscent of the Riemann surfaces 
discussed in Sec. 7, Chap. II; the latter case will always happen if a value 
wo is taken at least twice by w = f(z) in D. The number of zeros of f(z) 
in D is simply the number of times the origin is covered by D’, and the 
number of poles indicates how often w = © is covered by D’. Suppose 
first that f(z) is regularin D. In this case, D’ is finite and it is intuitively 
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clear that the number of times D’ covers the origin is the same as the 
number of times the boundary C’ of D’ surrounds the origin. But this is 
identical with the statement of the argument principle in the case in 
which f(z) is regular in D, as a glance at (48) shows. The case in which 
f(z) has poles in D follows by observing that a closed curve which sur- 
rounds the origin in the negative sense surrounds at the same time the 
point at infinity in the positive sense; we only have to remember that 
‘surrounding the point w = ~”’ means “surrounding a domain contain- 
ing the point w = «.”’ Each covering of the point w = © will therefore 
have the effect of diminishing by one unit the number of times C’ sur- 
rounds the origin. 

The argument principle can be extended to the case in which f(z) has 
zeros or poles on the boundary C of D. Suppose that f(z.) = 0, where 2o 
is situated in the interior of a smooth section of C. f(z) is regular at zo, 
and we therefore have f(z) = (2 — 20)" fi(z), fi(zo) ¥ 0, if m is the multi- 
plicity of the zero. In view of log f(z) = m log (2 — 2o) + log f(z), it 
follows that arg {f(z)} = m arg {(z — 2o)} + arg {fi(z)}. At z = 2p, 
fi(z) ¥ 0 and log fi(z) is regular. Hence, arg {f1(z)} will vary continu- 
ously if z varies along C and passes through z = zo. The expression 
arg {(z — 2o)}, however, shows a different behavior. Since this is the 
angle between the parallel to the positive axis through zp) and the linear 
segment drawn from z to 2o, it is clear that arg {(z — zo)} jumps by the 
amount 7 if z) is passed. The contribution of this zero to arg {f(z)} will 
therefore be rm, that is, one-half of what it would have been if the zero 
were situated in the interior of D. If z = zis a pole of order m, its con- 
tribution to arg {f(z)} will be —2m; this follows immediately from the fact 
that [f(z)]-! has a zero of order m at zo and that log {[f(z)]-!} = — log f(z). 
We therefore have the following extension of the argument principle: 

The argument principle (48) remains valid tf f(z) has poles and zeros on 
the boundary, provided that these poles and zeros are counted with half their 
multiplicities. 

As an application of the argument principle we prove the following 
result, known as Rouché’s theorem. 

If the functions f(z) and g(z) are regular and single-valued in a domain D 
and on its boundary C and if, on C, \g(z)| < |f(z)|, then the function f(z) + 
g(z) has exactly as many zeros in D as the function f(z). 

We have 


log (2) + 9(0)] = log fe) + log | 1 + 22 
whence 


(49) arg {f(z) + g(z)} = arg {f(z)} + arg {1 + ott 


132 CONFORMAL MAPPING [Cuap. JI? 


On C, we have 


oe | < 1, and it follows therefore that the points 


. a gz) 

(50) w= Ts ie, ne, 
are all situated in the interior of the circle |1 — w| <1. Since this circle 
does not contain the origin, the curve (50) cannot possibly surround that 
point. Asa result, the total variation of the argument of (50) along C is 
zero. Hence, by (49), 


Ac arg {f(z) + g(z)} = Ac arg {f(z)}. 


Since both f(z) and f(z) + g(z) have no poles in D, it follows therefore 
from (48) that these two functions have the same number of zeros in F. 

The application of Rouché’s theorem is illustrated by the following 
short proof of the maximum principle. If f(z) is regular in D + C and 
there is a point 20 in D such that, for z € C, |f(z)| < |f(20)|, then it follows 
from Rouché’s theorem that the functions f(zo) — f(z) and f(zo) have the 
same number of zeros in D. But the constant f(zo) [f(z0) 4 0] has no 
zeros in D and the function f(z) — f(z0) has at least one zero there, namely, 
at z= 2. The assumption |f(z)| < |f(zo)|, 2 € C, thus leads to a 
contradiction. 

We close this section with two examples of how the argument principle 
is applied to problems in the theory of functions. We first show that 
an analytic function which 1s regular in the closure of a domain D and takes 
only real values on the boundary C of Dreducestoaconstant. Leta = a+ 728, 
8B ~ 0, be a nonreal complex number and consider the values of 


f@) —a=f@)—a—# 


forz€C. If 6 > 0, say, we shall have Im {f(z) — a} = 6 > 0 since 
f(z) is real on C. The values of f(z) — a are thus confined to the upper 
half-plane and the curve described by f(z) — a if z describes C cannot 
surround the origin. Hence, Ac arg {f(z) — a} = 0; since f(z) — a is 
regular in D + C, it follows therefore from the argument principle that 
f(z) — a € 0, that is, f(z) # ain D. The same reasoning also applies to 
values a for which Im {a} <0. We have thus proved that f(z) does not 
take nonreal valuesin D. But this means that f(z) reduces to a constant. 
Indeed, since f(z) is regular in D, we have 


; f@ +h) — f@) _ y,f@ +h) — f@) 
Wie) = — =p) ae a 


if h > 0 through positive values. Since f(z) is real throughout D, the 
first limit is real and the second limit is imaginary. ‘They can therefore 
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be equal only if they are both zero. Since z was arbitrary, it follows that 
f’'(z) = 0 throughout D; hence, f(z) = const. 

The second application of the argument principle to be made here is 
concerned with the Green’s function g(z,¢) of a domain D which is bounded 
by n closed contours. We recall from Sec. 5, Chap. I, that g(z,¢)(¢ € D) 
is harmonic in D except at the point ¢ and that g(z,¢) = 0 if z is on C. 
Near z = ¢, g(z,¢) is of the form 


(51) g(z,¢) ae log lz - | F gi(z), 


where gi(z) is harmonic at 2 = ¢. A critical point of g(z,f) is defined as a 
point at which both partial derivatives g,(z,¢) and g,(z,¢) (¢ = x + ty) are 
zero. We shall show that the Green’s function of a domain of connectivity n 
has exacilyn — l critical pointsin D. If h(z,¢) denotes the harmonic con- 
jugate of g(z,f) (see Sec. 8, Chap. I), then, as shown in Sec. 5, Chap. II, 
the function 


(52) p(z,5) = g{z,f) + th(z,f) 


is an analytic function which is regular in D except, of course, at the point 
z=. Since log |z — {| is the real part of log (z — §), it follows that 
p(z,¢) is of the form 


plz) = —lestz= 5) + pil2), 


where p;(z) is regular in D. However, p(z,¢) will not be single-valued in 
the multiply-connected domain D. It was shown in Sec. 10, Chap. I, 
that h(z,¢) has constant additive periods which are associated with com- 
plete circuits around the ‘‘holes”’ of D; (52) shows that the same is true 
of p(z,¢). However, since these periods are constant they will vanish if 
p(z) is differentiated. Hence, the function 


1 
a6 
is free of periods; since the period 277 of the logarithm with respect to a 
closed circuit around z = ¢ has also been removed by the differentiation, 
p’ (z,¢) 1s thus a single-valued function in D. We are now anticipating 
two results which will be proved later. The first of these is the fact (to be 
demonstrated in Sec. 2, Chap. VII) that it is sufficient to prove a result 
of the type we are concerned with for domains which are bounded by 
analytic curves (see Sec. 11, Chap. I); the second result (to be proved in 
Sec. 5, Chap. V) is that p(z,¢) is regular on C if C consists of analytic 
curves. In this case, we shall have 


(53) (DG): Se + pi'(2) 


0 
p' (z,¢) dz = dp(z,¢) = 0s p(z,s) ds 
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if zis on C and s is the arc-length parameter on C. By (52), it follows 
that 


! = iy oO 
p' (2,5) dz = = g(z,f) ds + 1 h(,f) ds. 
Since, on C, g(z,¢) = 0, this reduces to 
pie) de =iStds, hk = Ales), 


or, if we wish to avoid the use of differentials, 


| ae dz __ oh 
(54) <P (at) = = > 


As regards the subject of differentials, we remark here that in the theory 
of conformal mapping there are many occasions on which the use of the 
differential notation is extremely concise and convenient; whenever there 
is no danger of confusion we shall therefore not hesitate to avail ourselves 
of its advantages. Returning now to (54), we observe that h is the 
harmonic conjugate of g = g(z,¢) and that therefore, by the Cauchy- 
Riemann equations (41) (Sec. 8, Chap. J), 


where 0/dn denotes differentiation with respect to the outward pointing 
normal. In view of Exercise 3, Sec. 5, Chap. I, it follows therefore that 
(dh/ds) <0. Hence, by (54), 


ier dz 
7 Ps) FS 9, ee. 
This shows that, on C, 
j dz\ _ 
arg |p Ge = = CONst:, 
and therefore 
Ac ar | ae) =| = 0 
c arg )Pp &, ds SNS 
which can also be written 
d 
(55) Ac arg {p’(z,¢)} + Ac arg Fa = 0. 


Now arg {dz/ds} is the angle which the tangent to C at the point z forms 
with the positive axis, as the reader will immediately verify. In order to 
find the total variation of this angle if z describes C, we observe that a 
finite domain of connectivity n has one ‘‘outer boundary,” say C; and 
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nm — 1 inner boundaries. If z describes C in the positive sense with 
respect to D, C is also described in the positive sense with respect to the 
domain enclosed by it; the inner boundaries, however, will then be 
described in the negative sense with regard to the respective domains 
enclosed by them. If the point of contact of the tangent to C traverses, 
in turn, all the n separate boundary components in the positive direction 
with respect to D, the angle which the tangent makes with the positive 
axis will therefore increase by the amount 27 along C, and it will decrease 
by 27 along each of the inner boundaries. Hence, 

dz 

Ac arg = 27 — 2n(n — 1) = —2r(n — 2) 

and, by (55), 

Ac arg {p'(z,f)} = 2r(n — 2). 


Since, as shown by (53), p’(z,¢) has a simple pole at z = ¢ and is otherwise 
regular in D + C, it follows from the argument principle that the number 
of zeros of p’(z,f) in D is (n — 2) +1=n-— 1. But this proves our 
result since, by (52) and the Cauchy-Riemann equations (14) (Sec. 5, 
Chap. IT), 


which shows that the zeros of p’(z,¢) and the critical points of g(z,¢) 
coincide. 


EXERCISES 
1. If |z| = R and BR is taken sufficiently large, show that |anz"| > lao + aiz + 
- + + + @,-12"71|, where a, ~ 0 and do, ... , Gn_i1 are arbitrary complex numbers. 


Use this result and Rouché’s theorem to give another proof of the fundamental 
theorem of algebra. 

2. Show that all five roots of the algebraic equation 25 + 152 + 1 must be situated 
in the interior of the circle |z| < 2, but that only one root of this equation is in the 
eiecle|z| < &. 

3. Show that an analytic function which is regular and single-valued in a domain D 
except for m poles and which takes only real values on the boundary of D must have 
m zeros in D. 

4, Show that the equation 

a a> 1, 


has precisely one root in the circle |z| < 1; explain why this root is necessarily positive. 
5. Show that a rational function which has m poles in the z-plane (the point z = « 
included) takes every complex value exactly m times. 
6. Show that, in |z| < 1, the function 


f@) =2+2 


takes every nonreal value exactly once. 
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7. Let a», » = 1, 2,..., m be complex numbers for which |a,| <1. Verify 
that, for |z| = 1, |a, — z2| = |1 — a@,z| and use this fact and Rouché’s theorem in 


order to prove that the function 


ye) = 1] (253) 


y=] 


takes every value a for which |a] < 1 exactly m times if |z| < 1; show further that 
for |a| > 1 the equation f(z) = a has m roots in |z| > 1. Hint: Consider the function 
f(z) — a. 

8. Let the function f(z) be regular and single-valued in a domain D except for one 
simple pole, and let |f(z)| = 1 be satisfied at all points of the boundary of D. Prove 
that every value a for which |a] > 1 is taken by f(z) in D once, and once only. 

9. Use (53), (54), and the Cauchy-Riemann equations to give an alternative 
derivation of formula (16), Sec. 5, Chap. I, by means of the residue theorem. 


CHAPTER IV 
FAMILIES OF ANALYTIC FUNCTIONS 


1. Equicontinuity and Uniform Boundedness. A great many proofs 
in various branches of mathematical analysis are based on the elementary 
limit point principle, also known as the Bolzano-Weierstrass theorem, 
according to which every infinite set of points which is contained in a 
finite domain must have at least one limit point. How useful this princi- 
ple is becomes clear when we are dealing with a class of mathematical 
entities for which a corresponding principle does not hold. For instance, 
it is not true that, given an infinite set of functions f(z) which are con- 
tinuous in the interval 0 < x < 1, we can always choose a subset which 
converges to a continuous function in 0<2< 1. This inability to 
extend the limit point principle to sets of continuous functions is largely 
responsible for the difficulty characteristic of many existence proofs in 
mathematical analysis. 

It is now a fact of fundamental importance for the theory of analytic 
functions that there exists an analogue to the limit point principle for 
sets of analytic functions. However, there are certain limitations which 
are in the nature of things. We cannot expect it to be true that from an 
infinite set of analytic functions all of which are regular in the same 
domain D it should always be possible to select a subset which converges 
to an analytic function regular in D. To see this, we only have to con- 
sider the functions z, 2z, 3z,...,mz,.... All these functions are 
regular at all finite points of the plane but, nevertheless, any infinite sub- 
sequence of these functions obviously has the limit » forallz #0. Itis 
therefore clear that additional restrictions have to be imposed on the 
class of analytic functions which are regular in a given domain, before an 
extension of the limit point principle to sets of such functions becomes 
feasible. However, before attacking the problem of finding out what 
these restrictions are, we shall introduce several concepts which refer to 
sets of functions or, as we also say, classes of functions. 

The first of these concepts is that of equicontinuity of a class of functions 
inadomain D. Suppose S is an infinite set of functions f(z) all of which 
are regular and single-valued in the same domain D. Since the functions 
f(z) are regular in D, they are, of course, also continuous there; that is, for 
any zin D and for any positive e there exists a 6 such that |f(z) — f(z1)| <., 
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provided |z — 2:| < 6 = 6(e,z). As in the case of real functions, and for 
the same reasons, a function f(z) which is continuous in a closed domain is 
uniformly continuous there; this means that the number 6 will only 
depend on e and the closed domain but not on the individual point z. 
Thus, if A is a closed subdomain of D, we shall have |f(z) — f(z:)| < e¢, 
provided |z — z:| < 6 = 6(e,A), regardless of what particular point z in 
A wetake. If we take another function of the class S, say f,(z), this func- 
tion will again be uniformly continuous in A, and for a given e we are 
again able to find a number 6; in the manner described above. However, 
it will generally not be true that the 6 obtained from f(z) will also serve in 
the case of the function f,(z); it may well be that 6; has to be taken con- 
siderably smaller than 6. In the latter case, 6; will serve for both func- 
tions. Extending this procedure to a finite number of functions f,(z), 

= 1,2, ... ,n, we find that for a given e there always exists a 5 = 6(e,A) 
such that |f,(z) — f,(@1)| < ¢ if lz —z| <dandzC€A. However, this 
argument breaks down if we are trying to find a 6 which will serve an 
infinite number of functions. Although, in the finite case, 6 > 0, it is 
possible that 6 decreases if more functions are added and finally tends to 
zero if the number of functions tends to infinity. In this case, there 
will not exist a positive 6 which can serve all functions of the set. The 
functions of a set in which such an occurrence is impossible are called 
equicontinuous. 

The functions f(z) of a certain class are said to be equicontinuous in a 
domain D if for every given positive e and for every closed subdomain A of D 
there exists a positive number 6 = 6(€,A) such that forz€ A, 2:€C A we 
have 


(1) f@) —fa@)l<e if lz —al <4, 


regardless of which function of the class we take. 

Another concept which is pertinent in this connection is that of a class 
of locally uniformly bounded functions. 

A class of functions f(z) which are regular in a domain D 1s said to be 
locally uniformly bounded if for each 2 € D there exist a positive number 
M (zo) and a neighborhood N (zo) of 20 such that |f(z)| < M (zo) if zis in N(Zo), 
regardless of which function f(z) we take. 

It is easy to see that a class of functions which is locally uniformly 
bounded in D is also uniformly bounded in any closed subdomain A of D. 
Indeed, if zo € A, then there must exist a number J/(A) such that 
M (zo) < M(A). If this were not the case, there would exist a sequence 
of points 2), 22, . . . converging to a point z* of the closed domain A such 
that lim Mf(z,) = ©. But this would mean that there does not exist a 


n— 20 
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number M(z*) for which |f(z)| < M(z*) if z is in an arbitrarily small 
neighborhood of 2*. 

If the functions f(z) are locally uniformly bounded in D, the same is 
true of their derivatives f’(z). To show this we draw a eircle C about 
the point z such that C is entirely contained in D. There exists a con- 
stant M such that |f(z)| < Mf on C. Hence, if zo is a point within C, 


=e | f() ag 
Prime’ eZ)" 


where F is the radius of C and d is the smallest distance of zo from C. If 
zis in a neighborhood of 29 which is contained within C and whose distance 
from C is at least d:, we have in this neighborhood |f’(z)| < MR d,-?, 
which shows that f’(z) is indeed locally uniformly bounded. 

We are now in a position to show that a class of functions which ts 
locally uniformly bounded in D 1s also equicontinuous there. The proof is 
very simple. Since f’(z) is also locally uniformly bounded, we have 
lf’(z)| < M(A) if z is confined to any closed subdomain A of D. Hence, 
if zg € D and 2; is in the interior of a circle C entirely contained in D, we 
have 


¥@ -—fel =| ["7@ de] < [POL lal < MOL - al. 


This shows that (1) is satisfied within and on C if we take 6(e,C) - M(C) =e. 
The extension of this result from circles to arbitrary closed subdomains A 
of D now follows by the same type of argument as that used above to 
show that locally uniformly bounded functions are uniformly bounded in 
any A. 

Conversely, a class of functions which is equicontinuous tn a domain D 
as also locally uniformly bounded there, provided it 1s uniformly bounded at 
one point of D. If zo is the point at which the functions f(z) are known to 
be uniformly bounded and z is an arbitrary point of D, we choose a closed 
subdomain A of D which contains 2 and z and we connect 2) and z by a 
contour C situated in the interior of D. Since the functions f(z) are equi- 
continuous in D, (1) holds for any two points on C whose distance is less 


M 


If’ (20) | = Gene 


than 6. Ifm> a where L is the length of C, we can therefore find points 


Z1, 22, . - - » 2m-1 on C such that [f(z1) — f(zo)| <, \f(ee) — f(zn| < «, 
- + + |f(z) — f(zm-1)| < «. It therefore follows that 


f(z) -_ f(20)| < me, 


whence 


(2) |f(2o)| — me < |f(z)| < [f(eo)| + me. 
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If |f(zo)| < M, it follows therefore that |f(z)| <M + me, which shows 
that the functions are uniformly bounded at every point of D. The uni- 
form boundedness in a neighborhood of z follows by observing that, in a 
é-neighborhood of z, we have |f(z)| < @@+ (m+ l)e. The left-hand 
inequality in (2) shows, incidentally, what may happen if we omit the 
assumption that the functions f(zo) be uniformly bounded at one point of 
D. If, for a sequence of functions f,(z), we have lim |fn(zo)| = ©, it 
follows from (2) that |f,(z)| > ©. If the functions f(z) are equicontinu- 
ous in D but not uniformly bounded at a point 2) of D, they will also not 
be uniformly bounded at any other point of D. 


EXERCISES 
1. Let {f(z)} be the class of functions 


f() = )) Anz” 
n=0 

which are regular for |z| < 1 and for which |a,| < M,, where lim sup" VM, < © and 
the M, are independent of the particular function f(z). Show that the functions of 
{f(z)} are equicontinuous in |z| < 1. 

2. Prove the following converse of the result of the preceding exercise: If the func- 
tions of the class {f(z)} are regular and equicontinuous in |z| < 1 and if |f(0)| < M, 
then there exist constants M,,n = 1, 2, ... , such that |an| < M,, where a, is the 


<) 


coefficient of the expansion f(z) = > One’. 


n=0 


2. Normal Families of Analytic Functions. A class of functions for 
which an analogue of the limit point principle holds is called a normal 
family of functions. 

G is called a normal family of regular functions f(z) in a domain D if from 
any sequence fi(z), fo(z), . . . of functions of G it ts possible to extract a 
subsequence 


Oe Gr eo 8 


which converges uniformly in any closed subdomain of D. 

It is customary in this connection to extend the concept of uniform 
convergence so as to make it include the case in which a sequence of func- 
tions converges to ‘“‘the constant ©’’; by this is meant that, for any posi- 
tive M, we shall have |f,(z)| > MM in any closed subdomain of D, provided 
nis large enough. Except in this case, the above uniformly convergent 
subsequence will converge to an analytic function which is regular in D; 
this follows from the theorem proved at the end of Sec. 3, Chap. III. 
However, it does not necessarily follow that this limit function is also 
included in the family G, just as the limit point of a subset of a given point 
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set S does not always belong to S. This limit point will certainly belong 
to S if S is a closed set; it is precisely this property which is characteristic 
of a closed set. A family of analytic functions which is analogous to a 
closed set in this respect is said to be compact. 

A normal family G of functions is said to be compact if the limits of all 
converging sequences of functions of G are also functions of G. 

Once it is known that a particular class of analytic functions is a normal 
Iamily, it is possible to draw many important conclusions regarding the 
functions of this class, as we shall see in the following section. It is there- 
fore essential to find criteria which permit us to decide whether or not a 
given class of functions forms a normal family. The main result in this 
direction is the following theorem of Montel. 

If the functions of a class G are regular and locally uniformly bounded in a 
domain D, then G ts a normal family in D. 

As a first step in the proof of Montel’s theorem, we derive the following 
preliminary result. 

Let fi(z), fe(z), . . . be a sequence of analytic functions which are regular 
and locally uniformly bounded in adomain D. If this sequence converges at 
all points of a point set E which 1s dense in D, then tt converges uniformly in 
every closed subdomain of D. 

If A is a closed subdomain of D, we partition A into a network of— 
complete or incomplete—equal squares as described in the proof of 
Cauchy’s theorem (Sec. 2, Chap. III). The side of the square will be 
taken small enough in order to make sure that, for two points z and 2; in 
each square, we have |f,(z) — fn(z1)| < ¢, where e is given in advance. 
This is possible since the functions f,,(z) are locally uniformly bounded and 
therefore, as shown in the preceding section, equicontinuous. The set # 
in which the sequence {f,(z)} converges is dense in D; hence, there will be 
in each square s, a point z, at which {f,(z)} converges. Since there is 
only a finite number of squares sp, we can therefore find a number N such 
that forn > N, m > N and for all points z, 


(3) Ifn(zp) — fm(Zn)| <€ 
if eis arbitrarily given. Ifzisan arbitrary point of A, it will belong to one 
of the squares s,. In this square we have 

fn(2) — fm(Z)| = \fn(z) — fal@p) + falen) — fm(2p) + fm(Zo) — Fm(z)| 
ie) — ale) | a ep) = fp) Fenn) = Jns(2)|- 
The first and third terms on the right-hand side are each smaller than e 


because of the equicontinuity of the functions f,(z). In view of (3) we 
therefore obtain 


lfn(z) — fm(z)| < 3e, oan >aN: Hey (ce). 
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Since ¢ was arbitrary, it follows that the sequence {f,(z)} converges uni- 
formly in A. 

We are now ready to prove Montel’s theorem. We first choose a 
sequence of points 21, 22, . . . which are dense everywhere in the domain 
D. That this is possible follows from the well-known fact that the set of 
all points (a,b) with rational coordinates a, b is countable, that is, it may 
be arranged as a sequence of points bearing the subscripts 1, 2,3, ... ; 
the same is therefore true of those “‘rational points’’ which are in D. But 
this set of points is dense in D and it may therefore serve our purpose. 
Next, we take an arbitrary infinite sequence of functions f;(z), fo(z), . . . 
belonging to the class G. Since the functions f,(z) are locally uniformly 
bounded, there exists a number JM such that |f,(z1)| < MW. The points 
Wn = fn(21) are thus all situated in the interior of the circle |w| < M and 


we can therefore select a subsequence wWn,"?, wn,{?, . . . which converges 
to a point w™ for which |w™| < M. In other words, the subsequence 
(4) fa e), ee), see 


of the original sequence will converge at the point z = z:. Passing now 
to the point z2, we again use the fact that the numbers f, (zs), » = 1, 


2, ... are uniformly bounded. In the same way as before, we may 
therefore select a subsequence 
(5) fri (2), fra (2), - 


of (4) which converges at z = z2. Being a subsequence of (4), (5) will, of 
course, also converge at z = 2:1. We next select a subsequence f, (z) of 


(5) which converges at z3; since this sequence is a subsequence of both (4) 
and (5), it will also converge at z = z, and z = 2. Continuing in this 
fashion, we obtain after p steps a sequence 


(6) fa (2), fra? (2), - « 


which converges at the points 21, z2, . . . , Zp. From (6), we again select 
a subsequence which converges also at 2,41, and we continue this process 
indefinitely. We now apply what is known as the diagonal process. This 
consists in constructing a sequence of functions by taking first the first 
function of (4), then the second function of (5), etc. The pth function in 
this diagonal sequence will be the pth function of the sequence (6). It is 
easy to see that the diagonal sequence converges at all points 2, 22, ... . 
We only have to observe that all terms of this sequence, starting from the 
pth term, are also contained in the sequence (6). Since (6) converges at 
the point z,, the same is therefore true of the diagonal sequence. But p 
is arbitrary, and this shows that the diagonal sequence converges at all 
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points 21, Zz, .... Now the points 21, 2, ... are dense in D. As 
shown above, it follows therefore that the diagonal sequence converges 
uniformly in every closed subdomain of D. We have thus proved that 
given any sequence of functions belonging to a locally uniformly bounded 
class, we can always select a subsequence which converges uniformly in 
any closed subdomain of D. In other words, the class of functions in 
question is a normal family. This completes the proof of Montel’s 
theorem. 

A particularly simple case arises when the class under consideration 
consists of uniformly bounded functions, that is, functions f(z) for which 
there exists a positive constant J such that [f(z)| < MifzCD. Since 
this clearly implies the local uniform boundedness of the class, it follows 
from Montel’s theorem that the class of analytic functions which are regular 
and uniformly bounded in a domain D 1s a normal family. This class is, 
moreover,compact. Indeed, if {f,(z)} isa uniformly converging sequence 
of such functions, it follows from |f,(z)| < M that the limit f(z) of this 
sequence must also satisfy |f (z)| < M atall points of D. But, as the limit 
of a uniformly converging sequence of functions which are regular in 
D, f(z) is also an analytic function regular in this domain. f(z) belongs 
therefore to the original class of functions, which has thus been shown to 
be compact. Another example of a family of functions which is normal 
and compact is the class of functions f(z) which are regular and single- 
valued in a domain D and satisfy there |f(z) — a| > A > 0, where ais a 
constant. This class is easily transformed into a class of uniformly 
bounded functions. Indeed, if we write 


1 
g (2) ~ F(z) = a 


1 
then |g(z)| < ar and the normality and compactness of the family {f(z)} 
is a _ of the normality and compactness of the family {g(z)}, 


EXERCISES 


1. Let {f(z)} be a normal family of functions which are regular and single-valued 
in a domain D. If the analytic function F(w) is regular and single-valued for all 
values w taken by the functions w = f(z) in D, show that the functions g(z) = F[f(z)] 
also form a normal family. 

2. Verify that any infinite subsequence of the sequence of functions z, 2%, .. . 
2", . . . converges to the constant 0 for |z| < 1 and to the constant for |z| > i 
Why is this possible? 

3. Show that the family of functions f(z) which are regular and single-valued in a 
domain D and satisfy there Re {f(z)} > 0 is normal and compact. 


3. Extremal Problems. In this section, we shall prove an analogue 
to the well-known theorem of Weierstrass according to which a real func- 
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tion which is defined on a closed set attains its maximum at some point of 
the set. Suppose we are given a family {f(z)} of analytic functions which 
are regular in a domain D, and that a functional J(f) is defined with 
respect to all functions f = f(z) of thisfamily. By this is meant that, by 
a certain rule, a finite number is associated with each function of {f(z)}. 
For exampie, if {f(z)} denotes the class of functions regular in |z| < 1, 
J(f) may be a definite coefficient, say a2, in the power series expansion 


{e= > a,z”, Another functional would be the value of f(z) at a given 


v=0 
point of D, and soforth. A functional J(f) is said to be continuous if the 
convergence in D of the sequence f(z), fo(z), . . . to the function f(z) 
implies J(f,) — J(f). The coefficient a2, in our example, is a continuous 


o 


functional. If f.(¢) = y av'y and f,(z) > f(z) = b) avz”, then f,(0) 
v= 0 v=] 

—> f(0), i.e., ao™—> ap. Hence [f.(z) — ao ],— 1->[f(z) — az"; setting 

z = 0, we find that a,” > a. It follows, in turn, that 2° fee 

ay” —Gay”? 2] 2 [f.(2) — @ — aiz] and thus, for z = 0, a_™ —> ay. 

This shows that a2 is indeed a continuous functional in the sense of our 

definition. 


The analogue to the theorem of Weierstrass referred to above can 
now be stated as follows. 

If J(f) ts a continuous functional defined in the normal and compact 
family {f(z)}, then the problem 


l7(f)| = max. 


has a solution within the family {f(z)}. 
In other words, there exists at least one function of the family { f(z)}, 
say fo(z), such that all functions f(z) of {f(z)} satisfy 


IA) < |F (fo). 


The proof is not difficult. The positive numbers |J(f)| have a least 
upper bound A, which may be finite or infinite (we shall see presently that 
A is finite). In view of the definition of a least upper bound, there exists 
a sequence fi(z), fo(z), . . . of functions of {f(z)} such that 


lim |J(f,)| = A. 


Since {f(z)} is normal and compact, we can select a subsequence fa, fins, 
. of this sequence which converges to a function fo(z) of {f(z)}. In 
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view of the continuity of the functional J(f), it follows therefore that 
lJ (fo)| = lim |J(f,,)| = A. 


This shows that there exists a function fo(z) of {f(z)} for which the upper 
limit A of the numbers |/(f)| is attained; since the functional J(f) takes 
only finite values, it also follows that A is finite. This completes the 
proof. 

We remark that the same argument also shows that |J(f)| has a mini- 
mum within the family; in the case in which J(f) + 0 for all members of 
the family, this minimum will be larger than zero. In the same way it 
follows that the problem Re {J(f)}—or, more generally, Re {e*J(f)}, 
0 < 6 < 2r, @ fixed—has a solution within the family. 

This result is of fundamental importance in the treatment of extremal 
problems, that is, problems in which it is required to find the precise upper 
or lower limit of a functional defined with respect to a given class of func- 
tions. If this class can be shown to be a normal and compact family, then 
the existence of a solution of our extremal problem within the class is 
assured. If the extremum be a maximum, there will exist a function 
fo(z) of the class such that |J(f)| < |J(fo)| for all other functions of the 
class. In many cases, this inequality will yield a considerable amount of 
information with regard to the identity of the function f(z), especially 
when the ‘‘functions of comparison”’ f(z) are judiciously chosen. Exam- 
ples of this procedure, which closely resembles that used in the calculus of 
variations, will be found in the following chapters. 

We close this section with the proof of two results concerned with con- 
verging sequences of analyticfunctions. The first of these is the following. 

Let f:(z), fo(z), . . . be a sequence of analytic functions which are regular 
and single-valued in a domain D and converge uniformly to a nonconstant 
function f(z) regular in D. If f(z) = O, where z is a point of D, then, for 
any positive ¢, there must be a zero of f.(z) within the circle |z — a| < ¢, 
provided n ts taken sufficiently large. 

We take e small enough so that all points of the circle |z — zo| = ¢ are 
in the interior of D and, moreover, f(z) does not vanish in |z — 29| < e 
except at zo. Since f(z) is continuous on |z — zo| = e, there exists a 
positive number m such that |f(z)| > m on this circumference. The 
sequence {f,(z)} converges uniformly on |z — zo| = « and we shall 
therefore have |f(z) — fn(z)| < m for |z — 2o| = €, provided n is taken 
large enough. Hence, 


If) — frlz)] <<m <|f@|, lz — zo] =e. 
By Rouché’s theorem (Sec. 10, Chap. III), the function 
frlz) = f(z) + [falz) — f(2)] 
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will therefore have the same number of zeros in |z — zo| < ¢ as the func- 
tion f(z). But f(z) has one zero, at z = zo, in thiscircle. Hence, the same 
is also true of f,(z), and our theorem is proved. 

The second result refers to functions f(z) which are regular and uni- 
valent in a domain D. A function f(z) is said to be univalent in D if it 
does not take there the same va'ue more than once, that is, we have 
f(z1) ¥ f(ze) if 21 ¥ z. and both z, and z are in D. 

If the functions of the sequence f(z), fo(z), . . . are regular and univalent 
ina domain D and converge in D to a regular nonconstant function f(z), then 
f(z) is also univalent in D. 

This is an easy consequence of the preceding result. Indeed, suppose 
f(gi1) = f(ée) (21,22 € D) and consider the sequence of functions 


gn(z) = falz) — fale). 


Since fn(z) 1s univalent, we shall have gn(z) ¥ 0 except at z2 = z;. The 
limit function g(z) = f(z) — f(z:) vanishes at z = z2. By the preceding 
result g,(z) must therefore vanish within an arbitrarily small neighbor- 
hood of z2, provided n is large enough. However, since gn(z) does not 
vanish in D except at z,, this is impossible. Our assumption that 
f(zi) = f(2) thus leads to a contradiction and it follows that f(z) is uni- 
valent in D. 


EXERCISES 


1. Let S denote the class of functions f(z) which are regular and univalent in a 
domain D and satisfy |f(z)| < 1,z2€ D. If ¢ € D, show that there exists a function 
fo(z) of S such that 

IFO) S fo’ 1, 


where f(z) is any other function of the class S. 

2. Let {f,(z)} be a sequence of regular and single-valued functions in D which 
converges to a regular function f(z) in D. If ¢ is arbitrarily small, show that the 
eircle jz — zo| < € (20 © D) contains a point z, such that fr(zn) = (20), provided n 
is taken large enough. 

3. A p-valent function is defined as a function which takes no value more than p 
times in a given domain. Show that the (nonconstant) limit of a sequence of func- 
tions which are p-valent in D is also a p-valent function in D. 

4. Show that 

SG 
1) = or — 2 
is a continuous functional with respect to the class of functions f(z) which are regular 
and single-valued in a domain D and satisfy there |f(z)| < 1. 

5. If S is the family of functions defined in Exercise 1, show that there exists a 

function fo(z) of S such that 


0 < |fo(e:) — fo(ze)| < |f(z1) — f(z2)I, 


where z; and z are two distinct points of D and f(z) is any function of S. 
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6. Let f(z) be regular and univalent in a domain D, and let z be a point of D. If 
hi, he, ... are complex numbers such that z+h, (n =1, 2,...) is in D and 
lim hn — 0, show by considering the sequence of functions 


_ fle + he) — f(2) 


Te 


that f’(z) does not vanish in D. 


CHAPTER V 
CONFORMAL MAPPING OF SIMPLY-CONNECTED DOMAINS 


1. Mapping Properties of Analytic Functions. A real function of a 
real variable can easily be visualized by means of a graph. If y = f(z), 
we interpret x and y, respectively, as the abscissa and the ordinate of a 
point in a rectangular coordinate system, and the set of points obtained in 
this way if x is made to take all values of an interval a < x < b “‘repre- 
sents” the function y = f(x) in this interval. This simple yet far- 
reaching idea which at one stroke, as it were, gives a geometrical meaning 
to all concepts and results of real analysis and which is the starting point 
of analytic geometry can, to a certain degree, be extended to the case of 
complex-valued functions of a complex variable. However, some changes 
are clearly called for. Since the values of both the function and the 
variable are complex numbers, a point representation of the function 
w = f(z) would require four real numbers, thus necessitating the use of 
four-dimensional space. Since such a space is not accessible to our 
geometric visualization, but little would be gained by a geometric repre- 
sentation of this type. 

A geometric representation of the function w = f(z) which is free of this 
disadvantage is obtained by regarding z and w as points in two different 
planes—the z-plane and the w-plane—and by interpreting the function 
w = f(z) as a mapping of points in the z-plane onto points in the w-plane. 
If f(z) is regular and single-valued in a domain D, we shall say that the 
set of points in the w-plane which corresponds to the points of D by means 
of the mapping w = f(z) is the map of D as given by this function; we 
shall also use the word image in this connection. 

Some simple properties of these mappings are evident. If C is a con- 
tinuous arc contained in a domain D in which w = f(z) is regular and 
single-valued, its image will be an arc of the same nature. Indeed, if we 
write w = u(z,y) + iw(z,y) (2 = x + ty), the image of the arc x = x(t), 
y=y(), i St < te, is the are u = u[z(t),y(H], v = o[x(é),y(6)], and u and 
v are continuous functions of tif thesameistrue of zandy. Similarly, the 
image of a differentiable arc in D is again a differentiable arc. We leave 
it as an exercise to the reader to show that an analytic arc in D (see 
Sec. 11, Chap. I), ismapped ontoan analytic arc. However, one property 
of these arcs is not necessarily preserved in such a mapping. The image 
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of an arc that does not intersect itself may very well do so. In fact, if 
f(e:) = f(z), 2,22 €& D, any nonintersecting continuous arc passing 
through z, and z2 will obviously be mapped onto an arc that does intersect 
itself. Iff(z) is univalent in D such an occurrence is, of course, impossible. 

The name conformal mapping for the mapping associated with a regular 
analytic function is derived from a property by which it is characterized. 
We say that a mapping is conformal if it preserves the angle between two 
differentiable arcs. To show that the mapping effected by a regular 
analytic function is indeed conformal, we proceed as follows. Suppose 
f(z) is regular in the neighborhood of a point z = zo at which f’(zo) ¥ 0. 
The point z = Zp 1s the terminal of two differentiable arcs x, = 2,(1), 
yi = yi(t),O St <1, and z2 = z2(2), yo = yo(t), O < ¢ < 1, which inter- 
sect at z = z under the angle a. In complex notation, the equations of 
these arcs are 2; = 2:(t) and zo = z2(f), respectively. If z, and ze are 
points on these curves which have the distance r from zo, we have 


21 — 29 = ret, 22 — Zp = re, 
In view of 
2 —~ Zo _ ei (62-61) 
a1 — Zo : 


the angle formed by the linear segments connecting the points z; and zo 
and the points z2 and 2, respectively, is therefore 62 — 6;. Ifr— 0, this 
tends to the angle a. Hence 


: 22 — Zo 
I = lim arg ;——__}- 
( ) ’ r—0 i : - - 
It should be noted that, in this definition, a is measured starting from the 
arc 2; = z(t) and ending at the arc z. = z,(t). If w; and we are the 
images of z; and Ze, respectively, then the images of the above two curves 
meet at wo = f(zo) under the angle 
2 = lim ar eae 
(2) ee eee 
Hence, 
= lim An (ie is Leal. 
E fle) — fle) 
f(z2) — f(zo) 
= lim arg ies 2 cael, 


70 f(@:) — feo) ] \z1 — 20 


21 — Zo 
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For r— 0, both z; and z, tend to zo. Hence, 


lim fle ) = f (20) = lim F(z) rr Ff (20) =, f' (Zo). 


2 
r+>Q £2 — Zo r0 21 — Zo 
Since f’(z0) # 0, we obtain therefore 


4 a 


; 0 
rs 
The angle formed by the two ares at z = Zp is thus indeed identical with 
that formed by their images at wo = f(zo). A comparison of (1) and (2) 
shows that, moreover, the sense of the angle is preserved. 

The preceding argument fails if f’(zo.) = 0, and it is easy to see that at 
points at which the derivative vanishes the mapping necessarily ceases to 
be conformal. If f‘” (zo) is the first nonvanishing derivative of f(z) at the 
point 2 = Zo, f(z) can be expanded in the neighborhood of this point into a 
power series of the form 


f(z) = fo) + am(2 — 20)" + Gngilg — 2zo)™t1 + ---, 
where ad, #0. Hence, by (1) and (2), 


fe mow (=) 


f(z) — fo) 
m lim arg ie = Z| = ma. 


r0 21 — 20 


6 = lim arg 


r—0 


This shows that the angle between two differentiable curves which meet at u 
point 2 at which f'(zo) = - - > = f™ D(z) = 0 while f™(a) <0 ts 
magnified m times by the mapping z— f(z). The points z at which 
f'(go.) = O and at which, therefore, the mapping yielded by the function 
w = f(z) ceases to be conformal will occasionally be referred to as critical 
points of the function w = f(z). 

In order to substantiate our previous statement that the conformality 
is a characteristic property of the mapping effected by regular analytic 
functions, we now have to show that no continuously differentiable 
mapping of one plane set onto another can be conformal unless it is the 
mapping associated with a regular analytic function. By the term ‘‘con- 
tinuously differentiable mapping’’ we mean that the mapping is defined 
by a pair of real functions u = u(z,y) and v = v(x,y) which have con- 
tinuous first partial derivatives with respect to x and y in the domain in 
question. We moreover suppose that the Jacobian u,v, — u,vz of the 
transformation (z,y) — (u,v) does not vanish at the points considered. 
Let now z = x(t), y = yi(t) anda = z(t), y = y2(t) be two differentiable 
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ares which intersect at (r0,yo). The angles between the tangents to these 
arcs at (%o,yo) and the positive x-axis are given, respectively, by 


_ ys’ (to) 
(3) tan a, = x1! (o) 


if f) denotes the value of the parameter corresponding to the point (z0,¥/0). 
For the sake of simplicity we shall restrict ourselves to arcs 21(¢), yi (¢) for 
which y;'(t) = 0, that is, arcs whose tangents at (x0,yo) are parallel to the 
x-axis. We shall thus have a, = 0 and the angle between the two arcs 
will be a = a2. The images of the two arcs under the mapping (z,y) > 
(u,v) will be u = u(t) = uflz,(é),y,()], v = vf) = o[z,(é),y,()], v = 1, 2. 
Since wu(x,y) and v(x,y) have continuous first derivatives, we have 
U,’ = Ut,’ + Uys’, Vy’ = vx,’ + vyy,’, v = 1,2, where all functions are to 
be taken at the point (%0,yo). The angles between the two image arcs and 
the positive u-axis will therefore be given by 


_ yx (to) 
tan ae x2 (to) 


/ / / / 7 
v v VY ty) VgL Vv 


7 / / / 
U1 UzX) == UyY1 Uz Usk 2 aP UyY2 


If the mapping (z,y) — (u,v) is conformal at (%o0,yo), the angle Bz -- Bi 
must be equal to the angle a = a2. In view of (3), we thus have 


Veo, vptan a Vz 


Uz + Uy tan a Us 


Se 


Ui, + te, tant 


= tan a, 


whence 
(Uztly + vy) tan a — Udy + vy + uz? + v,? = 0. 


Since this must be true for any 0 < a@ < #7, it follows that the two 
identities 


(4) Uy + vw, = 0, VAD UM, aiVied So) 


must hold. These identities can also be brought into the form 


Uz(Uz — Vy) + vz(v2 + Uy) = O, 
—v,(Uz — Vy) + uz(vz + uy) = 0. 


This is a system of two homogeneous linear equations for the unknowns 
(uz — vy) and (vz + u,), which can have nonzero solutions only if its 
determinant is zero. But the value of the determinant is u,? + v,?; as 
shown by (4), this is precisely the value of the Jacobian of the transforma- 
tion (#,y) — (u,v) which has been assumed not to vanish at (2o,Yo). 
Hence, both solutions of the system of equations must be zero, that is, we 


152 CONFORMAL MAPPING [CHap. V 


have uz, — v7, = 0,0, + u, = 0. It follows that at a point at which the 
mapping (x,y) — (u,v) is conformal and its Jacobian does not vanish, the 
equations 


Ux = Vy; Uy — Ves 


must hold. But, as a comparison with (14), Sec. 5, Chap. II, shows, 
these are the Cauchy-Riemann equations. By the results of Sec. 5, 
Chap. II, a pair of functions u and v which have continuous first deriva- 
tives at a point (x0,yo) and satisfy there the Cauchy-Riemann equations 
are the real part and the imaginary part of an 
analytic function f(z) = u(a,y) + iv(z,y), 2 = x t+ wy, 
which is regular at 2 = 19 + 7yo. We have thus 
proved that any continuously differentiable con- 
formal mapping with a nonvanishing Jacobian is 
associated with a regular analytic function. Broadly 
speaking, the theory of analytic functions of a com- 
plex variable and the theory of conformal mapping 
are two different aspects of one and the same 
thing. 

We shall now show that the conformal image of a domain D, given by 
an analytic function w = f(z) which is regular and single-valued in D, is 
also a domain, provided the concept of domain is given a sufficiently 
general definition. That a more general definition is required becomes 
clear when we consider the case in which the function w = f(z) takes the 
same value at two different points of D. Geometrically speaking, this 
means that parts of the conformal image of D ‘‘overlap.” Figure 8 
illustrates a particularly simple case of this type. A somewhat different 
case arises if the derivative of the mapping function vanishes at a point 
zo of D. We have seen before that the magnitude of an angle whose 
vertex is at 2) is multiplied by the factor m if f™ (zo) is the first nonvanish- 
ing derivative of f(z) at z = z. Thus, when a neighborhood of 2o is 
swept out by arg {z — zo} growing from 0 to 2z, arg { f(z) — f(z0)} will 
increase by 2rm. This shows that the conformal image of a neighborhood 
of 2) is “wound” m times around the point f(z). As an illustration, 
consider the function w = f(z) = z?in the unit circle |z| < 1. Ifz = re, 
then f(z) = r?e?® which shows that the image of the circle |z| = r is the 
doubly traversed circle |w| = r?. All points of the circle |w| < 1 are 
taken twice in |z| <1. At z= 0, we have f’(0) = 0 and the above- 
described phenomenon, with m = 2, occurs. The complete conformal 
map of |z| < 1 thus consists of two “sheets” of the circle |w| < 1 which 
have one point in common, namely, the point w = 0. This point is a 
branch point of the first order of this domain (compare the definition of a 
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branch point in Sec. 7, Chap II). A branch point of order m — 1 will 
thus be a point wo such that in every neighborhood |w — wo| < ¢ there 
will be points belonging to m sheets of the conformal image of D; the 
point wo itself belongs to all m sheets. Our definition of a domain will 
now be the same as before: a point set 1s a domain if it is open and con- 
nected. The only difference is that we now permit multiple coverings of 
the plane and the existence of isolated branch points which belong to more 
than one sheet at the same time. 

After these preparations, we prove the following result: The conformal 
map of a domain is again a domain. 

We note that this statement contains a slight inaccuracy, since the 
mapping ceases to be conformal at those points at which the derivative of 
the mapping function vanishes. It is, however, customary to speak of 
the ‘‘conformal map of a domain” even in the case in which there 
are critical points at which the mapping is not conformal; no confusion 
can arise from this practice. Let now w = f(z) be regular in a domain 
D and let zo denote a point of D at which f’(z) 40. The function 
g(z) = f(z) — f(@o) vanishes at z= 2. Since g(z) is regular in the 
neighborhood of 20, this zero is isolated, and we can find a circle |z — 20| = ¢ 
such that g(z) ~ 0 for 0 < |z — 20] < e«. On |z — 2| = «, g(z) is con- 
tinuous and there exists therefore a positive constant A such that |g(z)| > 
A > 0 for |z — 2| = «. Let now p and ¢ be two constants such that 
0<p<Aand0 < 9 < 2x. Since, for |z — 2| = «, |\g(z)| > p = |pe*|, 
it follows from Rouché’s theorem (Sec. 10, Chap. ITI) that the functions 
g(z) and g(z) — pe’? have the same number of zeros in |z — Z| < e«. But 
g(z) has precisely one zero there and the same is therefore true of 


g(z) — pete = f(z) — f(z) — pe’. 


If we write f(zo) = wo and w = wo + pe’, it follows that, for |z — 20| < e«, 
the function f(z) takes all values in the neighborhood |w — wo| < A 
and, moreover, it takes them exactly once. We have thus shown that 
if 2 is not a critical point of the mapping function, then the conformal 
image D* of D contains a neighborhood of the image point of zo. Ifz isa 
critical point, a slight modification of our argument is required. If the 
first nonvanishing derivative of f(z) at z = zo is of the mth order, then 
g(z) = f(z) — f(2o) has a zero of the mth order at z = 2. The rest of the 
argument runs as above, only that the values w for which |w — wo| < A 
will now be taken m times in |z — z| <. It is therefore true of all 
points wo of D* that they have neighborhoods which are entirely con- 
tained in D*. In other words, D* is an open set. In order to prove that 
D* is a domain, we therefore only have to show that D* is a connected set. 
But this is an immediate consequence of the fact that every continuous 
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arc in D is mapped onto a continuous are in D*, This completes the 
proof. 

We remark that the situation is particularly simple if the function 
w = f(z) is univalent in D, that is, if it takes there no value more than 
once. In this case D* contains no multiply covered points and D* is 
therefore a plane domain in the usual sense. Such a domain which covers 
no point more than once is called a schlicht domain (some writers occasion- 
ally use the term simple as a substitute for the German word schlicht). 

Another fact which is immediately apparent is that a conformal 
mapping preserves the connectivity of a domain. The conformal map 
of a simply-connected domain will thus be a simply-connected domain. 
Clearly, the connectivity of a domain is preserved under any continuous 
one-to-one transformation. 

We close this section with the proof of an important theorem on the 
conformal correspondence of two domains. 

Let C and C* be two simple closed contours in the z-plane and w-plane, 
respectively, and let w = f(z) be regular on and withinC. If w = f(z) maps 
C onto C* in such a way that C* ts traversed by w exactly once in the positive 
sense if z describes C in the positive sense, then w = f(z) maps the domain 
bounded by C onto the domain bounded by C*. 

If the domains bounded by C and C* are denoted by D and D*, respec- 
tively, we have to prove that every point of D* is taken exactly once if z 
isin D. By Sec. 10, Chap. III, the number of times a value wp is taken 


by f(z) in D is 
N = | AG 7 


201 f(z) — Wo 


With the substitution w = f(z), f’(z) dz = dw, this can also be written 


ae i ave 
201 cx W — Wo 
where the integration has now to be extended over the contour C* into 
which C is transformed by w = f(z). By the residue theorem, the value 
of this expression is 1 if wo is within C*, and it is 0 if wo is outside C*. 
This shows that every point in D* is taken exactly once and that a value 
outside D* is not taken at all. This proves our theorem. 


EXERCISES 
1. If the analytic function w = f(z) (¢ =z +iy, w = u + iv) maps a domain in 
the z-plane onto a domain in the w-plane, show that the value of the Jacobian of the 
transformation (z,y) — (u,v) at a point 2p is |f’ (zo) |?. 
2. If the function w = f(z) maps a domain D onto a schlicht domain D*, show 
that the area A of D* is 
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AP i¢ If’ (z)|? dx dy, z=a2+1y. 


D 


Show that this formula also holds in the case in which D* is not schlicht, provided 
the area of each sheet is counted separately. 

3. If the function f(z) is regular on a closed contour C and in the domain D enclosed 
by C, show that the length Z of the boundary C* of the domain onto which D is 
mapped by w = f(z) is 


L= field. 


4, Show that the last theorem of the text remains true if D is a domain of connec- 
tivity n whose boundary consists of n closed contours. 

5. Find the families of curves C; and C2 on which, respectively, Re {z?} = const. 
and Im {z?} = const.; show that the two families C, and C2 are orthogonal to each 
other. Which general principle does this illustrate? 

6. If w = e?, which curves in the w-plane correspond to the straight lines ‘ 


Re {z} = const. 


and Im {z} = const. in the z-plane? 
7. If the function f(z) is regular and univalent in a domain D and satisfies there 
lf(z)| < 1, show that 


[ [ words dy <x. 
D 


8. If the function f(z) is regular and f’(z) ~ Gin a domain D, show that the mapping 
w = f(z) [the complex conjugate of f(z)] preserves the magnitude of the angles between 
two differentiable arcs in D but inverts their orientation. 

9. Show that the function w = e* maps the interior of the rectangle 0 < x < 1, 
0 <y < 2a (¢ = x + ty) onto the interior of the circular ring 1 < |w| < e which is 
cut along the positive axis. Hint: Study the mapping of the boundary, and use the 
last theorem of the text. 

10. Let w = f(z) be regular in |z| <r. If Z denotes the length of the conformal 
image of the circle |z| = r given by this mapping function, show that L > 2zr|f’(0)|. 
Hint: Express f’(0) as a Cauchy integral. 

11. Let w = f(z) be regular in |z| < 1 and let A denote the area of the domain onto 
which the unit circle is mapped by w = f(z). Use the result of the preceding exercise 
in order to show that A > z|f’(0)|?.. Hint: Use the Schwarz integral inequality. 

12. If U(z,y) is a harmonic function in a domain D and if z = f(w) (¢ =2 + 4%, 
w =u + iv) maps a domain D* in the w-plane onto D, show that 


U*(u,v) = U[z(u,v),y(u,v)] 
[f(w) = x(u,v) + zy(u,v)] is a harmonic function in D*, 


2. The Linear Transformation. A linear transformation is a trans- 
formation of the form 


(5) i ad — bc € 0, 
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where a, b, c, d are complex numbers and z is a complex variable. (5) is 
also known by the names of fractional linear transformation, bilinear 
transformation, and linear substitution. The condition ad — be ¥ 0 is 
necessary, as otherwise w will reduce to a constant. We first consider 
the particular cases of (5) in whiche = 0,d = 1,anda = 0,d = 0,b = 6c, 
respectively, that is, the transformations 


(6) w=az+b 
and 

1 
(7) 2 Se 


It is easy to see what effect the transformation (6) has on any point in the 
z-plane. If, for the moment, we disregard the additive constant b and 
write z = re’, a = |ale’”, we obtain w = rlale“*t»), Hence, the distances 
of all points z from the origin are multiplied by the same factor |a| and, in 
addition, all points z are rotated by the angle a about the origin. The 
transformation z — az is thus equivalent to a magnification (or contrac- 
tion, if |ja| < 1) and a rotation of any geometric figure in the z-plane. In 
particular, the image of a circle under this transformation will again be a 
circle. The additive constant b in (6) will obviously cause the translation 
of a point 2; = 21 + zy: in the z- and y-directions by the amounts Re {b} 
and Im {b}, respectively. It is therefore also true of the transformation 
(6) that it transforms circles into circles. 

We now turn our attention to the transformation (7). Writing 
z = re’ we have 


(8) ——— 


which shows that w is in the exterior of the unit circle if z is in the interior, 
and vice versa. Moreover, arg {w} = — arg {z}. Hence, although 
|z| = lis transformed into |w| = 1, the circumference |w| = 1 is described 
in the negative sense if |z| = 1 is described in the positive sense. (7), too, 
transforms circles into circles. In order to prove this property, we 
observe that all circles in the zy-plane have equations of the type 
xo? + y? + Ax + By +C =0, where A, B, C are real constants. In 
polar coordinates r, 9, this becomes r? + r(A cos 6+ Bsin @) + C = 0. 
As shown by (8), the polar coordinates p, g in the w-plane are connected 
with r, @ by the relations p = 1/r, gy = —6@. Hence, the image of the 
above circle under the transformation (7) has the polar equation 


(9) 5; +7 (A cos » — Bsing) + C =0, 
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or, if C ¥ 0, 
A Ss 1 
2 — _ — —_ = 
+ 0(4 cos 9 asin e) +h 0. 


This, obviously, is again the equation of a circle. If C = 0, it follows 
from (9) that 
Ap cos g — Bpsing+ 1 =40, 


or, fw =u+iw, Au — Bv+1=0. The image of the circle 
Cat 4+ Age--eby =0, 


which is the most general circle passing through the origin, is therefore a 
straight line. If we regard the straight lines as special cases of circles, 
namely, circles that pass through the point at infinity, we have thus shown 
that the transformation (7) indeed maps circles onto circles. 

Returning now to (5), we remark that this transformation can also be 
written in the form 

a be = ag 

o Cc hee a) 
This shows that (5) can be decomposed into the following three successive 
transformations: 


41 = cz +d, 
1 
42> — 
71 
a. be—ad 
wa=-—-t+ 22. 
Cc Cc 


The first and the third of these transformations are of the type (6) and 
the second coincides with (7). Since both (6) and (7) map circles onto 
circles, we have thus proved that the general linear substitution (5) trans- 
forms all circles in the z-plane into circles in the w-plane. ‘Those circles in 
the w-plane which correspond to circles passing through the point 
z = —(d/c) (whose image is w = ©) degenerate into straight lines. 
Since, in (5), w is a regular analytic function for all values of z with the 
exception of z = —(d/c) and since the derivative 


dw _ ad — be 
dz (cz+d)? 


does not vanish at any finite point of the plane, the mapping effected by 
the linear transformation (5) is conformal at all finite points of the plane, 
with the possible exception of z = —(d/c). However, the exceptional 
position of the points z = © and z = —(d/c) is only apparent. In view 
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of (8), the transformation (7) will also preserve the angle between two 
differentiable arcs intersecting at the origin, although the latter is mapped 
onto w= ». If f(z) = «~, the mapping effected by w = f(z) at the 
point z = 2» will therefore be conformal if the same is true of the mapping 
associated with the function g(z) = [f(z)]-!.. But this means that g(z) 
must be regular at z = 2) and f’(zo) # 0. In other words, g(z) has a sim- 
ple zero at 2 = 2, which shows that the mapping by w = f(z) 1s conformal 
ata point z = z, at which f(zo) = © tf, and only wf, f(z) has a simple pole at 
z= 2. Hence, the mapping (5) is also conformal at z = —(d/c). It 
follows in the same way that this mapping is conformal at z = ©; we have 
only to replace z by 1/f and to consider the point ¢ = 0. 

In addition to yielding a conformal map of the whole z-plane, the func- 
tion (5) is also distinguished by the fact that it is univalent in the entire 
z-plane. Indeed, if we write w(z,) = w.(v = 1,2), it follows from (10) 
that 
A(ai =o Z2) 
a ee — (era cen ora 


and this shows that w; ~ we if 2; ¥ z.. From the identity (11) we may 
draw another interesting conclusion. If 21, 22, 23, 2, are four distinct 
finite points in the z-plane and w, (v = 1,2,3,4) their finite images in the 
w-plane as given by (5), it follows from (11) that 


Ar(ay = 24) (23 az) Z2) 


4 
[| (cz. + d) 
v=] 


A = ad — be, 


(wi — Wa4)(w3 — W2) = 


Similarly, 
2 —= — 
Ce RE pS a, 
[] (ce + 4) 
v=] 
Hence, 
(12) (wi — wa) (ws — We) _ i — 24) (23 — 22) 


(wi = We) (ws age Wa) Ps (21 — Z2) (23 a 24) 


The expression 
(2e— 202, — ap) 
(21 =>) (Zs 7) 


is called the cross ratio of the four points 21, Z2, 23, 24. (12) shows that the 
cross ratio of four points is the same as the cross ratio of the images of 
these points as given by the transformation (5). In other words, the 
cross ratio of four points is invariant under a linear transformation. If one 
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of the points w,, say W,, is the point at infinity, the corresponding result is 
obtained by letting w;— © in (12). The left-hand side will then take 
the form 

W3— We 

3 — Wa 


This expression is therefore to be regarded as the cross ratio of the points 
©, We, W3, Ws. A similar remark applies if one of the points z, is the point 
at infinity. 

(12) is true for any four points z, (v = 1,2,3,4) and the four points w, 
which correspond to them by the transformation (5). If 241s taken to be 
the variable z, w, will therefore be equal to w as defined by (5). As acon- 
sequence, it follows from (12) that the two variables z and w which are 
connected by (5) are also related by 


(wi — w)(ws — We) _ (a1 — z) (23 — 22) 


(13) (oy — we) (ws = w) ~ Ga 22) @s = 2) 


But it is easily seen that this relation between z and w is also of the form 
(5); hence, it is identical with it. (13) makes it possible to find a linear 
transformation which carries three arbitrarily given points 21, Ze, 23 into 
three preassigned points w;, We, w3. On the other hand, this formula also 
shows that a linear transformation is completely determined by three such 
correspondences. Since three points determine a circle and a linear 
transformation carries circles into circles, it follows therefore that, by a 
suitable linear transformation, any circle in the z-plane can be mapped 
onto any circle in the w-plane; we may, moreover, prescribe three points 
on the circumferences of each of these circles which are to correspond to 
each other. If this is done, the mapping is uniquely determined. If the 
circumference C, is mapped onto the circumference C’,, it follows from the 
fact that the linear transformation is univalent in the entire plane and 
from the theorem at the end of the preceding section that the interior of 
C, is mapped either onto the interior or onto the exterior of C,. The 
latter case will happen if, and only if, the pole of the function (5) is 
situated in the interior of C,. If C., degenerates into a straight line, both 
the interior and the exterior of C., become half-planes bounded by this 
straight line. 
If we solve (5) for z, we obtain 


b — dw 


2.= ——— 
—a-+ cw 


which shows that the inverse of a linear transformation ts also a. linear trans- 
formation. Another property which is immediately verified is the fact 
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that @ linear transformation of a linear transformation ts again a linear 
transformation. Indeed, if we make the substitution 


_ 4121 + by 


C121 + di 


in (5), we find that the functional dependence of w with respect to z, is 

again of the form (5). In the language of algebra, these two properties 

can be expressed by saying that the linear transformations (5) form a group. 

The unit element of this group is, of course, the identical substitution 

i =e 

We have seen before that a linear transformation maps the interior of a 

circle onto the interior of a circle if the first circle does not contain the pole 

of the function (5). We shall now show that this property is character- 

istic of such transformations. In other 

Cw words, we shall show that an analytic 

CG, function which maps the interior of a circle 

onto the intertor of another circle 1s a linear 

transformation.* If the interior of the 

* circle C, is mapped onto the interior of the 

circle C,, there is a point 6 within C, 

which is the image of the center a of C,. 

We proceed to show that, by a suitable 

ae. © linear transformation, C’, can be mapped 

onto a circle C,,’ in such a way that 8 is 

carried into the center of C,..’. To this end, we construct the circle C, 

through 8 which intersects C’, at right angles and whose diameter through 

8 passes through the center of C,, (Fig. 9). If y denotes the other end of 
the diameter of C, through 8, we consider the linear transformation 


1 
(14) WwW = i ae 


(14) transforms C’, into a circle C,’, while C, and the straight line L con- 
necting 6 and y are transformed into straight lines (both curves pass 
through w = y). Since ¥ is outside C.,, the interior of C., will be mapped 
onto the interior of C.,’. Since C., and C, intersect at right angles, and 
since the mapping by (14) is conformal, the straight line onto which C; is 
mapped by (14) intersects C,,’ at right angles. This shows that the image 
of C; is a diameter of C.,’. Similarly, the line LD intersects C, at right 

* The reader should note that the phrase ‘‘a domain D is mapped onto a domain 
D’” implies a one-to-one correspondence between the points of D and those of D’. 


Hence, a case like that of the mapping w = z? which transforms the circle |z] < 1 
into the doubly covered circle |w| < 1 is excluded from our present considerations. 
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angles and the same must therefore be true of the intersection of C.,’ and 
the straight line which is the image of L. The latter is thus also a diame- 
ter of C.,’. Since B is situated at the point of intersection of C; and L 
within C.,, its image point 6 must therefore lie on two different diameters 
of C.)’.. Hence, 6 is the center of C,’. 

Let now w = f(z) be the function which maps the interior of C, onto 
the interior of C,. We may assume that the center a of C, is at the origin; 
if this is not the case, we consider the function f(z + a) instead. If 
f(0) = 8, then we define the point y as above and consider the function 


1 
filz) = i ae 


As shown before, fi(z) will map the interior of C, onto the interior of a 
circle C,,’ in such a way that the centers of the two circles are mapped into 
each other. The same is true of the function 


a = ore ee) 
g(z) = filz) 6 f(z) — ‘ 


only that the image circle C,,’’ of C, has now its center at the origin and 
g(0) = 0. Consider now the function 


ne) = 22. 


Since g(0) = 0 and the function g(z) has, therefore, an expansion 
g (2) = az + az? + oe = 2(a; + aoe + a -) 


near z = 0, A(z) is regular at z = 0. Hence, A(z) is regular throughout 
the interior of C,. Clearly, h(z) does not vanish in the interior of C,. 
Indeed, the interior of C.,’’ covers the origin only once, thus giving rise to 
one zero of g(z) at z = 0; but this zero has been canceled by the factor 27}. 
Moreover, |h(z)| is constant on C,. Indeed, the centers of both C, and 
C.,”’ are at the origin, and on C, both |z| and |g(z)| are constant. The 
function h(z) is thus free of zeros within C, and has a constant absolute 
value on C,. By Exercise 1, Sec. 8, Chap. III, it therefore reduces to a 
constant K. Hence, 
1+ v6 — df(z) 
Fina api 


which shows that f(z) is a linear transformation. 

It is sometimes convenient to regard (5) not as a transformation of one 
plane onto another, but as a transformation of the plane onto itself. If 
we adopt this point of view, then the fixed points of the transformation 
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become particularly interesting. By fixed points we mean those points 
of the plane which do not change their position if z is made subject to the 
transformation (5). Clearly, these points are the solutions of the 
equation 

_ eb 

~ cata 


or 
cz? + (d — a)ze —b = 0. 


Except in the trivial case in which a = d, b = c = 0, the linear trans- 
formation will therefore have two fixed points; if (d — a)? = —4bc, these 
points coincide. If we exclude this case and denote the two fixed points 
by a and 8, then it follows from (13) that the transformation can be 
written in the form 


(Ub) = W. — B ee 8 VA ced B 

w— B/ \we- a Z- Ss oy) 
where z. is an arbitrary point of the z-plane and wz is the image of 2s. 
Since a, 8, Z2, We are constants, we may also write 


(UD) at (6.2 == (01 
(15) waa —4(2= 4), 
where A is another constant. (15) represents the general form of a linear 
transformation if its two fixed points are given. 
Two points P; and P» are called inverse points with respect to a circle 


of radius R and center P if P, Pi, P2 lie, in that order, on the same straight 
line and if the distances PP; and PP; are related by 


hwy ey 


The linear transformation (5) has the important property that the «mages 
of two points which are inverse with respect to a circle C, are inverse with 
respect to the circle Cy into which C, 1s transformed. By a well-known 
theorem of elementary geometry, any circle C’ which passes through two 
inverse points with respect to a circle C intersects C' at right angles; con- 
versely, if C’ is orthogonal to C, any straight line passing through the 
center of C intersects C’ at two points which are inverse with respect to C. 
The proof of this theorem follows from the easily established relation 


PP, - PP2 = (PP3)? 


in Fig. 10, where PP; is the tangent to the circle and PP, is an arbitrary 
straight line intersecting the circle. Let now z, and zz be inverse points 
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with respect to the circle C,. All circles passing z; and Z, are then orthog- 
onal to C,. The mapping (5), which transforms C, into a circle Cu, 
transforms the circles passing through 2, and 2s into circles passing 
through the images w, and we of z; and z2. Since the mapping is con- 
formal everywhere, these circles must intersect C, at right angles. But 
this means that w; and w» are inverse points with respect to the circle C., 
and our statement is proved. We add that, in the case in which a circle 
degenerates into a straight line, a pair of inverse points becomes a pair of 
symmetric points with respect to the 
straight line, that is, points which are 
situated on a perpendicular to the 
line and are at equal distances from 
it. This is an immediate consequence 
of the fact that the line of symmetry 
passes through the centers of all cir- 
cles which pass through the symmetric 
points. 

The fact that a linear substitution transforms inverse points into 
inverse points is of much help if it is desired to find a transformation 
which maps the interiors of two specified circles onto each other. As a 
first example, we determine the most general analytic function which 
maps the unit circle onto itself. As shown before, this must be a linear 
transformation. If |z| < 1 is mapped onto |w| < 1, there exists a point 
a (|a| < 1) which is mapped onto the origin in the w-plane. The point 
inverse to a with respect to the circle |z| < 1 is clearly 1/a@. This point 
must be mapped onto the inverse to the origin with respect to |w| = 1, 
that is, onto the point w = «. ‘The linear transformation (5) will there- 
fore vanish for z = a and it will have its pole at z = (@)~!. Hence, it is 
necessarily of the form 


Fia. 10. 


or 


where k, and k are constants. For |z| = 1 we must have |w| = 1. 
Taking, in particular zg = 1, we find that 


AMO) =e le ( — “). 


Since, obviously, |1 — a| = |1 — al, it follows that |k| = 1, or, what 
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amounts to the same thing, k = e*,Q0 <é< 2x. Our transformation is 
therefore of the form 


(16) w= et (? — “), 0<t < 2m, lal < 1. 


Conversely, any transformation (16) maps the unit circle onto itself; this 
is an immediate consequence of the fact that, for z = e*, 


|1 — a&z| = |1 — ae**| = [e911 — Get#)| = |e — @| 
= |e? — al = |z — al. 


(16) is therefore the most general function mapping the unit circle onto 
itself. It contains three arbitrary real parameters, namely, t, Re {a}, and 
Im {a}. This corresponds to the fact, shown above, that on each of the 
circles |z| = 1 and |w| = 1 we can arbitrarily choose three points which 
are to be mapped onto each other and that, once this choice is made, the 
mapping is completely determined. (16) shows that the function map- 
ping the unit circle onto itself is also completely determined if we prescribe 
the point a which is to correspond to w = 0 and the argument t of the 
derivative of the mapping function at the point z = a. 

As another example, we consider the mapping of the upper half-plane 
Im {z} > 0 onto the unit circle |w| <1. If ais the point corresponding 
to w = 0, its inverse with respect to the real axis, that is, a, corresponds 
to the inverse of w = 0 with respect to |w| = 1, namely, the point w = ©. 
The linear transformation in question must therefore be of the form 


Since, for real z, |z — al = |z — a|, we have |k| = 1. Hence, the desired 
mapping is of the form 
(lz) ese" —) 05 ¢ <2 
z—-& 
EXERCISES 


1. Show that the function 


2 
1—z 


w =f(z) = 


maps the unit circle |z| < 1 onto the half-plane Re {w} > —}. 
2. Show that the most general transformation of the upper half-plane onto itself 
is of the form 
az +b 
ce +d 


w= 


where a, b, c, d are real and ad — hc > 0. 
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3. If the transformation (13) is brought into the form (5), show that 
ad —bc = (wy — We) (wy = Ws) (We = ws) (21 = 22) (21 = 23) (Ze = 23). 


4. By the successive substitutions 


mit _ awe +b _ Owt _ awn +b _az+b 
Te ae re een Rem, 0 Ge 
we obtain a linear transformation 
— Agee 
aan Cz + D 


which is called the ‘‘nth iterate” of the transformation w = (az + b)(cz + d)-}. 
Show that the nth iterate will be the identical substitution w = z if the original trans- 
formation can be brought into the form 


2nt 
wW—-e@ " (228 
w—B 2— p 


5. Show that the transformation w = z~! maps the common part of the two circles 
jz — 1] < 1 and |z +7] < 1 onto the quarter-plane Re {w} > 4, Im {w} > 3. 

6. Let 7 be a curvilinear triangle bounded by three circular arcs. Show that there 
exists a linear transformation mapping T onto a rectilinear triangle if, and only if, the 
three circles bounding 7’ have a common point. 

7. Let ad — bc = 1 and denote by C the circle |cz + d| = 1. Show that the linear 
transformation 
_az+b 


ce+d 


increases lengths and areas within C and decreases lengths and areas outside C. 

8. Show that the cross ratio of four distinct points is real if, and only if, the four 
points lie on the same circle. 

9. If z2 and z, are inverse points with respect to a circle C and 21, z3 are two arbitrary 
points of C’, show that the cross ratio of the four points 21, 22, 23, 24 has the absolute 
value 1. 

10. By different labeling of four given distinct points it is possible to obtain different 
values for their cross ratio. Show that there are altogether six different values for 
their cross ratio and that, if the value of one of them be denoted by A, the values of 
the five others are 


11. Let C,; and C2 be two circles which intersect with the angle 6, and let L denote 
the straight line passing through the centers of C: and C2, Show that one of the 
values of the cross ratio of the four points at which C; and C2 intersect L is sin? 39. 


3. The Schwarz Lemma. The following very useful result is known 
by the name of the Schwarz lemma. 
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Let the analytic function f(z) be regular in the unit circle |z| < 1 and let 
f<Oe=—0.  Tiwn al< 1, |f)| <1, then 


(18) If@I Sle, lal <1, 


where equality can hold only if f(z) = Kz and |K| = 

The proof is very simple. Since f(0) = 0, the function f(z) /z is regular 
at z2 = 0 and therefore throughout the unit circle. If 0 < p <1, it fol- 
lows from |f(z)| < 1 and the maximum principle that 


= WP 2. 


Since p can be arbitrarily close to 1, we thus have 


(19) si = <i, Wea 


which is equivalent to (18). If, for a point zo in the unit circle, we have 
equality in (18), then the left-hand side of (19) takes the value 1 at z = 2p. 
By the maximum principle, it therefore must reduce to a constant K of 
absolute valuel. Hence, f(z) is of theform Kz. This proves the Schwarz 
lemma. We remark that, in view of the power series expansion 


je) =P7O2t Oat... 


we also obtain from (19) 
(20) If7O)| <1 


by setting z = 0. Equality in (20) will again only hold for f(z) = Kz, 
eg) Se 
A function f(z) which is regular in a domain and satisfies there | f(z)| < M, 
where is a positive constant, is called a bounded function in this domain. 
For the sake of concise formulation, we shall furthermore assume that 
M = 1 if we speak of a bounded function without referring to its bound; 
if Mf ¥ 1, we have only to divide f(z) by AZ in order to obtain a function 
of this type. The Schwarz lemma is valid for bounded functions in the 
unit circle which vanish at the origin. We shall now show that a similar 
result holds for functions which, although bounded in |z| < 1, do not 
vanish atz = 0. We first recall that the linear transformation (16) maps 
the unit circle onto itself. Since |f(z)| <1 for |z| <1, the points 
= f(z) will be within or on the circle |w;| = 1. It therefore follows 
from (16) that the points 


Se) = (ae fo| <4, 
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will satisfy |w| <1. Hence g(z) is also a regular and bounded analytic 
function in |z| <1. Since |f(0)| < 1, we may take a = f(0). We thus 
obtain the bounded function 


f(z) — f(0) 
2 a aa —— ee | 
- Le EaREY 2) 


which, obviously, vanishes for z = 0. Tog(z) we may apply the Schwarz 
lemma (18). Hence, 


(22) lg(z)| < lel. 
Solving (21) for f(z), we obtain 


fe) - [Oyt0) 
1+ fO)g(2) 

(22) shows that, if |z| < p, the values of g(z) are contained in the circle of 

radius p about the origin. Since, by (28), f(z) is obtained from g(z) by the 

linear transformation 


(24) 


(23) 


_ f0) +0 +w 
14+ fOw 


the values of f(z) must therefore be contained in the interior of the circle C onto 
which |w| = pts mapped by (24). This is the Schwarz lemma for bounded 
functions f(z) for which f(0) #0. An estimate for the value of |f(z)| can 
be obtained by means of the inequalities 


4a ol - la+bl & Jal + (| 
1 — [alld = poe 1, |b] <1 
— |al|b] ~ =i + ab] > 1+ alld] els eal, 


the proof of which is left as an exercise to the reader. If |w| < |f(0)|, the 
circle C obviously does not contain the origin; hence, the distance from the 
origin of any point within C is larger than the distance from the origin of 
the point of C which is closest to the origin. It follows therefore from 
(23) and (25) that 


ee zl e < |f(2)| < [f(O)| + [el . 
— [fO)|lz| ~ ~ 1+ |fO)Ile| 


The left-hand side of (26) has been proved for |z| < |f(0)|; for |f(0)| < 
\z| < 1 it holds trivially. 

An estimate for the derivative of a bounded function f(z) can be 
obtained in the following fashion. If f(z) is bounded in |z| < 1, the same 
is true of the function 

ge) = DIO, cr 
— FOF) 


(25) 


(26) 
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g(z) vanishes for z = §. The function ; 
_glz) ne) =e) et 2 
e-¢~NVa=r JN jee 
f — Xe 


is therefore regular at z = ¢ and also at all other points of |z| < 1. 
Furthermore, h(z) is bounded in |z| < 1. Indeed, lim |g(z)| < 1 and 
|zJ- 1 


2—% 
1 — f& 


for |z| = 1; hence, by the maximum principle, |h(z)| < 1 throughout 
lz] <1. Setting z = {, we thus find from (27) that 


ri eg) 


: , lie fl? 
(28) Ql Ss yo ER- : 


whence 


If it is known that a bounded function f(z) vanishes at the points 
Qi, ... , @, in the unit circle, it is possible to obtain more accurate 
information about the value of |f(z)|. If f(e,) = 0,» =1,...,n,and 
la,| < 1, it follows by the argument used in showing that the function 
h(z) is regular and bounded in |z| < 1 that the function 


| 


v=1 


is regular and bounded in the unit circle. We thus have 


ay = [] (2 


It follows from (29) that 


eae 
a a) ies 1, \z\ ae 


If@)| S 


Aye 


and in particular 
nr 


(30) \f0)| < [] le 
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From the results on bounded functions it is easy to deduce correspond- 
ing results concerning functions with a positive real part, that is, functions 
f(z) for which Re {f(z)} > Oin |z| <1. The linear substitution 


en een il 

ee ae i 
transforms the right half-plane Re {w} > 0 into the unit circle |w,| < 1; 
indeed, the points w = 0,7, © are transformed into the points w; = —1, 


1, 1, respectively, and wi(1) = 0. If Re {f(z)} > 0, it follows therefore 
that the function 
wie 1 
12) = Fy 
satisfies |g(z)| <1. Hence, any function f(z) with a positive real part 
can be written in the form 


elie) 
(31) fe) = =e @l<1. 
If, in particular, f(0) = 1, then g(0) = 0. In view of the obvious 
inequality 


l+a 1 + |a| 
eee ee 
we thus obtain from (18) and (31) the inequality 
1 + [el 
(32) Yel < 5 


The assumption f(0) = 1 is no restriction on the generality of this 
inequality. If f(0) = a + 28 (a > 0), then f(z) = - [f(z) — 76] satisfies 


Re {fi(z)} > 0, f:(0) = 1, and (31) applies to fi(z). A lower bound for 
| f(z)| is obtained from the observation that the function [f(z)]—! also has a 
pasitive real part. Indeed, 


mh ary iO) q | f() | 

Re Lay} = Be (iferel ~ 8° life] 2° 

[that f(z) ¥ 0 for [z| < 1 is a trival consequence of Re {f(z)} > O]. It 
therefore follows from (32) that 


1 1 + [z| 
Fe] = T—{e’ 
or 
(33) ; a 2 < (fe) < ot 
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The example of the function 


(34) fo(z) = 


eae 
ee 
shows that the inequalities (83) are the best possible. This function 
maps |z| < 1 onto the right half-plane and has therefore a positive real 
part in |z| < 1;forz = —|z| andz = |a|, respectively, the sign of equality 
holds in the two inequalities (33). An inequality which is the ‘best 
possible”’ in this sense is also referred to as a sharp inequality. 


Another set of sharp inequalities concerns the coefficients ai,a2, . . . of 
the power series expansion 
(35) FQ) =" ig se Gee ae 


of a function f(z) with a positive real part in |z| <1. We have 
(36) ke Se (jo 1, 2 eee 


where equality holds for the function (34). Forn = 1, (86) isan immedi- 
ate consequence of (31) and (20). In order to prove (86) for general n, 
we assume that f(z) is regular in |z| < 1 and consider the integral 


if - if dz 
1 OR fant E ele aE 


By the residue theorem and (385), we have 
2 — On 


Introducing polar coordinates z = e*® in the integral, we obtain 


= 2 “a 10 Ine y 
ra? fe f(e*) sin 5 49, 
whence 


a ee 
Re {2 — an} = Re {J} = 2 |, Re {f(e**)} sin? 5 dé. 


In view of Re { f(e**)} > 0, it follows therefore that Re {2 — a,} > 0, or 
(36’) Re {a,} < 2. 


If Re {f(z)} > 0, we obviously also have Re { f(e*z)} > 0 (0 <t < 2n); 
the transformation z— e*z amounts only to a rotation of the unit circle 
about the origin. The nth coefficient of the latter function is e™a,. 
Hence, by (36’), 


Re {eea,) <= 2, 0 <t < 2r. 
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Taking, in particular, a value of ¢ such that nt-+ arg {a,} = 0, we 
obtain ea, = |a,| and therefore 


Gals 


This proves (36) in the case in which f(z) is regular in the closure of the 
unit circle. If f(z) is regular only in [z| < 1, we observe that fi(z) = f(z), 
0 < p <1, is regular in |z| < 1 and has there a positive real part. Its 
nth coefficient is p"a,. Hence p*\a,| < 2, where p is any value between 0 
andl. Letting p— 1, we obtain [a,| < 2, which shows that the inequal- 
ity (36) is also true in the general case. (86) is sharp since the function 
(84) has the expansion 


fale) ~ == = 1+ 22+ 227+ :--:+ +2274 --- 
EXERCISES 
1. If f(z) is regular and bounded in |z| <iland if l¢| < 1, show that the function 
gee 
(¢) 
g(z) = Aree) — é 
1 — Fey (L*2) mie) 


is also regular and bounded and that g(0) = 0. Use this result and the inequality 
(20) in order to establish (28). 
2. Using the identity 


fle) — fe) = ["7@ a 


and integrating along the linear segment connecting z; and 22, deduce from (28) that 
a bounded function f(z) is subject to the inequality 


f(21) — F(22) 1 


21 — 22 -l1-r 


3. If f(z) is bounded and f(z1) = f(z2) = 8B, |z:| = |z2| = p < 1, f(0) = 0, show that 


J@) —8 _ | ae Z— 22 
1 — Bf(z) 5 — z) (; zs my) h(z), en <Sieaizi< 1 


and deduce that [8| < p?. 
4. If f(z) is bounded in |z| < 1, f(0) = 0, and |f’(0)| = @, show that 


pla — p) < (1 — ap)|f(oe**)|, OO < @ < 2m. 
Hint: Show that z—'f(z) is bounded and use (26). 
5. Use the results of Exercises 3 and 4 to prove the following theorem. 


If f(z) is bounded in |z| < 1, f(0) = 0, and |f’(0)| = a, then f(z) is univalent in the 
interior of the circle 


’ all [es Se ol 


[e4 
zi <p SS == ee 
aie 
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Remark: In view of the last theorem in Sec. 1, it is sufficient to show that we cannot 
have f(z:) = f(z2), 21 ¥ 22, |z:| = |z2] = p < po. 
6. By considering the bounded function 


fo(z) = :(#==), Oia 2 Ay 


show that the ‘radius of univalence”’ po of the preceding exercise is the largest possible 
for the class of functions considered. 
7. If w is defined by 
Qari 


—- pn 
wo=en, 


nm 
> wm = 0 
pa 


if the integer m is neither 0 nor an integral multiple of n, and show that in these 
excluded cases the value of the sum is n. 
8. If f(z) is regular in |z| < 1 and has there the power series expansion 


f(z) =aotaz+ +--+ +az7+---, 


deduce from the result of the preceding exercise that 


where n is an integer, show that 


M 
g(z) = 7, U (wz) a J (22) Eire) 
= Go + an2" + ont + >> > + arnz™™ +--+ -, 
and that the function h(z) = g(~/z) is also regular in |z| < 1. 


9. Show that the function h(z) of the preceding exercise is bounded in |z| < 1 if 
the same is true of the function f(z) by means of which h(z) has been defined. If 


f(z) =A), +ayz+t+az?7+--:, 
use this result in order to prove the inequality 
lan] < 1 — faol?, i= eee 


for the coefficients of a bounded function. Hint: Use the fact, following from (28), 
that |f’(0)| < 1 — |f(O)|? if f(z) is bounded. 
10. Use the result of the preceding exercise to prove that 


if f(z) = » a,2" is bounded in |z| <1. By considering the bounded function 
n=0 
a2 


fo = Lose lal < 1, 


for suitable values of a, show that the constant 3 is the largest possible. 
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11. Show that the linear substitution 


transforms the circle |z| < p into the circle 


~ 774 2p 


|v T= p?| ~1— 5 
Use (31) and this result in order to give an alternative proof of the inequalities (33). 
Show that this method also yields the inequality 


i Ea 


Re {f(z)} 2 
for a function f(z) with a positive real part. Why is this inequality generally better 
than the left-hand inequality (83)? 

12. Let f(z) be bounded in |z| < 1, and let f(z) have an infinite number of zeros in 
\z| <1. If a1, a, ... are these zeros [which cannot have a limit point in |z| < 1 
unless f(z) is identically zero], show by means of (30) that 


oO 


D, og lex 
n=0 
converges. 
13. If the non-Euclidean length Z of an arc C within the unit circle is defined by 


_ [ _la 
L= Sea 
show that the mapping z — w by a bounded function w = f(z) has the effect of decreas- 
ing the non-Euclidean length of all arcs in |z| < 1. 

14. Prove the inequalities (26) by applying the result of the preceding exercise 
to the linear segment connecting the point z with the origin. Hint: Use the fact 
that, on this segment, 


df 


alf| 
Sve 


lz] ~ 


d 
d 


4. The Riemann Mapping Theorem. We saw in Sec. 1 that the 
conformal map of a domain D is again a domain, say D*. The shape of 
D* depends, of course, on the particular function w = f(z) by means of 
which the mapping is effected. While much insight into the nature of 
conformal mapping can be gained by investigating the mappings yielded 
by given functions w = f(z) of given domains D, this is a piecemeal pro- 
cedure which does not reveal the true potentialities inherent in the subject 
of conformal mapping. The decisive step, first taken by Bernhard Rie- 
mann (1826-1866), to which the theory of conformal mapping owes its 
modern development is a shift of emphasis from the function-theoretical 
to the geometric side of the problem. Instead of studying the mappings 
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associated with a given analytic function, we assume that two domains 
D and D* are given and we ask whether there exists an analytic function 
w = f(z) by means of which D is mapped onto D*. We may even avoid 
mentioning the function f(z) altogether and ask whether, given two 
domains D and D*, there always exists a continuously differentiable con- 
formal mapping of D onto D*. 

Clearly, the answer to this question cannot be in the affirmative unless 
D and D* are of the same order of connectivity. We shall here confine 
ourselves to the case of simply-connected domains D and D*, postponing 
the discussion of the multiply-connected case to Chap. VII. But even 
two simply-connected domains cannot always be mapped conformally 
onto each other, or, as we shall also say, are not ‘‘conformally equivalent”’ 
to each other, as the following simple example shows. Let D be aschlicht 
domain which has only one boundary point, and let D* be the unit circle. 
D thus consists of the whole plane with the exception of one point and it is 
clearly simply-connected. We may assume that the boundary point of D 
is the point at infinity, as this can always be achieved by a linear trans- 
formation. If D were conformally equivalent to D*, there would exist 
an analytic function w = f(z) which is regular at all finite points of the 
z-plane and which would take there values within the circle |w| < 1. 
Hence, |f(z)| < 1 for all finite z, and it follows by Liouville’s theorem that 
f(z) reduces to a constant, which is absurd. 

Leaving aside the not very interesting case of domains whose boundary 
consists of only one point, we shall show that any two simply-connected 
schlicht domains whose boundaries consist of more than one point are 
conformally equivalent. In other words, given two arbitrary domains D 
and D* whose boundaries consist of more than one point, there always 
exists an analytic function w = f(z) which maps D onto D*. In fact, 
there even exists an infinity of such mapping functions, depending on 
three real parameters. If these parameters are disposed of by the require- 
ments that a given point z) of D should be mapped onto a given point of 
D* and that arg {f'(zo)} should have a given value, then the mapping 
function is uniquely determined. The fact that all simply-connected 
domains with more than one boundary point are conformally equivalent 
is known as the Riemann mapping theorem and is of fundamental impor- 
tance in the theory of conformal mapping and in its applications. It is 
clearly sufficient to prove the Riemann mapping theorem for the case in 
which one of the two domains is the unit circle. If both D and D* can be 
mapped conformally onto the unit circle, then D can be mapped onto D* 
by first mapping D onto the unit circle and then mapping the unit circle 
onto D*. The facts implied in this procedure, namely, that the inverse 
of a conformal map is also a conformal map and that the conformal map 
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of a conformal map is again a conformal map, are self-evident. The 
Riemann mapping theorem is therefore equivalent to the following result. 

Any simply-connected schlicht domain D whose boundary consists of more 
than one point can be mapped conformally onto the interior of the unit circle. 
It 1s, moreover, possible to make an arbitrary point of D and a direction 
through this point correspond, respectively, to the origin and the direction of 
the positive axis. If this is done, the mapping 1s unique. 

As a first step toward the proof of this theorem we show that there exist 
analytic functions f(z) which are regular and univalent in the domain D 
and which satisfy |f(z)| < 1 if zisin D. By hypothesis, there exist at 
least two distinct points, say a and b, on the boundary of D. Consider 


now the function 
—a 
p(s) = [24 


The only singularities of this function are the points aand b. Since these 
points are not situated in the interior of D, p(z) is thus regular at all points 
of D. In view of the fact that D is simply-connected, it follows therefore 
from the monodromy theorem (Sec. 5, Chap. III) that p(z) is also single- 
valuedin D. Furthermore, p(z) is univalent in D. Indeed, if there were 
two distinct points z; and z2 of D such that 


Ss Ch 22 — o 
as 


it would follow that 


which is only possible for z: = ze. Another easily proved property of the 
function p(z) is that it cannot take in D both the values a and —a, where 
ais any complex number. From 


21 — @ 22 — a 
——- =a =-—-a 
21 —b : Z2 — b 


it would follow that 


which again is only possible for z: = z2. Now w = p(z), being a regular 
function in D, maps D onto a domain D;. If wo is one of the points of D,, 
there exists therefore a neighborhood |w — wo| < y which is contained in 
D;. Since, as we have just shown, D, cannot contain both the points w 
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and —w, the neighborhood |w + wo| < y will therefore be outside D;. It 
follows that 
|p(z) = Wo| 2 7”) z e D. 


As a result, the function 


Y 
a p(z) + wo 
satisfies |fi(z)| < 1 at all points of D. Since fi(z) is obtained from p(z) 
by a linear transformation and since p(z) is univalent in D, it is also clear 
that f,(z) is univalent in D. 

We now consider the class B of functions f(z) which are regular and 
univalent in D and satisfy |f(z)| < lifzisin D. This class is not empty, 
as the example of the function f:(z) shows. Since the functions of B are 
uniformly bounded, it follows from the results of Sec. 2, Chap. IV, that 
B is a normal family of analytic functions in D. From any sequence of 
functions of B we can therefore select a subsequence which converges to a 
regular functionin D. This limit function is again a function of B unless 
it reduces to a constant. Indeed, a limit of functions f(z) such that 
|f(z)| < 1 is obviously also bounded by 1, and it was shown in Sec. 3, 
Chap. IV, that a limit of univalent functions in a domain D is again uni- 
valent in D unless it reduces to a constant. We now restrict B by the 
requirement |f’(¢)| > |f1’(¢)|, where f(z) is the function defined above 
and ¢ is an arbitrary point of D. This restricted family, to be denoted by 
B,, is not only normal but also compact. The compactness of B, follows 
from the fact that constant limit functions, which were possible in B, are 
now excluded. Indeed, the derivative of a constant limit function would 
vanish at ¢ and this contradicts the fact that for all functions f(z) of Bi we 
have |f’(¢)| > |fi’(¢)| and that f,/(z), being the derivative of a univalent 
function, does not vanish in D. 

We now consider the extremal problem 


(37) If')| = max. = f(2) © Bi. 


The class B; is not empty and it is compact. Since |f’(¢)| is a continuous 
functional in the sense of Sec. 3, Chap. IV, it follows from the results of 
Sec. 3, Chap. IV, that the problem (87) has a solution within the family 
B,. In other words, there exists a function fo(z) which is univalent in D 
and satisfies there |fo(z)| < 1, such that 


(38) FOL S [fo OI, 


where f(z) is any other function of B,. Our aim is now to show that 
w = fo(z) maps D onto the interior of the unit circle |w| <1. We shall 
do so by assuming that there is a point a in |w| < 1 which is not covered 
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by the conformal map of D as given by w = f(z), and then showing that 
this assumption leads to a contradiction. 

We first remark that the function fo(z) solving the extremal problem 
(37) must vanish at z = ¢. Indeed, since the linear substitution (16) 
maps the unit circle onto itself, the function 


 . PO-KO 
ee eG 


would also belong to the class B;. But, in view of 


fo’ (S)| = ee > [fo (S)I, 


this would mean that fo(z) is not the solution of the problem (37). Sup- 
pose now that a value a(|a| < 1) is not taken by w = f(z) in D. The 
function 


(39) oe) = [2 he 


where a definite branch of the square root has been taken, will then be 
regular in D; by the monodromy theorem, ¢(z) is therefore also single- 
valued in D. (z) is furthermore univalent and satisfies |y(z)| < 1 in D. 
The boundedness is again a consequence of the properties of the transfor- 
mation (16). The univalence follows from the fact that, for g(z1) = ¢(22), 
we have 

a — fo(z:) _ a — fol2e) 

1 — Gfo(zs) 1 — afo(zs) 
and, therefore, fo(21) = fo(z2). But this is impossible if z; and z. are two 
distinct points of D, since fo(z) is univalent. We next construct the 
function 
g(z) ~ (2) sl) 4 

1 — o(S)¢e() 

which evidently is also univalent and satisfies |g(z)| <1 if z is in D. 
From (39) and (40), and using the fact that fo(¢) = 0, we obtain 


sseluste oe 


(40) 


Ge) = 
Since 
1+ lal =2VJal + (b- Viel)? >2Viel, lel <1, 
it follows therefore that 
lg’(S)| > |fo'(S)I.- 
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But, since the function g(z) belongs to the class B,, this contradicts the 
fact that fo(z) solves the extremal problem (37). Our assumption that 
there exists a point a in |w| < 1 which is not covered by the conformal 
image of D as given by w = f(z) has thus led to an absurdity. Since 
fo(z) is univalent in D, it follows therefore that w = fo(z) maps D onto the 
simply covered circular disk |w| < 1. 

The function w = fo(z) which has thus been found to map D onto 
|w| < 1 and which lets the point z = ¢ correspond to w = 0 is clearly not 
unique; the function e**fo(z), where @ is an arbitrary constant angle, has 
the same mapping properties. The angle 6 may be made definite by the 
requirement that a given arc element dz at z = ¢ be transformed into an 
arc element at w = 0 which has the direction of the positive axis, 7.e., by 
the condition efo'(¢) dz > 0. If this is done, the mapping is uniquely 

determined. Indeed, if both fo(z) and fi(z) 
satisfy all these requirements, then the function 


M0 ff 


is regular in D [the zeros of fo(z) and f,(z) 

cancel] and |h(z)|—>1 if z approaches the 

boundary of D. By Exercise 1, Sec. 8, Chap. 

III, h(z) therefore reduces to a constant which 
O 1 must have the absolute value 1. Since e**f,’(¢) 
dz > 0, » = 0, 1, we have h(t) > 0 and thus 
h(z) = 1. Hence, fo(z) and fi(z) are identical. 
This completes the proof of the Riemann mapping theorem. 

The mapping theorem establishes a one-to-one correspondence between 
the points of two simply-connected domains D and D*, but it yields no 
information regarding the correspondence between the points of the 
boundaries C and C* of these domains. In particular, the mapping 
theorem does not say that the mapping is continuous in the closure D + C 
of D and that it establishes a one-to-one correspondence between D + C 
and D* + C*. That this cannot be expected follows from the fact that 
our concept of a domain with more than one boundary point is very 
general and that it permits the occurrence of quite ‘‘ pathological’’ cases. 
To illustrate what may happen, consider the domain D indicated in Fig. 
11. D consists of the square 0 < x < 1, 0 < y < 1, from which the 
vertical lines of length $ and abscissas 3,4, ...,27", . . . have been 
removed. Obviously, the origin cannot be connected with an interior 
point of D by a Jordan are which is entirely in D; any such arc has points 
in common with the vertical lines which do not belong to D. Such a 
point is called an inaccessible boundary point of D. It is clear that the 


Fia. 11. 
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conformal mapping of the unit circle onto D cannot be continuous at all 
points of the circumference. If 20 ({zo| = 1) corresponds to the inaccessi- 
ble point of D, then any arbitrarily small arc of |z| = 1 containing 2p will 
contain points whose conformal images have a distance of more than 4 
from the origin. 

In order to obtain continuity of the conformal map in the closure of a 
domain, it therefore becomes necessary to make restrictive assumptions 
which exclude such phenomena as the one described above. We shall 
show that zf D and D* are two domains, bounded by simple closed contours 
C and C*, respectively, then the conformal mapping D — D* is continuous 
in D + C and establishes a one-to-one correspondence between the points of 
Cand C*. We remark that by a suitable refinement of our argument the 
same result can also be shown to hold in the case in which C and C* are 
simple closed Jordan curves. Let zo be a point of C and let L; and Lz be 
two different Jordan arcs in D which terminate at z); let further w = f(z) 
denote the analytic function mapping D onto D*. Since C is a contour, 
we can draw a small circle K, of center zp and radius r such that K, inter- 
sects Cin two points only. We denote by D, the domain within K, which 
is cut off by K,, and we denote by 2,,, and 22,, the intersections of K, with 
Ly, and I, respectively. We now show that 


(41) lim [f(ei,) — fl@e.)| = 0. 
We have 
dr) = |flen) —feol=| [re del, 


where the integration path may be taken to be the are of K, (contained in 
D) between the two points. It follows that 


d(r) < on aaa aes z= 20 + re’, 


whence, by the Schwarz integral inequality, 


d*(r) < the \f’(z)|2r de \% dé < 2x i [f’(z) |r dé. 


y 1 1 


Suppose now that d#(r) >d >0O for R>r>e>0. Integrating the 
last inequality from e to R, we obtain 


d? log = < an | f Lf (2) |?r ar a. 


This integral expresses the area of a subdomain of D*. Its value is there- 
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fore not larger than the area A of D*. Hence, 


2rA 
Zs ee es 
= log R — loge 


This tends to zero if e— 0, which shows that d = 0. This proves (41). 
If lim f(z) exists for z tending to 2 along an arc Jy, it follows from (41) 


zZ—>Z0 


that this limit exists and is the same if zp is approached along any other 
are L2 from within D. In order to show that the limit exists, we proceed 
as follows. We first remark that all limit points of sequences of points 
f(z), f(ze), . . . such that lim z, = zo must lie on C*. They cannot lie 


nr © 


d 


outside the closure of D*, since the points f(z,) are in D*. On the other 
hand, they cannot lie in D*, for the inverse mapping D* — D is single- 
valued and conformal at all points of D* and the images of sufficiently 
small neighborhoods of points of D* do not contain boundary points of D. 
Now there are two possibilities. If 2 tends to zo along Zh, lim f(z) may 


exist, or it may not. In order to show that the second case cannot hap- 
pen, we first observe that the nonexistence of the limit implies that for two 
different sequences of points 21, 22, . . . of Zi which tend to z we can 
obtain two different limits, say a and 6. In view of what was said before, 
both a and 8 must be points of C*. Consider now the conformal image 
of the arc LZ; as given by w = f(z). If we draw two mutually exclusive 
circles of sufficiently small radius e about a and 8, the conformal image of 
L, must oscillate an infinity of times between the interiors of these circles 
ifz— 2. Since the two circles have a finite minimum distance from each 
other, we can find two points a; and 8; and two continuous ares 7 and T; 
in D* terminating at a; and @;, respectively, such that the minimum dis- 
tance between 7’; and T; is positive, say m, and both T; and T; intersect 
the image of LZ, an infinity of times. If we denote by S: and S2 the arcs in 
D which correspond to T; and 72, respectively, it follows therefore that 
both S; and Se intersect L; an infinity of times and that the points of inter- 
section converge to 2. Since both S; and S2 are continuous—with the 
possible exception of their terminals on C—every circle of center zo and 
sufficiently small radius r must therefore intersect both S; and Se. Since 
the distance between 7; and 7. is at least m, the absolute value of the 
difference of the values of f(z) at these points is not smaller than m. But 
this does not agree with (41), and the assumption that lim f(z) along L; 


does not exist has thus led to a contradiction. We have therefore proved 
that the limit of f(z) for z— zo exists and is independent of the arc in D 
along which z is approached. Since we have also shown that the value 
of this limit is a point of C*, and since the roles of D and D* can be inter- 
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changed, it follows that the conformal mapping D — D* is continuous in 
D + C and that the points of C and C* correspond to each other in a one- 
to-one fashion. 

As an application of this result we prove that the boundary value problem 
of the first kind for harmonic functions can be solved for a simply-connected 
domain D whose boundary is a closed contour C. We recall from Sec. 5, 
Chap. I, that this problem consists in finding a function U(z,y) of the two 
real variables x, y which is harmonic in D and takes prescribed boundary 
values on C; for the sake of simplicity, we confine ourselves to the case in 
which the boundary values U(z’,y’) are a piecewise continuous function 
of the point (z’,y’) on C. We saw in Sec. 6, Chap. I, that this problem 
can be solved in the case in which Cis a circle; in fact, the solution can be 
written down explicitly by means of the Poisson integral formula. If C 
is a general simple closed contour, it follows from the Riemann mapping 
theorem that there exists an analytic function z =.f(w) which maps the 
unit circle |w| <1 onto D. If U(z,y) is a harmonic function in D, the 
function U*(u,v) = U[x(u,v),y(uo)|[f(w) = x2(u,v) + ty(u,v), w = ut wv) 
is a harmonic function in |w| < 1 (see Exercise 12, Sec. 1). Now we have 
seen that the conformal mapping (u,v) — (x,y) yielded by the function 
z = f(w) also establishes a one-to-one correspondence between the points 
(x’,y’) of C and the points (w’,v’) of |w| = 1. The boundary value of the 
harmonic function U(z,y) at the point (x’,y’) will therefore be the same 
as the boundary value of U*(u,v) at the corresponding point (w’,v’) on 
lw| = 1. The conformal mapping (u,v) — (x,y) thus reduces the bound- 
ary value problem for the domain D to a corresponding boundary value 
problem for the unit circle. Since the latter problem can be solved by 
means of the Poisson integral formula, it follows that the boundary value 
problem of the first kind can be solved for any simply-connected domain 
which is bounded by a simple closed contour. 

It was shown in Sec. 5, Chap. I, that the Green’s function g(z,¢) of a 
domain D can be obtained by a particular boundary value problem. It 
can, however, also be expressed in terms of the function w = F(z,¢) which 
maps D onto the unit circle and carries the point ¢ of D into the origin. 
Consider the expression 


(42) g(z,f) = log lF (2,0), 
which is the real part of the analytic function 
(43) p(z,f) aa log CON: 


p(z) is clearly regular at all points of D except at 2 = ¢, where F(z,¢) 
vanishes. In the neighborhood of z = ¢, F(z,¢) has a power series 
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FGx) Sane — @ 4a: ee eee ayo. 


Hence, 

p(z,¢) = — log {ant — ¢) E +26 —py+--: | 
= = log @ — 9) —logar t+ 2 @— 9) + = 
= — log @ — 5) + pilz,f), 


where pi(z,¢) is regular atz = ¢. By (42) and (43), the function g(z,¢) is 
therefore harmonic in D except at z = ¢; near z = ¢, g(z,f) is of the form 


g (2,6) oe log |z = ¢| slg he {pi(z,¢) } 
= = logilz — | + oe), 


where gi(z,f¢) 1s harmonic at all points of D. This shows that g(z,¢) has 
the characteristic singularity of the Green’s function at z=¢. If z 
approaches a point of the boundary C of D, then w = F(z,¢) approaches 
the circle |w| = 1. Hence 


imme (2G) = lnmloe |i) |e — a0 
27C 23C 


Since there cannot be two different functions with these properties (their 
difference would be harmonic in D and zero on the boundary and, by the 
maximum principle for harmonic functions, it would therefore be zero 
throughout D), the function (42) must be the Green’s function of D. 


EXERCISES 


1. If w = f(z) is any function mapping D onto the unit circle and ¢ is a point of D, 
show that the Green’s function g(z,¢) is given by 


g(2,t) = log | rest) 


2. If the domain D contains the point at infinity and D is mapped onto the interior 
of the unit circle in such a way as to make the points z = » and w = O correspond 
to each other, show that the mapping function w = f(z) has the expansion 


a a a 
fa =S+ft--- +24+--.-, a, ~ 0, 
2 z z 
which converges in the exterior of a sufficiently large circle. 
3. If D is the domain of the preceding exercise and D is mapped onto a domain 
which also contains the point at infinity in such a way that the points z = © and 


w = © correspond to each other, show that the mapping function w = f(z) has 


Sec. 5] MAPPING OF SIMPLY-CONNECTED DOMAINS | 183 


an expansion 


f@) =be+atC+S+---, b#0 


in a neighborhood of z = ». 

4. If D contains the point at infinity, show that the Green’s function g(z, ©) is of 

the form 

g(z,©) = log lz] ty +gi(2), gi(o) = 9, 
where gi(z) is harmonic in D. y is called the Robin constant of the complement D 
of D (that is, the set of all points in the z-plane which do not belong to D). The 
quantity C = e-7 is also known as the capacity or the transfinite diameter of D. 

5. If S; and S2 are point sets in the plane whose complements are simply-connected 
domains and if S; contains S2, prove that the capacity of S2 cannot be larger than the 
capacity of S.. 

6. If S is a point set in the piane whose complement is a simply-connected domain 
and if S can be enclosed in a circle of radius R, show that the capacity of S is not 
larger than R. Hint: Use the result of the preceding exercise. 


5. The Symmetry Principle. We saw in Sec. 5, Chap. III, that two 
function elements f:(z) and f(z) which are defined in two, partly over- 
lapping, domains D, and Dz, are analytic 
continuations of each other if f:(2) and fe(z) 
take the same values in the domain which 
belongs to both D,; and D2. We shall now 
show that the same result holds under much ae 
weaker assumptions. on) ey 

Let D, and Dz be two adjacent domains 
whose common boundary is a smooth arc a. 

If the analytic functions f,(z) and f2(z) are 

regular in D, and Dz, respectively, and 1f the Fre. 12, 

limits for z— a of both functions coincide and 

are continuous on a, then f(z) and f2(z) are direct analytic continuations of 
each other. 

To prove this result, we construct a contour C which is divided by the 
are a into two arcs C, and C2, situated in D,; and Dz, respectively (Fig. 12). 
We now define in the interior D of C a function f(z) which is equal to f(z) 
in those points of D which are also in D,, and is equal to f2(z) in the com- 
mon part of D and Dy. At the points of a which are within D, f(z) is 
defined as the common limit of f:(z) and fe(z). Consider now the integral 


eS) 


201 Tee es 


ds, 


taken along the boundary I; of the domain B, bounded by Cianda. By 
the Cauchy integral formula, the value of this integral is f(z) if z isin B,; 
if gis in the domain B, bounded by C2 and a, the integral is zero. Simi- 
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larly, the integral 
a AACS) 


2m rs a ph 


taken along the boundary I of B:, has the value f(z) if zis in Bo, and it is 
zero if zisin B,;. We now add the two integrals. Since both Tr, and Tr, 
are traversed in the positive direction with respect to the domains 
enclosed by them, the contributions of the arc @ to these integrals cancel 
each other. Hence, the integral 


me) y 
i ct{—2 33 


represents the function f(z), irrespective of whether zis in B, or By. But, 
as shown in Sec. 3, Chap. III, this integral is an analytic function of z 
which is regular in the interior of C. f(z) and f2(z) are therefore the 
values of one and the same function in the domains B, and Bz, respec- 
tively. Hence, they are analytic continuations of each other. 

The most important application of this result is the symmetry principle, 
also called reflection principle, or inversion principle, due to Riemann and 
Schwarz. This principle, which is of fundamental importance both in the 
theory of conformal mapping and in the applications, may be stated as 
follows. 

Let D, and D, be two domains and let the boundaries of D, and Dy contain 
circular arcs a, and a» (which may also degenerate into linear segments), 
respectively. Ifw = f(z) maps D, onto Din such a way that a» corresponds 
to a, then f(z) can be continued analytically across a, into the domain D,* 
obtained from D, by inversion with respect to the circle C’, of which a, forms a 
part. If z2€ D, and z* € D,* and if z and z* are inverse points with 
respect to C., then the points f(z) and f(z*) are inverse with respect to the circle 
Cy of which aw forms a part. 

We therefore not only know that f(z) can be continued beyond a, into 
D.*, but we can also find the values of f(z) at all points of D,*. In par- 
ticular, it follows that w = f(z) maps the domain D,* onto the domain 
D,,.* which is obtained from D., by inversion with respect to C,. In order 
to prove the symmetry principle, it is sufficient to consider the case in 
which both a, and a, are linear segments. Indeed, as shown in Sec. 2, a 
linear substitution transforms two points which are inverse with respect 
to a circle into two points which are inverse with respect to the trans- 
formed circle. In particular, if the circle is transformed into a straight 
line, the inverse points become symmetric points with respect to that line. 
If, by suitable linear substitutions, C, and C,, are both transformed into 
the real axis, our task is therefore reduced to the case in which both a, and 
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OQ,» are parts of the real axis and in which the inverse points of z and f(z) 
are their complex conjugates Z and f(z), respectively. 

Consider now the function f(Z). This function is defined in D,* and it 
is, moreover, a regular analytic function in this domain. Indeed, the 
mapping z — 2 does not change the magnitude of the angle between two 
curves; it only changes the orientation of the angle. Since the same is 
true of the mapping f(z) — f(z), the composite mapping z — f() restores 
the orientation of the angle and it is therefore conformal. But this means 
that f(Z) is a regular analytic function in D,*. Ona,, we have z = Z and 
therefore 


(44) f() = f@), 

if f(z) and f(Z) are defined as the limits of these functions if z— a, from 
D,. Since a, is mapped by f(z) onto part of the real axis [which provides 
the reason for putting the bar above the left-hand side of (44)], it follows 
from the results of the preceding section that the limits of both f(z) and 
f(2) for z— a, are continuous ona,. In view of the result proved further 
above, it follows therefore from (44) that f(z) is regular on a, and that f(z) 
and f(Z) are analytic continuations of each other. But it was shown in 
Sec. 5, Chap. ITI, that two analytic functions which are identical at the 
points of a small are at which both are regular are identical everywhere. 
Hence, the identity (44), which so far has been shown to hold only at the 
points of a,, holds for all analytic continuations of f(z). Writing (44) in 
the form 


f® = fl), 


we see therefore that the value of f(z) at the point inverse to z with respect 
to a, is the inverse of the point f(z) with respect to a». This completes 
the proof of the symmetry principle. 

As an example of the application of the symmetry principle, we give 
another demonstration of the fact, proved in Sec. 2, that a function 
w = f(z) which maps the interior of a circle C onto the interior of another 
circle C* is necessarily a linear transformation. The inverse of the 
interior of C with respect to C is obviously the exterior of C. It follows 
therefore from tne symmetry principle that w = f(z) can be continued 
analytically beyond all points of C and that this function also maps the 
exterior of C onto the exterior of C*. Consequently, w = f(z) is regular 
at all points of the z-plane, except at the point 2) corresponding tow = ©, 
and maps the entire z-plane onto the entire simply covered w-plane. Its 
only singularity is therefore a simple pole at z = zo. f(z) thus reduces to 
a rational function with only one pole, which is another way of saying that 
w = f(z) is a linear transformation. 

The most striking part of the symmetry principle, namely, the practi- 
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cal possibility of calculating the values of an analytic function in the 
exterior of the domain in which it was originally given, is due to the par- 
ticular properties of the circle. There is, however, yet another aspect 
of the symmetry principle which is hardly less important and which 
can be generalized to a much wider class of functions. This is the fact 
that an analytic function which maps a circular boundary arc onto a 
circular boundary arc is regular on that arc. Before we generalize this 
property, we recall the definition of an analytic arc. A continuous arc 
z=a2+y = x(t) + ry), tr St < ta, is said to be an analytic arc if, in 
some neighborhood |t — éo| < ¢ of every t: < to < te, both z(é) and y(t) 


can be expanded into converging power series x(t) = y an(t — to)”, 
n=0 


nO SS ¥ b,(t — to)"; we further assume that x’(t) and y’(t) do not 


n=0 
vanish at the same time. We now prove the following generalization of 


the symmetry principle. 

If w = f(z) maps a domain D, onto a domain D, and tf, in this mapping, 
an analytic boundary arc a of D, corresponds to an analytic boundary arc B 
of Dy, then f(z) ts regular at the points of a. 

We may also state the conclusion of the theorem by saying that f(z) can 
be continued analytically beyond the boundary arc a. To prove the 
statement, we observe that the parametric representation « = x(é), 
y = y(t) of the analytic arc a defines, in the neighborhood of to, a regular 
analytic function of ¢ if ¢ is taken to be a complex variable. This follows 
from the fact that z(t) = x(t) + ty(t) can be expressed as a power series 
which converges for t) — e < t < t) + € and therefore in the whole circle 
|¢ — to| <e. For real values of t, the point z(t) describes a piece a of the 
arc a. Hence, the function z = z(¢) maps the circle |t — t)| < e« onto a 
domain containing a in such a way that a piece of the real axis is mapped 
onto a. Suppose now that the analytic arc 6 corresponding to a by the 
mapping w = f(z) is a linear segment. The function f;(¢) = f[z(2)] will 
then map a piece y of the real axis onto a linear segment. By the inver- 
sion principle, f;(¢) is therefore regular at the points of y. But since 2(¢) 
is regular there, this means that f(z) must be regular at the points of ap. 
The same argument can be applied to a neighborhood of any point of a, 
and it thus follows that f(z) is regular at all points of a. If B is not a 
linear segment but a general analytic arc, we observe that the function 
filt) = flz()] maps to) — e < t < t) + € onto a piece of the analytic arc B. 
By what we have just proved, f.(¢) must therefore be regular for these 
values of ¢. But since z(t) is also regular there, this again implies that 
f(z) is regular at ao, and thus at all points of a. 
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In the case in which @ is an algebraic curve whose equation is F(u,v) = 0, 
where F(u,v) is a polynomial in u and », it is possible to obtain explicit 
formulas for the analytic continuation of a function which maps a piece y 
of the real axis onto 8. Since, on y, z = Z and 


ef@}=5U@+I@9l Im f@} =-U© -FOl, 


we obtain the identity 


(45) F 3 f(z) + f@)I, 5; Ife) - f®@] = 0, 


if zis a point of y. Since an algebraic curve is analytic, it follows that 
f(z) 1s regular on y. In view of the principle of the permanence of a 
functional equation (Sec. 5, Chap. ITI), the identity (45) connecting the 
analytic functions f(z) and f(2) persists therefore for all values of z to 
which these functions can be continued analytically. As an example 
consider thefunction w = f(z) which maps the upper half-plane Im {z} > 0 
onto the interior of the ellipse b?u? + a’? < a*b?,w =u-+w. By (45), 
its analytic continuation across the real axis is given by 


“@) +7@r — LU@ - FOr = a. 


This formula enables us to compute the values of f(z) in the lower half- 
plane if its values in the upper half-plane are known. 

Our result concerning the mapping of analytic boundary curves enables 
us to prove a fact which was anticipated at the end of Sec. 10, Chap. IIT. 
We used there, without proof, the fact that the Green’s function g(z,¢) of a 
domain D which 1s bounded by one or more closed analytic curves C ts har- 
monic at the points of C. This is equivalent to saying that the analytic 
function 


p(z,5) = g(z,b) + thlz,f) 


whose real part is g(z,¢) is regular at the points of C. The proof is now 
very simple. Since g(z,¢) = 0if z tends to any point of C, it follows that 
the function w = p(z,¢) maps a neighborhood of a point 2) on C onto a 
domain in such a way that a piece of C containing 29 corresponds to a sec- 
tion of the imaginary axis. Since a straight line is an analytic curve, it 
is seen that p(z,¢) must be regular at all points of the analytic curves C. 


EXERCISES 


1. Let w = f(z) map a domain D, onto a domain D, such that a circular boundary 
are a, corresponds to a circular boundary arc ay, and let a, b and r, R be the centers 
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and radii of a, and a,, respectively. By the theorem proved at the beginning of this 
section, show that the analytic continuation of f(z) beyond a, is given by 


ye) — 01 [f(a +545) - 5] =m 


and explain why this relation is equivalent to the symmetry principle. Hint: Observe 
that a point z on a, satisfies r? = |z — a/? = (2 — a)(2 — G) and that two points 
z, and 22 which are inverse with respect to a, are connected by the relation 
(4: — a)(Z2 — ad) = r?. 

2. Show that an analytic function which maps the circle |z| < 1 onto the n-times 
covered circle |w| < 1 must be a rational function with n poles. 

3. Show that an analytic function w = f(z) which maps the unit circle |z| < 1 
onto the full w-plane from which the ray — © <w < —1} has been removed can be 
continued analytically beyond |z| = 1 by the relation 


se =7 (3) 


Show further that w = f(z) maps the full z-plane onto the doubly covered full w-plane 
and that, therefore, f(z) must be a rational function with two poles. Verify that, with 
the additional conditions f(0) = 0, f’(0) > 0, f(z) is of the form 


z 
ep = GC =n 


4. If w = f(z) maps the ring 0 < p < |z| <1 onto the circle |w| < 1 from which 
the linear segment —a < w < a (0 <a < 1) has been removed, show that w = f(z) 
maps the ring p < ]z| < p~! onto the full w-plane from which the linear segment 
—a <w <a and the rays —»~ <w< —-a, a! <w < ~ have been removed. 
Show further that f(z) can be continued analytically beyond |z| = 1 by the relation 


1 
set (3) =1, 
while its continuation beyond |z| = p is given by 
au ( OM. 
se) = 1(€) 


6. If w = f(z) maps the rectangle with the corners —a,a,a + bi, —a + bi (a,b > Q) 
onto the half-plane Im {w} > Oandiff(—a) = a,f(a) = B,a < 6, show that w = f(z) 
maps the rectangle with the corners —a — bi, a — bi, a + bi, —a + bi onto the full 
w-plane from which the rays —» <w<a, 8 <w< © have been removed. If 
a > B, show that the map of the large rectangle is the full w-plane from which the 
linear segment 8B < w < a has been removed. 

§. Let the function f(z) be regular in a domain D whose boundary includes an 
analytic arc a. If the limits for z— a of either of the expressions 


Re {f(2)}, Im {f@)}, — If@) — a1 


where ¥ is a constant, are the same at all points of a, show that f(z) is regular on a: 
7. If the domain D is bounded by n closed analytic curves Ci, . . . , Cn, and if 

w,(z) denotes the harmonic measure of C, (v = 1, . . . , m) defined in Sec. 10, Chap. I, 

show that w,(z) is harmonic at all points of the boundary curves Ci, ... , Cn. 
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6. The Schwarz-Christoffel Formula. While the Riemann mapping 
theorem assures us that any two simply-connected domains with more 
than one boundary point can be mapped conformally upon each other, it 
is not of much help when we are faced with the practical problem of find- 
ing the mapping function which transforms two given domains into each 
other. The necessity thus arises of developing special techniques which 
will help us in the treatment of a given mapping problem. It is obviously 
sufficient to adapt these techniques to the case in which one of the two 
domains is a circle; if we can map two domains onto the same circle, we 
can also map them onto each other. The choice of the circle as the stand- 
ard domain, or the canonical domain, in the simply-connected case has the 
advantage of leading to comparatively simple formulas. We shall also 
employ a half-plane in the capacity of a canonical domain if this results 
in even greater simplification. Since a circle and a half-plane are trans- 
formed into each other by a linear 
substitution, the mapping formulas 
involving these two domains can be 
easily transformed into each other. 

While it is in the nature of things 
that a simple solution of the general 
mapping problem cannot be ex- 
pected, there are many important 
cases in which the mapping functions 
can be found by means of compara- 
tively simple devices. In this section we shall treat the conformal map- 
ping of a general polygon onto a circle or a half-plane. 

Let then D be a polygon in the w-plane and let rai, mae, . . . , Tan 
denote its interior angles (see Fig. 13 for the case nm = 5). In the formu- 
las, it is more convenient to use the exterior angles my, . . . , THn, defined 
by ra, + mu, = 7,v =1,...,n. It is clear that », > 0 corresponds 
to a projecting corner and that nu, < 0 corresponds to the opposite case. 
If the polygon is convex, then all numbers yu, are positive. By a theorem 
of elementary geometry (which is almost self-evident), the sum of all 
exterior angles of a closed polygon is 27. Hence, the quantities yu, intro- 
duced above are connected by the relation 


Fig. 13. 


n 


(46) y by = 2. 


el 


Let now w = f(z) be an analytic function that maps the upper half-plane 
Im {z} > 0 onto the interior of the polygon D and let the points a1, 
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de, . . . , nin the z-plane correspond to the vertices of the polygon whose 
exterior angles are mpi, THe, . . . , Tn. 

The points ai, . . . , @, divide the real axis into n parts each of which 
is mapped by w = f(z) onto a linear segment. By the symmetry princi- 
ple, f(z) is therefore regular at all points of the real axis except at the 
points ai, ... , Gn, and across each of the intervals bounded by these 
points f(z) can be continued analytically by simple symmetry. The 
mirror image D’ of D with respect to one of its sides will thus be the con- 
formal map of the lower half-plane Im {z} <0. Applying the symmetry 
principle again, this time with respect to one of the sides of D’, we find 
that w = f(z) maps the upper half-plane onto a figure D” that is congruent 
with D but has a different location in the w-plane (see Fig. 14). These 
two inversions return a point z into its original position, while a point w is 

made subject to a translation and a rotation 
about the origin. The value f,(z) of the function 
f(z) with which we return is therefore of the form 


(46’) fil2) = Af(z) + B, 


where A and B are constants. It should be 
noted that the singularities of f,(z) are also 
situated at the points a, ... , Gn; obviously, 
these points are not affected by inversions with respect to the real axis. 
From (46’), we obtain 


Fie. 14. 


f'@) _ £"@). 
fey fe 
This shows that the function 


(47) | ge) = 5 


returns to its initial value if z returns to its initial position by means of two 
inversions with respect to the real axis. Since, clearly, all possible 
branches of f(z) are obtained from the initial branch by an even number of 
inversions (all images of the upper half-plane are polygons congruent to D 
and all images of the lower half-plane are congruent to the mirror image of 
D), it follows that the function g(z) defined in (47) is single-valued in the 
whole z-plane. The singularities of g(z) can only be located at the points 
a1, . - » An. 

In order to determine the character of these singularities, we consider 
the behavior of f(z) in the neighborhood of the point a,; for the time being, 
we assume that none of the points a:, .. . ,@, coincide withz = ~. A 
small section of the real axis containing a, 1s mapped by w = f(z) onto two 
linear segments which intersect at w = f(a,) with theangleza,. Consider 
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now the function 


be 
(48) h{z) = (fl) — fla) 


near the point z= a,. Since the mapping z— 2’ (y > 0) transforms 
rays emanating from the origin into rays emanating from the origin but 
multiplies all angles with vertex at the origin by the factor y, it follows 
that h(z) maps a small section of the real axis containing a, into two linear 
segments forming the angle 7. In other words, the two segments 
belong to the same straight line. ‘Thus, the function maps a linear seg- 
ment containing a, onto a linear segment; by the symmetry principle, it is 
therefore regular atz = a,. Witha, = 1 — y,, it thus follows from (48) 
that f(z) is of the form 


f(z) = fla,) + [A(z)]**, 


where h(z) is regular at z = a, and h(a,) = 0, h’(a,) # 0. A(z) may also 
be written in the form h(z) = (2 — a,)hi(z), where hi(z) is regular at 
z= a,andh,(a,) ~ 0. Using this, we obtain 


f(2) = far) + (2 — ay) *s[hilz)]* >, 


whence 


(iC igi 
7G) ~~ Ga) tH) 


where k(z) is regular at z = a, and the fact that h,(a,) # 0 has been used. 
Comparison with (47) shows that the function 


AG) oe 


2— a, 


is regular at the point z = a,. Carrying through the same procedure at 
all points a1, . . . , Qn, we thus find that the function 


by 

(49) ne) = 9@) +) Be 
y= 

is regular at all points a, ... , a. But these were the only singular 
points of the single-valued function g(z). Hence, g(z) is regular and 
single-valued in the entire plane (including z= «); by Liouville’s 
theorem, it therefore reduces to a constant. Moreover, this constant 
must be zero. Indeed, f(z) is regular at zg = © and has therefore an 
expansion f(z) = f(7) + c2!+ cz?+ --- nearz = ©. Differenti- 
ating, we find that f’(z) has a zero of second order at z2 = © while f’’(z) 
has a zero of third order there. It therefore follows from (47) that g(z) 
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vanishes at z = «©. Since (z — a,)~! also vanishes there, we conclude 


from (49) that gi1(*) = 0. But g:(z) was shown to be a constant and it 
is therefore zero everywhere. Combining (47) and (49), we therefore 


obtain 
ie) ) Hy 
f'(2) zZ— a, 


r-= 


By integrating this expression, the desired mapping function is finally 
found to be 

dz 
(50) f@) = 


an 


where « and @ are integration constants determining the position and size 
of the polygon. 

The formula (50) holds if none of the points a, coincide with the point at 
infinity. However, this restriction can easily be removed by means of a 
linear transformation. If, for instance, we transform the point a, into 
the point at infinity by the linear substitution z = a, — (1/¢), we obtain 


$ 1 ee 1 —in-1 i “Hn J 
ore eee ee 


7B, 
whence, in view of (46), 
i dz 
(51) f@) = aa C= an eae Reena oe 
where a)’, . . . , @n—1’ are constants. Hence, the effect on (50) of one of 


the points a, coinciding with the point at infinity simply consists in the 
corresponding term being left out of the formula. 
By the linear transformation 


7 1+¢ cae 
2=i(}+ ‘), SS gees 


which maps |¢| < 1 onto Im {z} > 0, we can also obtain from (50) a 
formula for the conformal map of the unit circle onto the polygon D. We 


have 
onan [ltt of 
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and 
2i dt 
(a 
Ce @ 
If we denote by 0b, the point 
a, —1 
bas (oe 


on the unit circle which is mapped onto the vertex of index », it follows 
therefore from (46) and (50) that 


5 dz 
(52) f() = as | r=) = Oy Sos apie, 


where the variable has again been denoted by z, and ae, 82 are constants. 

By the same procedure we can also find the mapping function of the 
exterior of the polygon D. Since the angles ra, are now replaced by 
2r — ra, = r(2 — a,), the quantities 1, = 1 — a, have to be replaced by 


1 — (2 —a,) = —(1 — a,) = —p,. In analogy to (49), the function 
ke een, 
(53) g2(z) = (2) 2 ae 
v=1 
will therefore be regular at the points a, . . . , dn. However, since the 


conformal map now contains the point at infinity, we cannot conclude 
without further investigation that g2(z) is a constant. Confining our- 
selves to the case in which the original domain is the unit circle, and 
assuming that f(0) = ©, we thus have to study the behavior of the func- 
tion f/f’ atz = 0. Since the mapping by w = f(z) is conformal at z = 0, 
the singularity of f(z) at this point isa simple pole. Hence, f(z) must be of 
the form 


fle) = BO, 


where f(z) is regular at z = 0 and fi(0) + 0. _ It follows that 
Oy, bedi 


f'2) 7 @ 2f1' (2) — filz) 


This shows that 

f't@) 2 

Omer 
is regular at z = 0 and vanishes there. Combining this with the proper- 
ties of the function g2(z) of (53), we find that the function 
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PO. ye ee aes 
f') oa a a - 


v= r= 


is regular and single-valued at all poiats of the plane and has the value 0 
at z = 0. Hence, it reduces to the constant zero. Setting z = ©, we 
find that we must have \ = 0. We thus obtain the formula 


(54) f(z) = a ‘ Can): ae = zo # 0, 


for the analytic function mapping |z| < 1 onto the exterior of the given 
polygon. In using this formula it should be noted that yu, 1s the exterior 
angle with respect to the interior of the polygon. ‘The actual angle of the 
conformal map of |z| < 1 at the point f(a,) is r(1 + u,) (see Fig. 15). 
Formulas (50), (51), (52), and (54) 
are referred to as the Schwarz-Chris- 
toffel formula. 

As an example for the use of the 
Schwarz-Christoffel formula we con- 
struct an analytic function w = f(z) 
which maps the upper half-plane Im 
{z} > 0 onto the interior of a triangle 
of angles za, 78, ry. As shown in the 
proof of the Riemann mapping theorem, the correspondence of three 
points on the boundaries of two simply-connected domains can be 
arbitrarily prescribed. We shall thus ask for the three vertices of the 
triangle to correspond to the points z = 0,2 = 1,2= ©. Under these 
conditions it follows from (51) that 


(55) Fie) = C fF (1 — 28-1 dz + Cr. 


From (55) we can easily find the lengths of the sides of the triangle. If 
a, b, c denote the sides of the triangle opposite the angles za, 7B, rv, 
respectively, and we set C; = 1, we have 


rf |f’(z) dz| = f (oe (le) a) 


a oe 
i p (ae) ade 


where I(x) is the gamma function. In view of a+ 6+ y= 1 and 
T(z)T(1 — x) = a[sin rz}~', this can be brought into the form 


™(1+py) 
Fia. 15. 


c 


= * sin ry (a) T(8)T(y). 


<e) 
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Instead of evaluating a and b in a similar fashion, we can also observe 
that, by elementary trigonometry, 


oe ee € 
sinta sinz8  sinzy 


Hence, 


A= * sin mata) Gy) «bd = * sin BT (a)'(8)T'(y). 


The determination of the vertices of the triangle for C; = 1, C. = 0 is 
left as an exercise to the reader. 

The Schwarz-Christoffel formula remains correct if one of the corners 
of the polygon coincides with the point 
at infinity. As an example, we consider 
the function w = f(z) which maps the 
upper half-plane Im {z} > 0 onto the in- 


terior of the ‘‘half-strip”’ 
—tn < Re {w} < gz, Im {w} > 0 
w 
(see Fig. 16) in such a way that the points 
z= —1,1, © and w = —4n, $n, © cor- 
respond to each other in this order. Since 
the three angles of this ‘‘triangle”’ are $7, 
37, 0, we obtain from (51) Yj 
LL, 


0) Sn | eee wi O 7 
= a, sin7! z+ fi. Fia. 16. 
The constants a, and B,; are determined by the conditions 
—$r = f(-—1) = —37a.+ 81, 30 = f(l) = gra + 61 
It follows that 6, = 0, a: = 1, whence 
w = f(z) = sin~’z. 


We thus have the result that the inverse function z = sin w maps the 
half-strip of Fig. 16 onto the upper half-plane Im {z} > 0. 

Finally, we consider the mapping w = f(z) of the unit circle |z| < 1 
onto the infinite strip —t1r < Re {w} < ia under the conditions 


{@ = f(-d = @. 


This infinite strip can be considered as a polygon with two sides which, at 
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w = ©, form the angles0. By (52), we obtain 


a dz " & 
fe) =a | omy thn | et oe 


Hence, in view of tan-! (+1) = +r, it follows that a2 = 1, B2 = O and, 
therefore, 
f(z) = tan w. 


The inverse function w = tan z thus maps the infinite strip —ir < 
Re {w} < 4m onto the unit circle |z| <1. It should be pointed out that 
the use of the Schwarz-Christoffel formula in this degenerate case requires 
special justification and that it is easier to verify the result directly. The 
reader is recommended to do so by means of the known properties of the 
function tan w. 
EXERCISES 
1. Show that 


| ee 
er I, /2(1 — 2?) 


maps the upper half-plane Im {z} > 0 onto the interior of a square of side length 


2 Ts p (ae 


2. Show that 


w= [PS 
0/1 — 2! 


maps |z| < 1 onto the interior of a square of diagonal [2 +/2z]~T?(3). 


3. Show that 
74/1 — z4 
eae Ro dz, 


Zo € 0, 


maps |z| < 1 onto the exterior of a square. 
4. Show that 
z dz 
i I 2 
(1 — ea 


maps |z| < 1 onto the inside of a regular polygon of order n whose side length is 


1 il 
2 Sa 
11-5 is 2 n 
ee ee) 
n 
6. Show that 
— +75 
w= |{- etek dz 


o (1 + 3§)a 
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maps the unit circle |z| < 1 onto the pentagram of Fig. 17. If R is the radius of the 
circumscribed circle, show that 


0 
ie as a (1 — ¢)8(1 + £5)-# dé, 
whence, by the substitution 


1—¢8 


ar. ih u-ve(1 — u)-t du 


tm a) 
1 


and thus 


~ 28-5r(3,) - 513s) 
6. Show that the function 


- [° dz 
oa) Vita 


Had 9 
VET 


Fig. 17. Fig. 18. 


maps |z] < 1 onto the domain indicated in Fig. 18, and show that the width a is 


—  — 
V2 J-1 (1 +24) V1 — 2A 
= Mo V2 + w3T2(3)). 
7. Show that the function 


VELL Yi tlitiitillldlte 
I z1 — 2 cos 2az? + 24 STEEL a GMM be 
a a 
o (1 — 22)(1 + 2%)? Ome 
z[sin?a . (1 — 22) costa Yt tt titty Vilddddddddldddde 
= i E ae cf — a oe | d EET VMTN Td bb bb ft, 
i ; at zZ 2 COS? a Fia. 19. 
= — sin? 6) 
pain ae ) ue Tees 


maps |z| < 1 onto the full w-plane which has been cut as indicated in Fig. 19. Show 
that the distances a and b are given by 


a+ ib = f(e) = 4 sin? a log cot 3a + 3 cos 4a + fri Sin? & 


198 CONFORMAL MAPPING [Cuapr. V 


8. Using the symmetry principle, show that the function w = sin z maps the 
infinite strip —}r < Re {z} < 4 onto the full w-plane which has been cut along the 
tworays —-» <w< -llSwso. 

9. Show that an analytic function w = f(z) which maps the unit circle onto a conv. x 
polygon and satisfies f(0) = 0, f’(0) = 1 must be of the form 


2 d 
f@) = i, ——=—_, pp, > 0,0 < & <2z, 
l| (1 — et9xz)u» 


y=] 


and deduce that f(z) is subject to the inequalities 


: 1 
OlsSqapr W@lsp>> =e <h 


10. Show that the entire w-plane which has been cut along the ray —~7 <w< —j 
can be regarded as a polygon with the two vertices w = —} and w = © and the 
corresponding exterior angles —z and 3x. Using the Schwarz-Christoffel formula, 
show then that the function w = f(z) which maps |z| < 1 onto this cut plane and 
satisfies f(—1) = —34, f(1) = », f(0) = 0, is of the form 


z 


OD Ve) (—=0 


7. Domains Bounded by Circular Arcs. In this section we shall con- 
sider the conformal mapping of domains which are bounded by a finite 
number of circular arcs. For greater 
brevity, such a domain will be referred 
to as a curvilinear polygon (Fig. 20). 
Our aim is to find the function w = f(z) 
which maps the upper half-plane Re 
{z} > 0 onto the interior of this figure. 
In the similar problem of the preceding 
section, the crucial step was the intro- 

duction of the differential operator w’’/w’ 

> which is not affected if the function w is 

\/ replaced by aw + b, where a and b are 

Frc. 20. arbitrary constants. To put it differ- 

ently, this operator is invariant under a 

linear substitution which transforms any straight line into any other 

straight line. In the present problem, the domain in question is not 

bounded by linear segments but by circular arcs, and it may therefore be 

expected that a fundamental role will be played by a differential operator 

which is not susceptible to transformations carrying circles into circles, 
z.e., general linear transformations. 
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We shall show that the differential operator 


a GG Ne , aw 
(56) A ee & — He ) mer" 
which is known by the name of the Schwarzian derivative or the Schwarzian 
differential parameter, has precisely this property. In the notation (56), 
this amounts to showing that 


az +b 


(57) {W,z} _ {w,z}, W= eta 


ad — bc € 0, 
where a, 6, c, d are constants. The identity (57) can be confirmed by a 
formal computation. We have 


fil le (ad — bc) ’ 
ee (cw +d)?’ 


whence, by logarithmic differentiation, 


(Z) ms S “ Zen ew!" 
W')  \w" (w+td)? cwt+d 


i 5 - & = wee CA 
W']  \w’ (w+d)? cwtd 


Ww" ! 1/w” 2 w" v 1 (w”’ 2 
Gey O16): 
which, in view of (56), proves (57). 

Returning now to the problem of mapping the upper half-plane onto 
the curvilinear polygon, we first observe that, in view of the symmetry 
principle, the mapping function w = f(z) must be regular at all points of 
the real axis except at the points ai, dz, . . . , dn which correspond to the 
vertices of the polygon. In view of the fact that the mapping z — f(z) is 
conformal at all points of Im {z} > 0 and at the points of the real axis 
other than a,,v = 1, . .. , n, the derivative f’(z) does not vanish there. 
It follows that the expression {w,z} [w = f(z)] is regular in the closed half- 
plane Im {z} > 0, with the exception of the points a,, We now use the 
invariance property (57) of the Schwarzian derivative. By a suitable 
linear transformation, any one of the circular arcs bounding our polygon 


Hence, 


and 


and therefore 
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can be mapped onto part of the real axis. If w— W is this linear trans- 
formation, it follows from (57) that {w,z} = {W,z}. Now the transfor- 
mation z— W maps a part of the real axis—the linear segment a, < z < 
a,41, Say—onto another part of the real axis. For these values of z, the 
function W = W(z) isa real function, and the same is therefore true of its 
derivatives. In view of the definition (56) of the Schwarzian derivative 
{W,z}, it follows that {W,z} takes real values for a, < z < dys;. Hence, 
{w,z} is also real for a, < z < a,4:. We thus have proved that the 
Schwarzian derivative {w,z} of the mapping function w = f(z) is real at 
all points of the real axis except at the points a, . . . , Qn. 

At the points ai, . .. , dn, the function w = f(z)—and therefore also 
its Schwarzian derivative—will have singularities. In order to study the 
nature of these singularities of {w,z}, we use again the invariance of {w,z} 
with respect to an arbitrary linear transformation. Considering, in par- 
ticular, the vertex corresponding to z = a,, we can perform a linear trans- 
formation which carries this vertex into the origin and transforms the two 
circles meeting at this vertex with the angle za, (see Fig. 20) into two 
straight lines. Since the mapping is conformal, these two straight lines 
will meet at the origin with the same angle 7a,. Now {w,z} was not 
affected by this linear transformation; hence, the singularity of the func- 
tion {w,z} at z = a, can be obtained from the assumption that the func- 
tion w = f(z) maps a piece of the real axis containing z = a, onto two 
linear segments meeting at the origin with the angle za,. As shown in 
the preceding section, such a function f(z) is of the form 


f(@) = @ — ay)*fi(2), 


where f;(z) is regular at z = a,, f:(a,) ¥ 0, and f:(z) is a real function if z 
isreal. Using this representation, we obtain, by an elementary computa- 


tion, 
Say. Ie et nee By 
twat = [| ~ ale] ~ ag sat a HO. 
where f2(z) is regular at z = a, and 


es ah), 
By a ay fi(a,) 


is real. By applying the same procedure to all the points qi, . . . , Gn, 
we thus find that the expression 


i 1 — a,’ B, 
Whee eee a 
1 


v=] vo 
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is regular at the points ai, . . . , a, and, therefore, at all points of the real 
axis. This expression is, moreover, real at all points of the real axis. 
Indeed, {w,z} was shown above to be real for real z, and the reality of the 
terms involving (z — a,)~! and (z — a,)~? follows from the fact that the 
constants a,, B,, a, are real. But, as shown in Sec. 10, Chap. III, an 
analytic function which is regular in the closure of a domain and takes real 
values on the boundary reduces to a constant. Hence, the function 
w = f(z) mapping Im {z} > 0 onto a curvilinear polygon with angles 
WO1, ... , TAy Satisfies the differential equation 


(58) {wz} = ~ ae fan + es 


where Bi, . . - , Bn, y are real constants. 

The constants y and 6, are, however, not entirely independent of each 
other. If none of the points a,.... , @, coincide with the point at 
infinity, w = f(z) must be regularatz = «©. Hence, there is an expansion 


jf) =at +4... 
which converges near z = ©. Inserting this in (56), we find by a formal 
computation that the expansion of {w,z} near z = © starts with the term 


in z*. Since the first terms of the corresponding expansion of the right- 
hand side of (58) are 


1 : ib : 1 
+5) +a ) [ae +5 0 - a) 
v=] v=1 


ae eS y (Braye ar ap(1 = a,*)| = as 
v=l1 


it follows that the conditions 


(59) om 0, 6, = 0, [2a,6, ae a,?| = 0, 
2 y 


yo] 


Y (Ba? + a1 — a7)} = 0 
v=l 


must be satisfied. The reader will confirm without difficulty that the 
first two conditions (59) also hold if one of the vertices of the polygon cor- 
responds to z = © and that, in this case, the expansion of {w,z} near 
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z = o starts with the term $(1 — a’)z~*, if ra is the corresponding angle 
of the polygon. 

It is easy to see that the four identities (59) are the only general rela- 
tions which can exist between the constants entering the equation (58). 
The solutions of (58) must be able to represent the most general curvi- 
linear polygon P, whose sides are n circular ares. Since a circle is deter- 
mined by 37 real parameters (radius and coordinates of the center), there 
is a 3n-parameter family of such polygons. From these we have to deduct 
six real parameters since the equation (58) determines P, only up to an 
arbitrary linear transformation depending on six real parameters (three 
arbitrary points can be made to correspond to three given points). This 
leaves 3n — 6 independent real parameters determining a polygon P,,. 
In (58), there appear explicitly 3n + 1 parameters, namely, y and the 
constants a,, a,, B,. Deducting from these the four relations (59), we 
still have a balance of 3n — 3, three more than we need. However, this 
excess of parameters is only apparent. By a linear transformation of the 
upper half-plane onto itself, three of the points ai, ..., ad, can be 
brought into prescribed positions on the real axis, thus eliminating 
another triple of constants entering (58). The number of these constants 
is thus reduced to 3n — 6. Since this is precisely the number of parame- 
ters characterizing a polygon P,, it follows that no more relations between 
the constants in (58) can be expected. 

The difficulty in constructing the mapping function of a given curvi- 
linear polygon from the differential equation (58) is due not so much to 
the fact that we have to integrate a differential equation of the third order; 
we Shall see presently that our task can be reduced to the integration of a 
comparatively simple linear differential equation of the second order. 
The real difficulty is caused by the fact that the connection between the 
constants entering (58)—excepting, of course, the a, which are given by 
the angles—and the geometric configuration of the polygon P, is extremely 
unobvious. » — 8 of these constants can be determined by ‘‘non- 
Euclidean”’ conditions, namely, by prescribing the points a, on the real 
z-axis which are to correspond by the mapping w = f(z) to the vertices of 
P, (it has been mentioned before that three of the points a, are arbitrary). 
Deducting further the n constants a, which are given by the angles of P,, 
we are thus left with n — 3 constants, the so-called accessory parameters, 
whose determination by means of geometric conditions, whether Euclidean 
or non-Euclidean, is an extremely difficult task. Except for the case 
n = 2 (which can be treated by much more elementary means), the only 
case which is free of accessory parameters is that of a curvilinear triangle. 

In this case, all constants entering the equation (58) can be expressed in 
terms of the given quantities. If we write a; = a, a, = B, a3 = ¥, 
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a, = a, a2 = b, a3 = ¢, it follows from (59) and an elementary computa- 
tion that the equation (58) reduces in this case to 


1 1 — a’? (a — b)(a — Cc) 

ee = Ga ae—ve-o AS ge 
1-6? (b—a)b—0) , 1— y*(e—a)(e—d)]. 
a 2 z2—6 a 2 A= @ | 


This expression can be simplified by identifying a, b, c with the points 
z=0,2 = ~,z =1, respectively. If we let b— © in (60), the expres- 
sions 

a—b (b — a)(b — c) =i 

z—b = z—b 


tend to 1 and we obtain 


_ i 1—oa’a-—e 1 — ps? lee | 
(wal = pts | 2 =e a omy — 
Hence, fora = 0,c = 1, 
ea eel al 
(wel = | a ob a +g =o 


which can also be brought into the form 


oe iy? a? + y? — B?-1 
61) tw,2} = pe. uF, 2(z — 1)? 2z(z — 1) 

However, before we enter into a further discussion of (61), we have to 
examine the differential equation (58) in greater detail. If wis a solution 
of (58), the same is true of the function W defined in (57) which contains 
three arbitrary constants (one of the four constants a, b, c, d can be made 
equal to 1 without altering the value of W). Since, on the other hand, 
(58) is a differential equation of the third order whose general solution 
cannot contain more than three independent arbitrary constants, it is 
thus sufficient to find one solution of (58); the general solution will then 
follow by an arbitrary linear transformation. The finding of one particu- 
lar solution is further facilitated by a connection existing between an equa- 
tion of the type (58) and a linear differential equation of the second order. 
The result to which we are referring is the following. Jf wu: and uz are two 
linearly independent solutions of the linear differential equation 


u’"(z) + plz)ju(z) = 0, 
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then 


w(z) = ui (z) 


is a solution of the equation 
(62) {w,z} = 2p(z). 
The truth of this result is easily confirmed. Substituting wow for uw; in 
the equation u,’’ + pu; = 0, we obtain 
uow’’ + 2ue’w! + wl(ue2”’ + pus) = 0 


and therefore, in view of we’’ + pus = 0, uew"’ + 2ue’w’ = 0. Hence, 


and thus 


( é AC 2 i u Us! 2 Duo! 

aw = 5\ 7) = So eee eee ee — ae 

Ww 2\w U2 U2 Ue 

In view of uo’’ + pue = 0 and (56), this is equivalent to (62). 
Combining (62) with (58) and (59), we thus obtain the following result. 
If w = f(z) maps the upper half-plane Im {z} > 0 onto a curvilinear 


polygon composed of n circular arcs and tf the point z = a, on the real axis 
corresponds to a vertex of angle ra,, then 


i _ ul) 
(63) a= f(z) a U2(2) 


where u,(z) and u2{z) are two linearly independent solutions of the linear 
differential equation 


(64) we) + i ) Ses » : fr | ule) = 0 


v=] 


and the real constants 8, are subzect to the relations 


65) Se=0, Y Pas, +1-a <0, 


y=] yo] 


" (Bae se a,(1 = a,”)] — 0. 
y=] 


Since a differential equation of the type (64) is easily solved in terms of 
power series expansions, our mapping problem is therefore to be regarded 
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as solved if the constants 8, are known. However, as already pointed 
out, the determination of the n — 3 independent constants 6, in terms of 
the geometrical configuration of the curvilinear polygon is an exceedingly 
difficult task. 

A complete treatment is possible in the case of a curvilinear triangle. 
If ra, +B, wy are the angles of the triangle and z = 0, ~ , 1 the points cor- 
responding to the vertices, it follows from (61) that the differential equa- 
tion (64) takes the form 


Vee loa i — 7" a + vy? — pg? — 1 has 
@) ow +g| St gait Hea |e 


Since we are interested not in the individual solutions of this equation 
but in the quotient (63) of two solutions, we may replace (66) by a differ- 
ential equation of the type 


(67) y’ + Plz)y’ + Q(z)y = 0 
whose solutions are related to those of (66) by the identity 
(68) y(z) = o(z)u(z), 


where o(z) is a given function. If yi(z) and y2(z) are two linearly inde- 
pendent solutions of (67), we clearly have 


yi(z) _ ui(z). 
yo(z) waz) 


where ui(z) and w2(z) are linearly independent solutions of (66). Taking 
the function o(z) in (68) to be of the form 


z 
—4] Pad 
= (3) i aa 


we find by an elementary computation that the equation (67) is equivalent 
to the equation 
uw + (Q — BP? — gP/u = 0 


for the function u = u(z) defined in (68). A comparison with (66) shows 
therefore that the equations (66) and (67) will be equivalent (for our pur- 
poses) if the relation 

1-¥’? 


1 ie ei 
(69) 7 ae a -i/529 25+ 


eed 
(Za 


2(z — 1) 


is satisfied. We leave it as an exercise to the reader to show that (69) 
holds if 
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c—(a+b+ lz ab 


P(z) = 2(1 = 2) ? Qd@ = = Adn— 8) 


where the constants a, b, c are defined by 
(7) a= Fl + B-—a-—y), =fl=2-S"=)), 2S 


With these values of P(z) and Q(z), the equation (67) ean be brought into 
the form 


(71) 2(1 — z)y”’ + [e — (a + b+ l)zly’ — aby = 0. 


This differential equation is known as the hypergeometric equation and 
plays an important part in many branches of pure and applied mathe- 
matical analysis. The properties of its solutions have been thoroughly 
investigated and have been made the subject of an extensive literature. 
Those properties of the solutions of (71) which are relevant from our 
present point of view will be found in the chapter on the hypergeometric 
function in Whittaker-Watson’s ‘“‘ Modern Analysis,’’ to which the reader 
is referred. 

Summing up, we thus have the following result: The function w = f(z) 
which maps the upper half-plane Im {z} > 0 onto the interior of a curvi- 
linear triangle with the angles ra, +8, wy 18 of the form 


a yr(z) 
f(z) vie 
where y:(z) and y2(z) are two linearly independent solutions of the hyper- 
geometric equation (71) and the constants a, b, c in (71) are related to a, B, y 
by (70). 
The equation (71) is solved by the hypergeometric series 
— ab @a + lb@-+- 1). 
(72) F(a,b,c;z) = 1 hea @ “Seater 
4 He a 1)(a + SOO 7 Pi Ze pen, 
c(c + 1)(c + 2)3! yt 3 lif 


as the reader will verify without difficulty. The function F(a,b,c;z) can 
also be represented in the form of a definite integral. We have 


T'(c) 


a GED = eaege ay 


1 

e341 — 101 — De, 
0 
where the conditions b > 0, c > b are necessary for the existence of the 
integral. The identity of (73) and the series (72) is easily established by 
expanding (1 — zt)-* by powers of z and integrating term by term. In 
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view of (70), the conditions b > 0,c > bare equivalent toa + B+ y <1, 
a<1+ 6+ y; both will therefore be satisfied if the sum of the three 
angles of the curvilinear triangle is smaller than 7. The integral repre- 
sentation (73) has many advantages over the infinite series (72). While 
the use of (72) is restricted to values of z such that |z| < 1, no such restric: 
tion applies to (73). (73) may therefore be used for all values of z in the 
upper half-plane. Besides, the convergence of the series (72) is very slow 
unless |z| is small, while the value of the integral (73) can be easily com- 
puted with great accuracy. 

For the solution of our mapping problem we need yet another solution 
of the equation (71). Such a solution is easily obtained from the observa- 
tion that the substitution of 1 — z for z transforms (71) into 


gl — zy’ +{[a+b—c+1—(@+b+4 Lely’ — aby =0, 


which is another hypergeometric equation. The parameters of this equa- 
tion are @; = a, b = b,c, =a+b—c+1. A glance at (73) showe 
that this equation is solved by 


(74) — ily e-1(1 — 1)-°(1 — 2t)~* di, 


where the conditions b > 0 and a > c — 1 are required for the existence 
of the integral. These conditions are identical with a+ 6B+y < 1, 
y —B —a <1, and are therefore satisfied if the sum of the angles is 
smaller than. If, in (74), zis again replaced by 1 — z, we obtain a solu- 
tion of the equation (71); the confirmation that (74), after this substitu- 
tion, 1s not a constant multiple of (73) is left as an exercise to the reader. 
Our result concerning the mapping function of the curvilinear triangle 
takes thus the following explicit form. 
The function 


f ' FAC+atb+N (] — p)-IUte-B- (| — 2f)-40-at 8-7) af 
0 


(75) w = f(z) = = 
‘| E-HOtatb+n)(y — f)-H-a-B +) — ¢ 4 zf)-¥I-at 8-9) ly 
0 


maps the upper half-plane Im {z} > 0 onto a curvilinear triangle with the 
angles ra, rB, ry, provided the sum of the angles 1s smaller than rx. 

Ifa+6+y = 1, the triangle can be made rectilinear by a suitable 
linear transformation and the mapping function can be constructed by 
means of the Schwarz-Christoffel formula. If a+ 6+ y > 1, then (73) 
and (74) have to be replaced by integral representations of the hyper- 
geometric function which converge for these values of the parameters. 
The interested reader will find integral representations of this type in the 
book of Whittaker and Watson mentioned above. 
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A further discussion of the function f(z) defined in (75) will be found in 
Sec. 5, Chap. VI. 


EXERCISES 
1. Using (75) and the identities 
1 bs P(r) T(s) 
f= 31 = Oil or 
ie Q-grid = TS, + >0,2>0, 
vie 
T(r)ra = ‘ag = ae rw 


show that the vertices with the angles ra and wy (corresponding to z = 0 and z = 1, 
respectively) are situated at the points 


sin ra 
Ww — 


Soe) 
and 


eos (a 8 Sim) 
a 
sin wy 
respectively. 

2. If a = y, show that the function (75) satisfies the relation f(z)f(1 — z) = 1. 
Use your result to prove that w = f(z) maps the straight line Re {z} = 3 onto part 
of the circumference |w| = 1. Hint: Use the fact that—for suitable determinations 
of the powers under the integral signs—f(z) is real for 0 < z <1, and apply the 
symmetry principle. 

3. Show that in the case in which the three circles forming the curvilinear triangle 
are tangent to each other (Fig. 21), the mapping function (75) takes the form 


_ 18@) 
A a 7) 
where 
1 dt 
GEN) pe ee 
@) I, Vige—- pO — 2) 
Show further that this is equivalent to 
_ _K@) 
f(z) aad Ka = z). 


where 


Brevi: dt 


1 
it Vi — 1) = 


4. Show that the equation (58) for the function w = f(z) which maps Im {z} > 0 
onto the interior of a crescent-shaped (or lense-shaped, as the case may be) figure of 
angle a (see Fig. 22) is 


K(z) = 


ODS CaP Saale 


{w,z} = Q(z ae a)2(z = b)?’ 
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where a and 0 are the points on the real axis corresponding to the vertices. Show 
further that the associated linear differential equation 
(lesa? laa bs XY 


7 aa ed 


un” = 
is equivalent to the differential equation 


Ly a(l — a) 


1 
=ageh mG — ae —) 


z—-a 2z-—b Jae 


y+ —a)| 


Verify that the latter equation has the solutions y = (2 — a)* and 
y = (z — b)* and deduce that the mapping function is of the form 


me Al(Ge—a@)? (2 ee 0) 
PO = Fe ee De 


where A, B, C, D are complex constants for which AD — BC # 0, 


8. Univalent Functions. Of especial importance from / 
the point of view of conformal mapping are those Fic. 22. 
analytic functions f(z) which are univalent in a given 
domain D. We recall that a univalent function in D is characterized 
by the fact that it takes in D no value more than once and that, 
consequently, it maps D onto a schlicht domain, 7.¢e., a domain which 
is not self-overlapping and contains no branch points. For the lat- 
ter reason, univalent functions are also often referred to as schlicht 
functions. In the present section, we shall investigate some of the proper- 
ties of analytic functions which are univalent in a given simply-connected 
domain D. We may, without an essential restriction of the generality 
of our considerations, confine ourselves to the case in which D is the unit 
circle. Indeed, by the Riemann mapping theorem, any simply-connected 
domain can be mapped onto the unit circle; accordingly, any univalent 
function in D is associated with a univalent function in the unit circle and 
the properties of the latter function can be easily translated into proper- 
ties of the original function if the function mapping D onto the unit circle 
is known. The choice of the unit circle as the domain of definition of a 
univalent function has the advantage of simplifying the computations 
and of leading to short and elegant formulas. 

A function f(z) which is regular and univalent in the unit circle may 
further be normalized by the conditions f(0) = 0, f’(0) = 1. Indeed, if 
f(z) is univalent, so is the function 


ie) Sa) 
i 1(2) oi (0) 
and any property of the function f,(z) is immediately translated into a 
corresponding property of f(z); we add that the division by f’(0) is per- 


210 CONFORMAL MAPPING [Cuap. V 


missible since the derivative of a univalent function does not vanish. 
The class of analytic functions which are regular and univalent in the unit 
circle and which are normalized by the condition f(0) = 0, f’(0) = 1, will 
be denoted by S. There also exist functions which are univalent but not 
regular in the unit circle. For example, the function 


_ of(z) +b 
1) = fay Fa 


is obviously univalent in |z| < 1 but it will have a simple pole if — (d/c) is 
one of the values taken by f(z) in the unit circle. On the other hand, a 
univalent function can have no other singularities but one simple pole, as 
otherwise the value © would be taken more than once. The class of 
univalent functions with one simple pole in |z| < 1 will be normalized by 
the requirement that the pole be located at the origin. If this condition 
is not satisfied and the function f(z) has its pole at z = a(|a| < 1), we 
consider instead of f(z) the function 


oe) = 5 (24 =). 


Since the transformation z— (z + a)(1 + &@z)-! maps the schlicht unit 
circle onto itself, g(z) is also univalent in |z| < 1 and the pole of g(z) is 
clearly situated at z = 0. The univalent functions with a pole at the 
origin will further be subjected to the normalization condition that the 
residue of the pole have the value 1; this can always be achieved by multi- 
plying by a suitable constant. The class of these functions, 7.e., the 
univalent functions in |z| < 1 which have a Laurent expansion 


ad — be 0, f(z) ES 


(76) f(2) = St bot be + be? + su, meat) 


will be denoted by P. 
The coefficients b;, be, . . . of the Laurent expansion (76) of a function 
of P are subject to the important inequality 


t] 


(77) » nlbal? <1, 


7s 


which is known as the area theorem. This name is due to the circumstance 
that the inequality (77) is but the analytic expression of the geometrically 
evident fact that the complement E (see Fig. 23) of the domain D upon 
which |z| < 1 is mapped by w = f(z) has an area which is either positive 
or zero. To prove (77), we first remark that the common boundary C of 
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D and E£ is traversed in the negative direction with respect to D if it is 
described in the positive direction with respect to H. To avoid difficulties 
which might arise from the possible irregular character of the boundary of 
the domain upon which w = f(z) maps the unit circle, we take D in Fig. 23 
to be the domain which is the image of |z| = r (r < 1) by means of the 
mapping z— f(z). The curve C will 
then be analytic. If we introduce 
polar coordinates R, ¢ in the w-plane, 
then, by elementary calculus, the arca 
of E will be 


Be pigs = 1 | Ro? | Y 
An} | Rag - [ne 2 ae, y, Vf 
where r, 6 are polar coordinates on the Y/ 
circle |z| = r whose image is the curve Fic. 23. 

C. The negative sign is due to the 
fact pointed out before that the positive direction with respect to EF is 


the negative direction with respect to D, and therefore also with respect 
to |z| =r. Since, by the Cauchy-Riemann equations, 


D/ 


it follows that 


Qn 2 
iis i oR ew ot eC ie: 
Ala a k= dé = r4| f R ao 


2x 
— 23] [licen ao | 


On the other hand, 


whence 


A 


i  Wylret) |? a8 = i gre Fe®) ab 


-/° BE oa: : br” ind l + . brte—ind dé 
~ Jy | ret ave re—i ale 
n=0 n=0 
—_ 2 1 . b 2pin 
= <0 r2 ae | | r ’ 
n=0 


all other terms being zero; the term-by-term integration is permissible 
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because of the uniform convergence. Hence, 


0/1 
A = oe E + » bath 


n=0Q 


and thus 


@o)A = = — y. nbgere, 


n=] 


Since the area A cannot be negative, it follows that 


fb, |ePe* = + 


n=l] 


This inequality holds for all values of r between 0 and 1. It therefore 
must also be true forr— 1. This proves (77). 
An immediate consequence of (77) is the inequality 


(78) lbs] <1. 


In order to see whether this inequality is ‘‘sharp,’’ 7.e., whether tnere 


exists a function of P for which |b,| = 1, 
y) we observe from (77) that this is only pos- 
sible if bb = b;3 = - +: =0. The func 
tion (76) will in this case reduce to 


I 
fo(z) = - + bo + biz, 1Dy| we 
Sl Disregarding the constant bo, which can 
only account for a parallel shift of the conformal map of |z| < 1, and 
writing b} = e*7 (0 < y < 27), we have 


Tie — : + e772, 


This shows that fo(e) = 2e'7 cos (8 + y). Hence, if z describes the unit 
circle, its conformal image w describes ‘‘ both sides” of the linear segment 
indicated in Fig. 24. It follows that w = fo(z) is univalent in |z| < 1 and 
that this function maps |z| < 1 onto the full w-plane which has been cut 
along the linear segment indicated in Fig. 24. Hence, the inequality (78) 
is sharp and equality in (78) can hold only for functions mapping |z| < 1 
onto the full w-plane which has a rectilinear ‘“‘slit’’ of length 4. 
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We now turn our attention to functions of the class S, that is, univalent 
functions which have a Taylor expansion 


(79) f@) =2+ az? + ayz?+---, lel <1, 
in the unit circle. Since the reciprocal of f(z) is a function of P, we can use 
(78) in order to obtain information regarding the coefficients of the expan- 
sion (79). We have 
1 1 i 
Z 


apie ast ae) Gee oe 


+ (ae + og? + HR - - t 
whence, 


_— 
f(z) 
where the omitted terms contain higher powers of z. Using (78), we thus 
obtain 
(80) lao? — a3| < 1. 


From (80), it is possible to arrive at an inequality which refers to the 
coefficient a2 only. To this end, we observe that the function 


(81) ee ey a) — 2 VEE oe 
= 2+ 328+ a 6 96 


* — a2 + (a? — as)e + ae; 


is regular and univalent in |z| < 1 if the same is true of the function (79). 
Indeed, from g(z1) = g(z2) (21 ¥ 2s, |z:| < 1, |ze| < 1) it would follow by 
(81) that f(z:?) = f(z). Since f(z) in univalent in |z| < 1 and both z,? 
and z2? are points of the unit circle, this is only possible if z;2 = 2.2. In 


view of 21 ¥ Ze, we are left with the possibility z2 = —z:. But we cannot 
have g(z1) = g(—2:) for 2; ¥ 0 since, by (81), g(z) is an odd function of z, 
that is, g(—z) = —g(z). The second and third coefficient of the uni- 


valent function g(z) are 0 and $a, respectively. Applying the inequality 
(80), we thus find that 


(82) lae| < Z. 


This is again a sharp inequality. Tosee this, we only have to consider the 
function 


Gs) ww =fe = = eter 4+ 32+ +--+ +ner+--- 


a 2 
(ee) 

which, as the reader will confirm without difficulty, is univalent in |z| < 1 
and maps |z| < 1 onto the full w-plane that is furnished with a slit along 
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the negative axis from —+ to —o. Another useful exercise for the 


reader will be to retrace the steps leading to (82) and to show that the 
sign of equality in (82) can occur only if f(z) is of the form f(z) 
= e7fo(e'%z), O < y < 22, where fo(z) is defined in (83). 

From (82) we can derive an important item of information concerning 
the conformal map of the unit circle which is yielded by the univalent 
function (79). Suppose ¢ is a value not taken by the function w = f(z) in 
lz] <1. The function 


oe a. 
(84) fle) = Sy = et (.+4): & 
¢ 


will then be regular in |z| < 1, and it will also be univalent in |z| < 1 since 
the linear transformation of a univalent function leads again to a uni- 
valent function. Applying (82) to the second coefficient of this function, 
we obtain 


a+ =| <2, 


whence 
FI | 
I¢| 
the last inequality following by another application of (82). We thus 
find that 


Is] > 4. 


This shows that any point of the w-plane which is not taken by w = f(z) 
in |z| < 1 has at least the distance $+ from the origin. In other words, the 
conformal map of the unit circle as yielded by the univalent function (79) 
contains all points of the circle |w| < +. This result is sharp, 7.e., the con- 
stant 4 cannot be replaced by any larger number. That this is so is 
shown by the function fo(z) in (83) which does not take the value w = —4 
IGzye—ael 

The last result is an example of a group of theorems which are known by 
the name of distortion theorems. The idea underlying this appellation is 
that a conformal map of a domain D onto a domain D* can be regarded as 
a “distortion” of the shape of D and of all subsets of D, resulting in the 
shape of D* and in corresponding subsets of D*. Any result giving 
limitations for the amount of this distortion is thus called a distortion 
theorem. The above ‘‘}-theorem”’ limits the distortion of the boundary 
of the unit circle in the conformal mapping by means of the univalent 
function (79); this boundary cannot be distorted so far as to come within 
a distance of less than } of the origin. 
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By a repeated use of the transformation (84) we can obtain more 
detailed information regarding the distortion of the boundary. If ¢ andy 
are two values not taken by f(z) in |z| < 1, then the function f;(z) defined 
in (84) is regular and univalent in |z| < 1 and does not take there the value 


ST e 
se Gy co) 
By the theorem just proved, the modulus of this number must therefore 


be at least +. Hence, by an obvious manipulation, 


1 1 
= 4 
¢ =| 


Suppose now that ¢ and 7 lie on the same straight line through the origin, 
so that the origin separates £ and 7». We then have ¢ = |¢le and 
n = —|nle*. Hence, 

1 1 

id + tl ** 
This shows that at least one of the numbers |¢| and || must be larger than 
4, as otherwise the sum of their reciprocals would be larger than 4. The 
only exception is the case in which both |f| and |»| are equal to#. We 
thus have the following result. Jf ¢ and 7 are two values not taken by a 
function of S and tf the straight line connecting § and n passes through the 
origin, then the distance of at least one of the points £, n, from the origin 1s 
larger than %, or else both distances are equal toy. We leave it as an exercise 
to the reader to show by means of the univalent function 


that the constant 4 in this theorem is the largest possible. 
As already pointed out above, the function 


eae 
(TEE) a Sab 


is univalent in |z| < 1 if the same is true of the function f(z). The nor- 


malized function 
SS mute 
FOQ — [rc — 


clearly satisfies the conditions g(0) = 0, g’(0) = 1 and is therefore a func- 
tion of §, A formal computation shows that the second coefficient of its 


(85) g(z) = 
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Taylor expansion is 
1 (77 = IP) _ +. 
2 | © ‘i 
Hence, by (82), 
1 OE ee: 
a FB 2 | <2 


If we replace the variable ¢ by z, we obtain, by an obvious manipulation, 


f(a) _ elt | - Atel 
iG) Ne he 
whence 
2p? — Ap afm = 4p + 2p? 2p 7 
In view of 
2f’"(z) ‘8 log f'(z) ; 
Re 1 ia ae \ el iq) Re {log s'@)} = 0 log i'@)| 


(86) may also be written in the form 


2p — 4 


; = 
= os, = log |f'@)| < 


Integrating these inequalities from 0 to p, we obtain 
log'@’ ="p) — 3 log(1 + p) < log |f’@)| = lop Fp) — 3 log See, 
whence, by ay exponentials, 


(87) aap S@ls Ghyll e <1. 


(87) is again a distortion theorem; it shows that the “‘local distortion” 
|f’(z)| of the conformal map z — f(z) must remain between certain bounds. 
The function fo(z) of (83) shows that both inequalities (87) are sharp. 
From (87) we can obtain bounds for the function f(z) itself. If we 
integrate along the linear segment connecting the origin and z, we have 


< [ele < pats my dp = = ae 


In order to obtain a lower bound for |f(z)|, we first assume that |f(z)| <4 
By the distortion theorem proved further above, the linear segment con- 
necting the origin with the point f(z) will then be entirely covered by the 
values of f(z) in |z| <1. If Lis the arc in |z| < 1 which is mapped by 


lf@| = ae f'(@) dz 
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w = f(z) onto this linear segment, we shall have arg {dw} = arg {f’(z) 
dz} = const. along L. Hence, 


/ p 
> | Wolde> | rete = ata 


Since p(1 + p)-? <+ for 0 < p <1, this inequality will be satisfied. 
trivially if |f(z)| > +; it therefore holds in all cases. Collecting our results, 
we thus have 


[f(2)| = [re dz 


(88) <@|< qr kl =" <1. 


G+ p)? F Paw 

From (88) we can draw the interesting conclusion that the family S of 
functions (79) which are regular and univalent in |z| < 1 ts normal and 
compact. By the right-hand inequality (88), the family S is locally uni- 
formly bounded at all points of the unit circle; it follows therefore from 
the results of Sec. 2, Chap. IV, that S is normal. Moreover, it was 
shown in Sec. 3, Chap. IV, that a converging sequence of univalent func- 
tions converges either to a univalent function or toa constant. Since all 
functions of S satisfy f’(0) = 1, the latter possibility is excluded. Hence, 
Siscompact. This result is not restricted to functions which are regular 
and univalent in the unit circle. By an elementary transformation, the 
unit circle may be carried into any other circle. Since a family of func- 
tions is normal in a domain D if it is normal in all circles contained in D, it 
therefore follows that the family of functions which are univalent in a 
domain Disnormal. Any subfamily of this family which is so chosen that 
constant limits are excluded is compact. For example, if ¢ is a point of 
D, then the functions f(z) which are univalent in D and satisfy |f’(¢)| > 
C > 0, where C is a constant, are a normal and compact family. 

Since the family S is compact, it follows from Sec. 3, Chap. IV, that 
there must exist functions of S for which the moduli of the coefficients az, 
a3, . . . In the expansion (79) attain their largest possible values (which 
are necessarily finite). (82) and (83) show that, in the case of the coeffi- 
clent do, this problem is solved by the function fo(z) defined in (83). It 
can also be shown that the extremal function of the problem |a3| = max. 
is again the function f(z), the largest value of |a3| thus being 3. These 
and other considerations, partly to be discussed later, confer a certain 
degree of plausibility to the conjecture that the function fo(z) solves all 
the problems |a,| = maximum, n = 2, 3, . . . and that, therefore, the 
coefficient d, of a function of S is subject to the inequality |a,| <n. So 
far, however, this conjecture has neither been proved nor disproved. The 
following weaker result is easily demonstrated. 
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The coefficients a, of the univalent function (79) are subject to the inequality 
(89) lan] <e-n, 


where e 1s the base of the natural logarithms. 

To prove (89), we start from the remark that the function g(z) defined 
in (81) is univalent in |z| < 1 if f(z) isin S. Hence the area of the con- 
formal map of the circle |z| < p (p < 1) as yielded by w = g(z) cannot be 
larger than that of the circle whose center is at the origin and whose radius 
is mak. lg(z)|. By (88), 

z|=p 


4 
lg(z)| = /F 2’) Ns ot ee 7? \z| = p, 
and therefore 


p 

2 
|g’ (z)|? dx dy < ea ae 
lz|<p 


On the other hand, if 


gz) ~ ) bra, [el <1 
n=1 
is the Taylor expansion of g(z), we have 


If lg’ (z)|? dx dy = i pdp f, \9’ (pe*®) |? do 


lel<p 
= iM p dp | 2m 3 \nb,|2p a2 ee y n|bn|2p2”, 


r= 


where Parseval’s theorem (Sec. 4, Chap. III) has been used. Hence, 


n\bnl?p ie 
2 [ba| a= pF 


n=] 
Integrating this inequality from 0 to p, we obtain 


\b,|2p2" < 


(= 


eS) 


In view of Parseval’s theorem, this is equivalent to 


l i on S p? 
x |, locenida <P 
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Since g(z) = ~/f(z?), it follows that 


a 2.218 < p? 
or ‘ |f (oe wt Sees 


or, with p? = r and replacing 28 by 8, 


1 2r i r 
al [f(re )| 6 < ~— 


Now the coefficient a, is given by 


—_ i fe) a2 = al “4 eu 'r—"i Ge") ab, 


—_ Qrt z|=r gntl Qr 0 


whence 
1 2x 
n ee 46 
jam < tf Iptre| ae, 


Combining this with the preceding inequality, we obtain 


1 


A 
lan] S r-1(1 — r) 


where r may be any number between 0 and 1. Taking, in particular, 
r = 1 — (1/n), we have 


1 n—1 
lan < n (1 — =<) 5) 
and this proves (89). 


Although it is not known whether the inequality |a,| < n holds for all 
functions of S, there are some important subclasses of S for which it can 
easily be shown to be true. We shall prove first that zf the coefficients a, 
of the univalent function (79) are real, then |a,| <n. If f(z) is univalent in 
|z| < 1, then f(z:) — f(ze) ¥ 0 for any two distinct points z; and ze in the 
unit circle. Taking, in particular, 2) = re’, z. = re“*,r < 1,0 < 6 <7, 
then 
MY anne 2° —_, Ga) 


=1 


f(@1) — f(z) 
= 21 Y agr* sin n6 ¥ 0, 0 <a Tr. 
n=1 


Since sin 6 ~ 0 for 0 < @ < z, we thus have 


[-) 


p(@) = th a,r” sin n@ sin 0 ¥ 0, O<agr<. ir, 


n=] 
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The coefficients a, are real. Hence, p(@) is real in the intervalO0 < 6 < =z; 
since (6) is continuous and does not vanish there, it is of constant sign 
throughout the interval. But sin (—#@) = — sin 6, and therefore 
p{—@) = p(@), which shows that either p(@) > 0 or p(@) < 0 for all values 
of 6. By the addition theorem of the cosine function, we have 


t*) 


p(é) = 5 » anr™{cos (n — 1)@ — cos (n + 1)8] 


n=1 


= 5 E + der cos 6 + » (cuss ee 251) r™ COS no 
n=2 


This shows that f - p(6) dd@ = zr and that, therefore, p(@) > 0 for 
0<0@< 2r. In view of 1 + cos n@ > 0, we thus obtain 


2x 
0< Kas i 7(6)(1 + cos n6)d6 = 2+ (aus — 20-1) ne n> 2; 
Tr Jo r 


whence 


On-1 


An+1 a r2 ie < 2 


Since this holds for all r between 0 and 1, it follows that 
| Qn4+1 — Che | < 2. 


For n = 2, we obtain |a,2| < 2. Since a, = 1 and the difference of two 
terms whose subscripts differ by 2 is not larger than 2, it follows that 


(90) ay = 2, = 2 


We next show that the inequality (90) also holds for the coefficients of a 
univalent function (79) which maps the unit circle onto a star-shaped 
domain. Here, a star-shaped domain is defined as a domain which is 
intersected by any straight line passing through the origin in a single 
linear segment. A more graphic definition would be that of a domain ali 
of whose points can be ‘‘seen” from the origin. We first show that if 
w = f(z) maps |z| < 1 onto a star-shaped domain D, then every circle 
\z] = p < 1 is also mapped onto a domain of this type, say D,. To this 
end, we observe that D is star-shaped if, and only if, all points ¢f(z) 
(z] < 1) are in Dif0 <t< 1. Since, by the mapping w = f(z), these 
points correspond to points in |z| < 1, this can also be expressed by saying 
that tf(z) = f[w(z)], where w(z) is regular in |z| <1 and |w(z)| < 1. 
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Furthermore we have, clearly, w(0) = 0. It follows therefore from the 
Schwarz lemma that 


(91) if(z) = flw(z)], |w(z)| < |al, M<aic hE 


This is a necessary and sufficient condition for w = f(z) mapping |z| < 1 
onto a starlike domain. Let now p be between 0 and 1, and consider the 
function g(z) = f(pz). By (91), we have 


ig(2) = tf(o2) = flo(ez)] = f|p ee 
In view of |w(pz)| < plz|, the function 


wi(z) = wr2) 


satisfies |w:(z)| < |z|. Hence, 
tg(z) = glor(z)], — Jwi(z)| < |z|,0 <t <1, 


and a comparison with (91) shows that g(z) also maps |z| < 1 onto a star- 
shaped domain. But, in view of g(z) = f(z), this domain is identical 
with the conformal image D, of |z| < p as given by w = f(z). 

With the help of this result, we show that the necessary and sufficient 
condition for the function w = f(z) to map |z| < 1 onto a star-shaped domain 
18 


af’ (2) 

(92) Re oleag 2 | oe 

We have seen that the conformal image of the circle |z] = p, p < 1, is a 
star-shaped curve. Hence, if the point z = pe*® describes this circle in the 
positive sense, the argument ¢ of the image point f(z) = Re** must vary 
always in the same direction. If this were not the case, there would be 
rays emanating from w = 0 which intersect this curve more than once. 
Since this direction is necessarily the positive one, we have 


(93) arg et 0: 


Conversely, if this condition is satisfied, the curve in question is clearly 
star-shaped. Now log f(z) = log R + 794; the last condition can there- 
fore be written in the form 


d log f(z) 
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or, in view of 


and ae ; 
= tper? =a z= e8, p = const., 


Im {ie Z os st = ie ey > 0 


06 


This proves (92). 
The inequality (90) is an easy consequence of (92). If bi, be, . . . are 
the coefficients of the power series expansion 


20) 2) tee ma 


F(Z) 
then, by (92) and (86), |b.| < 2,7 = 1,2, .... Hence, in view of 
© en, we, pa ae ee 
) nt Se le) 42) ja) = (1 > ), 10 one") 


[-<) 


= » Cn", Cn On OIG, + bn, 


n=1 


we obtain 
ca 1)|an| = |biGn—1 a bn—1| < 2(|an—-a| +e et |ao| + 1). 


For n = 2, this yields |a2| < 2. Using this, we have 2\a;| < 2(1 + 
lao]) < 6, whence |a;| < 3, etc. If (90) has been proved for n = 2, 
3, ... , mM, we obtain 


Midmei] < 20 +2+ °-+-- +m) = m(m +1). 


Hence |G@nm4i] < m+ 1, and (90) is proved by complete induction. We 
add that the inequalities (90) are sharp since the function f(z) defined in 
(83) maps |z| < 1 onto a star-shaped domain. 

Exact bounds can also be obtained for the coefficients of a function 


f(z) = 2+ acz? + agzet-:-, Elues 1 


which is univalent in |z| < 1 and maps |z| < 1 ontoaconvex domain. To 
find these bounds, we first show that the function w = f(z) maps all circles 
|z] = p < 1 onto convex curves. Clearly, the map yielded by w = f(z) 
is convex if, and only if, the function w; = f(z) — f(¢) maps |z| < 1 onto 
a star-shaped domain for any |f| <1. If the map of w = f(z) is convex, 
it follows therefore that w: = f(z) — f(¢) maps the circles |z| = p < 1 
onto star-shaped curves, provided |¢| < p. Since ¢ is otherwise arbitrary, 
the image of |z| = p by w = f(z) is thus a convex curve. The angle 
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between the tangent to this curve at the point w and the positive axis is 
arg {dw} = arg {f’(z) dz} = arg {izf’(z)} Zo — pe. 
The curve is convex if, and only if, this angle grows monotonically if z 


describes the circle |z| = p, that is, if 


< arg {izf’(2)} > 0. 


Comparing this with (93), we find that w = f(z) maps the circle |z| < 1 
onto a convex domain if, and only if, zf’(z) maps |z| < 1 onto a star-shaped 
domain. By (90), the nth coefficient of the function 


af'(2) = z+ ase? + Basz2+ - - - 
is therefore smaller than, or equal to, n. Hence, 
la,| < 1, n = 2, 3, 


These inequalities are sharp. This is shown by the function 


ea ae eee ; 
which maps |z| < 1 onto the half-plane Re {w} > — 

In the case of a convex mapping, the +-theorem can be improved upon. 
It is easy to show that if the function w = f(z) with the normalization (79) 
maps |z| < 1 onto a convex domain D, then D contains the circle \w| < 4. 
By the residue theorem, we have 


sal. fol +2 |o =: 5 P2 


In polar coordinates ¢ = pe’, z = e’’, this reads 


2a ay 
I pel? = iy (pe!) cos? 0--¢ dé. 
Z rJo 2 


In view of 


2n psi 
t | cos? ie? ao — F 
0 2 


Tv 
the right-hand side may be regarded as the center of gravity of a “mass 


at the points of the curve 


a. ae ' or — 
distribution” of density a—! cos? : 


w = f(pe”),0 < 6 <2. Since the curve is convex, this center of gravity 
must be in its interior. Hence, the point 3pe’? must be one of the points 
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of the map of |z| < p by means of w = f(z). Since ¢ is arbitrary, this 
map must therefore contain the circle |w| < 4p. Letting p > 1, we 
obtain our result. The function w = z2(1 — z)—! shows that the constant 
% 1s the largest possible. 


EXERCISES 
1. Show that the function 


z 


~ (tape 


in univalent for |z| < 3, but not in a larger circle about the origin. 
2. By applying (88) to the univalent function (85) and setting z = —f¢ in the 
result, prove that a function f(z) of S is subject to the inequalities 


1 72) < f'@) ae 1 *(;=*); 
Se | f(2) hese 


Show that these inequalities are sharp. 
3. If f(z) is in S and |z,| = |z2| = p < 1, show that 


(; ~ s)' PARK) us aE 
Py lh (ea) ay) 
4. If the function f(z) of S is bounded by the number Mf, that is, |f(z)| < Mf for 


lz] <1, show that (82) can be replaced by the 
better inequality 


lel 2(1 = am) 


Hint: Show that the function 


FA le a 


filz) a aa 0O<y7 < 2z, 
[1+ 5 s0 | 


is univalent in |z| <1, and apply (82) to f(z). 
Show that this inequality is sharp and that the 
extremal function maps |z| <1 onto the circle 
Fig. 25. |w| < M to which a rectilinear cut, pointing at 
the origin, has been applied (Fig. 25). If is the 
distance of the free end of the cut from the origin, show that 


4M? = (A + A)?. 


5. Show that a necessary and sufficient condition for a function w = f(z) of S to 
map |z| < 1 onto a convex domain is 


21) 
Be {1 pe a Soe Gea 


6. Using (86) and the result of the preceding exercise, prove that afunction w = f(z) 
of S maps the circle |z] < 2 — ~/3 onto a convex domain. Show, by means of the 
function fo(z) of (83), that this bound for the ‘“‘radius of convexity” of f(z) is sharp. 
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7. If w = f(z) maps |z| < 1 onto a convex domain, show that 


mice!) —ieea) sin nd | 
ar ar apie 
n=1 


maps |z| <1 onto a star-shaped domain. Hint: Use the fact that the chord of a 
convex curve turns monotonically if the terminals of the chord describe the convex 
curve in the same sense without overtaking each other. 

8. Use the result of the preceding exercise to show that if the function w = f(z) of 
S maps |z| < 1 onto a convex domain, then 


If(et1) — f(e**2)| 2 cot [Pa = 2a 


Hint: Deduce from (84) that a value ¢ not taken by a function 
w=afe) =ztbet--- 


of S satisfies |¢] > (2 + |b2|)—!, and apply this result to the function f(z) of the pre- 
ceding exercise. Show, by means of the function f(z) = z(1 — z)7~}, that the above 
inequality is sharp. 

9. An analytic function f(z) = z + a2z2 + - - - which is regular in |z| <1 and 
is real for real values of z but for no other values in |z] < 1 is called ‘‘typically real.” 
Show that the inequalities |a,| <n proved in the text for univalent functions with 
real coefficients are also true for typically real functions which are not univalent. 
Hint: Show that Im {f(z)} > 0 if Im {z} > 0 and Im {f(z)} < Oif Im {z} <0, and 
consider the function sin @ Im {f(pe*®)} for 0 < @ < 2r. 

10. Show that the conformal image of |z| < 1 as yielded by a typically real func- 
tion w = f(z) covers the linear segment —} < w <4. Hint: Use the result of the 
preceding exercise for n = 2 and employ a procedure similar to that used in the 
proof of the }-theorem. 

11. Show that, for functions w = f(z) of S which map |z| < 1 onto convex domains, 
the inequalities (87) and (88) can be improved to 


1 1 
en aN ad | | ee 
ape 5 Gee 

and 

=a = 

OS 

respectively. 


12. Show that an odd univalent function, 7.e., a function of S whose expansion (79) 
contains only odd powers of z, maps |z| < 1 onto a domain covering the entire circle 
Jw] < 4. 

13. Show that the univalent function 


Cee eye ot Canes  Cintie  C* * * 


can be written in the form 


a(z) = V fe), 
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where f(z) is a function of S, and conclude that the inequalities 


2 
lensil < A 
and 
— — < |g2)| < —_— = 
(1 + pr) = = (1 = pr)?/* 
hold. 
14. The two univalent functions 
(94) fle) =ztaw?+---, g@) =1l+bde+5b2?+--+, fal <1, 


will be called ‘‘unrelated”’ if they have no values in common, that is, if f(z1) ¥ g(z:), 
where z; and z2 are any two points in |2| <1. If 


ii ee 1 . 
jg om way it +) Bae, 


n=1 
show by a suitable generalization of the proof of the area theorem (77) that 


Lo) 


} n(|anl? + |Bal2) <1 


n=1 


15. If f(z) and g(z) are univalent and unrelated, show that the same is true of the 
functions ~/f(z2) and +/g(z). Use this fact and the result of the preceding exercise 
in order to show that the coefficients a2 and 6; in (94) are connected by the inequality 


la2|? + |bil? < 4. 
16. If f(z) is univalent in |z| < 1, show that the function g(z) defined by 
can are mail”) 


ea + tz 
is also univalent in |z| < 1 and that it has the expansion , 
me ee ee ie som 


where w = f(t) and {w,¢} is the Schwarzian derivative defined in (56). Deduce 
that any univalent function w = f(z), regardless of normalization, satisfies the sharp 
inequality 


6 
mil Samay (lel <1. 


9. Subordination. The principle of subordination to be discussed in 
this section is but a simple extension of the Schwarz lemma. This princi- 
ple enables us to derive a considerable amount of information about an 
analytic function w = f(z) which is regular in the unit circle, if certain 
geometric details of the conformal map associated with this function are 
known. 
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Let w = F(z) be an analytic function which is regular and univalent in 
|z| < 1, and let D denote the schlicht domain in the w-plane onto which 
the unit circle is mapped by w = F(z). Consider now an analytic func- 
tion w = f(z) which is regular, but not necessarily univalent, in |z| < 1, 
and whose conformal map D’ of |z| < 1 is entirely contained in D. In 
other words, let w = f(z) be such that all its values in [z| < 1 are also 
values taken by w = F(z) in |z| <1. Theinversez = F-}(w) of w = F(z) 
is regular in D and maps D onto |z| < 1. Since all the values taken by 
w = f(z) in |z| < 1 are in D, it follows therefore that the function 


(95) w(z) = F[f(z)] 


is regular in |z| < 1 and that its values must lie in the interior of the con- 
formal map of D as yielded by z = F—!(w), that is, in the interior of the 
unit circle. Solving (95) for f(z), we thus obtain 


f(z) = Fle(z)], leo(2)| ia ale 


If it is known, furthermore, that f(0) = F(0), then we must have w(0) = 0. 
Indeed, f(0) = F[w(0)] = F(0) and, since F(z) is univalent, this entails 
w(0) = 0. In view of the Schwarz lemma, we may in this case replace 
|w(z)| < 1 by the stronger inequality |w(z)| < |z|. Summing up, we have 
the following result. 

Let the function f(z) and F(z) be regular in |z| < 1 and let F(z) be uni- 
valent there. Let further D’ and D denote the domains onto which the unit 
circle is mapped by w = f(z) and w = F(z), respectively. If f(0) = F(0) 
and tf D’ is contained in D, then 


(96) f(z) = Flo(z)], 
where w(z) ts regular in |z| < 1 and 
(97) |o(z)| < lel. 


The sign of equality in (97) 1s possible only if the domains D and D’ coincide. 

The latter remark follows by considering the case in which the sign of 
equality holds in the Schwarz lemma. If the functions f(z) and F(z) are 
related by (96), we say that f(z) is subordinate to F(z). This relation is, 
of course, also possible in the case in which F(z) is not univalent in |z| < 1, 
although the geometric relation between the conformal maps associated 
with f(z) and F(z) will then be somewhat less obvious. Some cases of this 
kind will be discussed later. 

Immediate consequences of (96) and (97) are the inequalities 


(98) f@)| < max. F@|, lel =e <1 
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and 
(99) MO) RST) F 


(98) follows from the maximum principle since, in view of (97), the values 
of F[w(z)] for |z| = p < 1 are a subset of the values of F(z) for |z| < ¢. 
The inequality (99) follows by noting that 


FO) = w'(0)F'"(0) 
and therefore, in view of |w’(0)| < 1, 
[f’(0)| = |w’(0)||F’(0)| < |F’(0)]. 


The reader will verify that, in both (98) and (99), the sign of equality can 
occur only if f(z) = F(e%z),0 < y < 2z, that is, in the case in which the 
domains D and D’ coincide. 

(98) can be supplemented by the more general statement that, 7f D, and 
D,’ denote the conformal images of |z| < p by means of w = F(z) and 
w = f(z), respectively, then D,’ ts contained in D,. This is an obvious 
consequence of the fact, expressed by (97), that the conformal image of 
lz] <p by means of the mapping z— (z) is contained in the circle 
EV 

The simplest illustrations of the principle of subordination are afforded 
by the cases in which the domain D is the unit circle |w| < 1 or the right 
half-plane Re {w} > 0. The subordinate functions are then the bounded 
functions and the functions with a positive real part, respectively. In 
the case of the family of bounded functions f(z), the ‘“‘superordinate”’ 
function F(z) may be taken to be 


ig = ees 
Lap Oz 


while in the case of functions with a positive real part an appropriate 
superordinate is 


Fp(z) =a G aE ‘) +4, f0)=at+%. 


l1—2z 


The reader will easily verify that the functions Fs(z) and Fp(z) map 
|z| < 1 onto the unit circle and the right half-plane, respectively. These 
functions are, of course, not unique; instead of F(z) we might as well have 
taken the function F(e’z), where y is an arbitrary angle. Most of the 
results on bounded functions and on functions with a positive real part 
which were derived in Sec. 3 can be re-proved with the he!p of the principle 
of subordination and of the special forms of the functions F's(z) and Fp(z). 
For example, if Re {f(z)} > Oandf(0) = 1, then Fp(z) = (1 + 2)(1 — 2) 
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and F,’(0) = 2. Hence, |f’(0)| < 2, in accordance with the results of 
Sec. 3. 

Evidently, the successful application of the subordination method 
depends on the explicit knowledge of the mapping functions for as large a 
number of domains as possible. On the other hand, the explicit knowl- 
edge of each particular mapping function automatically yields results of 
the type (98) and (99) for the class of functions which are subordinate to 
it. For example, consider the function 


Z 


F(z) = (= 22 


which played a fundamental role in the 

preceding section. As shown before, (FH 
w= F(z) maps |z| <1 onto the full 

w-plane which has been furnished with a 

slit along the ray —~% Cw< —H. 

Clearly, any function f(z) which is regular Fic. 26. 
in |z| < 1 and does not take there values 

which are situated on this slit is subordinate to F(z). In view of (98) and 
(99), we thus have the result that any function w = f(z) such that f(0) = 0 
which is regular in |z| < 1 and leaves out the values —~ <w < —4is sub- 
ject to the inequalities 


a 


lf < =e lel =p <1,  (f'(0)| <1. 


Before we continue to discuss other examples we derive a general result, 
concerning functions f(z) regular in |z| < 1, by combining the subordina- 
tion principle with the 4-theorem of the preceding section. This result 
refers to the ‘‘outer boundary” of the domain D onto which the unit circle 
is mapped by a function w = f(z). A point aon the boundary of D is said 
to belong to the outer boundary of D if it is possible to connect a with the 
point at infinity by a continuous curve C none of whose pointsisin D. In 
Fig. 26, the point a belongs to the outer boundary of D while the point 6 
does not. We now prove that any point on the outer boundary of a domain 
D onto which the unit circle 1s mapped by a function 


w=f(z)=ztaz?+:---, fal <1, 


has at least the distance + from the origin. If ais a point of the outer 
boundary of D, a can be connected with w = © by a continuous curve C. 
Consider now the analytic function w = F(z) which maps |z| < 1 onto the 
full w-plane which is furnished with a slit along the curve C; this function 
exists by virtue of the Riemann mapping theorem. F(z) is univalent in 
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z| <1 and does not take the value a. By the <-theorem we have 
’ 
therefore 


On the other hand, f(z) is clearly subordinate to F(z) and it follows there- 
fore from (99) and from f’(0) = 1 that 


ja] > 2/F’(0)| > 21f'(0)| = . 


This completes the proof. 

Continuing with examples for the application of the principle of sub- 
ordination, we now consider the class of analytic functions f(z) which 
are regular and have a bounded real part in |z| < 1, that is, —1 < 
Re {f(z)} <1. These functions are subordinate to the function w = F(z) 
which maps |z| < 1 onto the infinite strip —1 < Re {w} < 1 and satisfies 
F(O) = f(0). As shown in Sec. 6, the desired mapping is effected by the 
function 


wo — i! ee * tan=? a, 


By (99), we thus find that if f(z) 1s regular and —1 < Re {f(z)} < 1 in 
lz| < 1 and af f(0) = 0, then 


"| <5 


where equality 1s possible only in the case in which f(z) = (4/r) tan—! (e’72), 
0<y< 2r. To apply (98), we have to find the maximum of the ex- 
tremal function for |z| = p. In view of 


ati (ina | a log zante 


1 =p 
2 
Sp log 


Z 
peony = 


? 


it therefore follows that 


2 trae 
If(@)| S = log =— 5 lz] =p <1, 


where this inequality is again sharp. 

The application of the principle of subordination is not necessarily 
restricted to functions which are regular in |z| <1. Since the special 
position of the point at infinity is easily abolished by means of a linear 
transformation which transforms w = ~ into a finite point, both the 
functions f(z) and F(z) may be permitted to have poles in |z| < 1; if, as so 
far has been the case, F(z) is univalent in |z| < 1, this function can, of 
course, have only one simple pole in the unit circle. As an example, we 
consider the function w = F(z) which maps |z| < 1 onto the full w-plane 
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to which a slit along the linear segment a < w < B (a > 0) has been 
applied. The function F(z) is easily seen to be of the form 


6z 
F() = -———— 
®) (y + z)(1 + yz)’ 
where 6 and vy are suitable positive constants and y < 1. Indeed, we 
have 
oi —"—., 
Rear ce 
which shows that w = F(z) maps |z| = 1 onto the doubly traversed linear 
segment 
6 6 
wee 3 eee 
Gye" >a? 


Identifying the two terminals of this segment with a and B, we obtain by 
an elementary computation 


y= VB a= Va a ee 
VB + Va (fa + vB)? 


4ap _ 
Ee: 


We thus have the following result: Jf f(0) = 0 and f(z) is regular in 
\z| < 1 with the possible exception of a finite number of poles and tf, further- 
more, w = f(z) does not take in |z| < 1 values w for which a < w < B(a>0), 
then 


whence 


PO) = 


’ 4ap f 
roy] < oe 


This bound for |f'(0)| zs the smallest possible. 

We mentioned before that the principle of subordination can also be 
applied in cases in which the superordinate function F(z) is not univalent 
in |z| <1. The domain D upon which |z| < 1 is mapped by w = F(z) 
will then be of the general character of a Riemann surface and it may be 
self-overlapping and have branch points. In this case there will be no 
simple geometric answer to the question of when another Riemann domain 
D’ is “‘contained”’ in D. The principle of subordination will therefore, in 
the case of nonunivalent functions F(z), render useful services only if we 
can show directly that the function (95) is regular in |z| < 1 and that its 
values lie within the unit circle. An example typical of the cases which 
can be treated in this fashion is that of the class of functions f(z) for which 
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f(0) = 0 and |f(z)| < 1 in |z| < 1 and which do not take a certain value 
a(|a| <1). That there exists a function F(z) which is superordinate to 
all functions f(z) with these properties can be shown as follows. We take 
an infinite number of replicas of the unit circle |w| < 1 to all of which a 
cut along the linear segment 0 <a <w <1 has been administered 
(obviously, the assumption a > 0 does not restrict the generality of the 
above class of functions). We now place these replicas of the slit circle 
upon each other and connect each circle with its two neighbors in the 
following manner. The lower edge of the slit is connected with the upper 
edge of the slit in the circle immediately above, and the upper edge is 
connected with the lower edge of the slit in the circle immediately below. 
If we continue in this manner ad infinitum, there will remain no free edges 
of the slits a << w< 1. We thus obtain a surface D which covers the 
unit circle infinitely often and which has, within |w| < 1, the only bound- 
ary point w = a. The procedure used in the construction of the surface 
D is reminiscent of that employed in the construction of the Riemann sur- 
face of the function log z in Sec. 7, Chap. II. In fact, D is identical with 
that part of the surface of log (w — a) which is contained in the circle 
|w| < 1, as the reader will verify without difficulty. 

Before we explicitly determine the function w = F(z) which maps 
|z| <1 onto this surface D and satisfies F(0) = 0, we show that F(z) is 
the superordinate function required for our purposes. Let f(0) = 0, 
\f(z)| < 1 and f(z) ¥ ain |z| < 1, and consider the function 


wo) =FUf@), lel <1. 


Since w = F(z) maps |z| < 1 onto the surface D which has no boundary 
points in |w| < 1 except the point w = a and, moreover, since D has no 
branch points, w(z) cannot have singularities. Indeed, such singularities 
can arise only if f(z) takes values w beyond which the function F-{w] 
cannot be continued or, at least, cannot be continued in a single-valued 
fashion. Both cases cannot occur. The boundary of D consists of the 
circle |w| = 1 and the point w = a, that is, of points not taken by w = f(z) 
in |z| < 1, and D is free of branch points. The function w(z) is therefore 
regular in |z| <1. Moreover, all its values must lie in the unit circle 
since the values of w = f(z) did not overstep the boundary of D. Hence, 
|w(z)| < |z|, and f|z| is indeed subordinate to F(z). 

Our next task is to construct an analytic expression for F(z). Asa first 
step, we transform D intoasimilar surface D, whose “‘hole”’ is at the origin 
instead of the point w = a. This is achieved by the linear substitution 


a — F(z) 


Fi@) = 1 — aF(z) 
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which transforms the unit circle |w| < 1 into itself. Consider now the 


function 
g(z) = log Fi(z). 


g(z) is regular in |z| < 1 since Fi(z) does not vanish in |z| <1. Writing 
Fi(z) = Re'?, we have 
g(z) = log R + 79. 


This shows that all values of g(z) in |z| <1 are situated in the left 
half-plane Re {g(z)} < 0 and that all finite boundary points of the domain 
filled with the values of g(z) are points of the imaginary axis. g(z) 
is further univalent in |z| < 1. Indeed, from g(z1) = g(Z2) it follows that 
R(z1) = R(z2) and (21) = ¢$(22); but this is impossible since two points 
w, = F,(2:) and we = F,(z2) such that wi = we, 21 ¥ Ze, lie in different 
sheets of D, and their arguments thus differ by a nonvanishing integral 
multiple of 27. Hence, g(z) maps |z| < 1 onto the simply covered left 
half-plane. Since, moreover, g(0) = log Fi(0) = log a, it follows that 


g(z) = loga 2 a ‘), 


1-—2z 


and, by a simple computation, 


F(z) == 5 
+z 
l log a ;+2) 
or 
22 
— pl—-z 
Pe) : = 
1 — al-2 


In particular, we obtain 
F'(0) = 2a log (1/a)_ 


1 — a? 


This implies the following result. 
If f{(0) = Oand |f(z)| < 1 in |z| < Land f(z) leaves out a value a such that 
la| < 1, then 


2|a| log a 
f ra eer | 
(100) WOW Sere: 
This bound for |f’(O)| is the smallest possible. 
We have worked this example in great detail in order to bring out more 
clearly the geometric background of the problem. The inequality (100) 
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may, however, be derived in a much shorter way by using known results 
on functions with a positive real part. If |f(z)| < 1, f(0) = 0, f(z) #a, 
then 


_ «= f(z) 
fi(z) = 1 —- ¥@ 


satisfies |f,(z)| < 1, f:(0) = a, fi(z) #0. Hence, the function 
h(z) = — log f.(z) 


is regular in |z| < 1 and, in view of Re {log w} = log |w|, has a positive 
real part. Hence, by (36), 


Raa |a|? 0 > ie fs £. 
1a Je" f'O)| = [NO] $2 Re 1hO)} = Blog A 


and this is equivalent to (100). 

We close this section with a result, which may be regarded as a general- 
ization of the 4-theorem to a class of functions in which the condition of 
univalence has been replaced by a much weaker assumption. Instead of 
requiring the whole conformal map D of |z| < 1 as yielded by w = f(z) to 
be schlicht, we merely suppose that there exists a boundary point a of D 
which can be connected with the origin by a ‘‘schlicht arc” C. By this is 
meant that the equation w = f(z) has only one solution in |z| < lif wisa 
point of C. We now state our result. 

Let 

=f(z)=ztag?+:--, [al <1, 


map |z| < 1 onto a domain D and let a be a point of the boundary of D which 
can be connected with w = 0 by a schlicht arc. Then 

lal > = 
This inequality 1s sharp. 

The function w = g(z) = a7'f(z) maps |z| < 1 onto a domain D’ which 
contains a schlicht arc C connecting w = 0 and w = 1, where w = lisa 
boundary point of D’. Clearly, g(z) # 1 in |z| < 1; if there were a point 
Z21(2z; < 1) such that g(z,;) = 1, then there would be points near z; which 
are mapped on points of C and C would not be a schlicht are. Consider 
now the function 


h(z) = V/g(z) = 12) - VIF ant co 


Since the arc C terminates at w = 0, g(z) does not vanish in |z| < 1 except 
at z = 0 and h(z) is therefore regular in |z| <1. Moreover, If D” 
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denotes the map given by w; = A(z), then the points w, = 1 and w, = ~—1 
can be connected with w; = 0 by arcs C’ and C” which are covered by D” 
only once. ‘These ares correspond to the arc C by means of the mapping 
wi? = w. Since we can only have h(z:) = h(z2) (@1 € C’, C”, 22 EC’, C”, 
z, ¥% 22) if g(z1”) = g(z2”) and z,? € C, z2? € C, and since C is a schlicht arc 
of the map of g(z), it follows that h(z:) = h(z2) entails z; = —ze. But, in 
view of h(—z) = —h(z), this means that one of these two points is on C’ 
and the other is on C’’.. Hence, both C’ and C” are schlicht arcs. We 
now form the function 


2 


wv Qa 


z2t-.--. 


Pe) — dae hie) = 
us 
Clearly, F(z) is regular in |z| < 1. Indeed, 


ites [Oe 
0 Vl—-w 


has its only singularities at w = +1 and these are precisely the values 
which h(z) does not take in |z| <1. The two ares C’ and C” of D” are 
carried into two ares y’ and vy” of the map yielded by wz = F(z). Obvi- 
ously, y’ and 7” connect wz = 0 with w. = 1 and w, = —1, respectively, 
and y’ and y” are symmetric to each other with respect to the origin. Let 
now 7, denote the are congruent to y’ + 7” which connects we = 2n — 1 
with w2 = 2n + 1, where n is a nonzero integer. We shall show that 
none of the points of the closed ares y, are contained in the domain A onto 
which |z| < 1 is mapped by wz = F(z). Indeed, if w* is an interior point 
of Yn, then w* — 2n is a point of 7’ or 7’. Hence, if w* = F(z) then 
h(z:) = sin}aw* = + sin $r(w* — 2n) = h(ze), where h(z2) is a point on 
one of the arcs C’, C” in the w,-plane. But C’ and C” are schlicht arcs 
and we cannot have h(z;) = h(z2) for two different points 2, z2 in the unit 
circle. This proves that the interior points of the arcs y, do not belong 
toA. Thesame is also true of their end points, 1.e., the points wz = 2n +1, 
since F(z;) = 21x +1 would entail h(z,;) = sin (#/2)(2n + 1) = +1. 
Now the chain of ares y1, y2, . . . obviously forms a continuous curve 6’ 
connecting w. = 1 with w. = ©;similarly, the arcs y_1, y-2, . . . forma 
continuous curve 6” between w2 = —1 and wz = © which is symmetric 
to 6’ with respect to the origin. 
We now make one more transformation. The function 


(101) ws = Ge) = FV) = et 


is regular in |z| <1. Indeed, F(z) is an odd function, that is, it has an 
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expansion 
F(z) =cz +e? +--+ teeta --+-, le] <1. 
Hence, 
Gz) = 2ler we * * * Paeee )” 


and this is regular in |z| <1. Since 6’ and 6’ are symmetric to each 
other with respect to the origin both of these curves are carried into the 
same curve 7 in the w3-plane which connects the points w3; = 1 and 
w3 = ©. Since none of the points of 7 are values taken by w3 = G(z) in 
|z| < 1, we see therefore that wz; = 1 is a point of the outer boundary of 
the domain onto which |z| < 1 is mapped by w; = G(z). Now we have 
shown above that, in the case of a function g(z) with the normalization 
g(0) = 0, ¢’(0) = 1, the points of the outer boundary have a distance of 
at least ¢ from the origin. The function 


G(z) 
G’(0) 


has this normalization, and the outer boundary of its mapping contains 
the point [G’(0)]-!. Hence |G’(0)|-! > 3, or 


(102) IG’(0)| < 4. 
In view of (101), we thus have 
4 
Tl a.| <4, 
whence 
iL 
la| > ae 


This completes the proof. The extremal function of the problem can be 
found by observing that we have equality in (102) if 

coe 

ql 2): 

Performing the various transformations used in reversed order, we find 
that the extremal function is of the form 


G(z) = 


_ _ Gees, we \/2 

w = fo(z) = = sin f a | 

It will be a useful exercise for the reader to verify that the map associated 
with this function contains the schlicht segment 0 < w < m~* and that it 
does not contain the point w = 17’. 
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EXERCISES 
1. Show that the function 


2a 
w = (2) 0O<a<r. 


1l—-—z 


maps |z| < 1 onto the angular region |arg {w}| <a. With the help of this mapping, 
prove that a function f(z) which is regular in |z| < 1 and satisfies f(0) = 1, larg {f(z)}| 
< a, is subject to the inequality 


IO] <= 


2. Show that a function w = f(z) which is regular in |z| < 1, vanishes at the origin, 
and does not take in |z| < 1 values w such that —~» Cw < -aandaxgw< « 
(a > 0), satisfies the inequality 


1f’(0)| < 2e. - 
3. Show that the linear transformation 


_ ar(@ — 72) 


es Oo ’ r < |al, 


w=a 
maps |z| < 1 onto the exterior of the circle of radius r and center a in such a way that 
the points z = 0 and w = O correspond to each other. Use this mapping in order to 
prove the following result: Let f(z) be regular in |z| < 1 except for a possible finite 
number of poles and let f(0) = 0. If the values taken by f(z) in |z| < 1 leave out a 
circle of radius yr which is seen from the origin under the angle a, then 


|f’(O)| <r cot? fa. 


4. Show that the result concerning functions with a bounded real part which was 
proved in the text can be generalized in the following manner. 
If f(z) is regular and —1 < Re {f(z)} < 1 in |z| <1, then 


17')| < cos | 5 Re 700} | 


Hint: Note that an imaginary constant may be added to f(z) without violating the 
hypotheses and that it is therefore sufficient to consider functions f(z) for which f(0) 
is real. Then, show that the appropriate superordinate function F(z) is obtained 
from the superordinate function F(z) used in the text by means of the relation 


Hak? nel Sra) 


where the real constant ¢ is determined by F(¢) = f(0). 
5. Show that the function 


eS 
2z — c(1 — 2?) 
maps |z| < 1 onto the full w-plane which is slit along an arc of the circle |w — J| = |, 


and find the extremities of this slit. Use your result to prove the following theorem: 
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Let w = f(z) be regular with the possible exception of a finite number of poles in 
\z| <1, and let f(0) = 0. If C is a circular circumference which passes through 
w = Oand if the values of w = f(z) in |z| < 1 leave out an arc of C which is seen from 
the origin under the angle 6, then 


If’(0)| < 4r cot 38, 


where r is the radius of C. 
6. Let F(0) = 0, F’(0) = 1, and let w = F(z) map |z| < 1 onto a convex domain 
DD. 


f(z) = aiz + aoz? + az? 4+ --:- 


is subordinate to F(z), show that |a,{ < 1,n = 1, 2,.... Hunt: Use the result of 
Exercise 8, Sec. 3, and the fact that the center of gravity of m mass points in the 
convex domain D cannot be outside D. 

7. Let F(0) = 0, F’(0) = 1, and let w = F(z) map |z| < 1 onto a convex domain D. 
If f(z) is subordinate to F(z) and, moreover, f(z) is an odd function of z, that is, 
f(—z) = —f(z), show that 


yee 
If’)| < Pa 


Hint: Use the fact that the value 


i zta fa = (6% 
aL 1 ca BG = =) | Pe 
is in D. 


8. Let the univalent function F(z) have an expansion 


P(e) =t +a tae tant t+ -- 
in |z| < 1 and let w = F(z) map |z| < 1 onto a domain D. If 
f) = tbo tbe + oo 5 


is regular in 0 < |z| < 1 and if all the values which w = f(z) takes in |z| < 1 lie in D, 
show that 
la] 2 1. 
9. If 


wafe) = ttbtbet--- 
is regular in |z| < 1 except at z = 0 and does not take values w such that a < w < b 


(a,b real) show that 
b-—a 


la| 2 : 
10. Show that the function 
1 
w=pz+— p> OU; 
pz 


maps |z| < 1 onto the exterior of an ellipse whose semiaxes are p—! + p and |p7! — pl, 
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respectively. Use this mapping in order to prove the following result: If 
w=f@) = [tbo t bet bert --- 


is regular in |z| < 1 except at z = 0 and if its values in |z| < 1 leave out the points of 
an ellipse of semiaxes a and b, then 
le} > ot. 
11. In Sec. 8, it was shown that if w = f(z) = z + a222 + - - - maps |z| < 1 onto 
a convex domain D, then D contains the circle |w| < 4}. Give an alternative proof 
of this result, based on the principle of subordination and on the fact that 


cz 
= p] 
1—z 


w c = const., 


maps |z| < 1 onto a certain half-plane. 

12. If f(z) = biz + bez? +--+ is subordinate to F(z) =aiz+a2?+---, 
show that |bs| issmaller than, or equal to, the larger of the two numbers |a)|, |a2|._ Hint: 
If w(z) = cz + coz? + - - - is the bounded function defined by f(z) = Flw(z)], use 
the fact that |ce| <1 — |e:|2. 


10. The Kernel Function. By the methods described in Secs. 6 and 7, 
we can find the analytic function which maps a polygon, whose sides are 
either linear segments or circular arcs, onto the interior of a circle. A 
large number of other mappings can be found by a detailed investigation 
of known analytic functions and by suitable combination of such func- 
tions. However, it is in the nature of things that mappings which are 
found in this way are distinguished by the simple geometric character of 
the domains mapped onto the unit circle; the simplicity of the associated 
domains is an expression of the simplicity of the properties which charac- 
terize a ‘‘known” function. Neither the methods mentioned above nor a 
“catalogue” of mappings by known functions will therefore be of much 
help if we are faced by the problem of mapping an irregularly shaped 
simply-connected domain onto the unit circle. It is the objective of this 
section to describe a method for the construction of the mapping function 
which can be used for a simply-connected domain of arbitrary shape. 

A few preparations are necessary before we can attack our problem. 
We introduce the differential operators 0/dz and 0/02 by the definitions 


) lfo a) ) yo) . 0 : 
(103) 2 -1(2-:4), 2-5 (2462) Z=2 7 Wy. 
These operators can be applied to any function of x and y which has 


partial derivatives of the first order. If the operator 0/dz is applied to 
an analytic function f(z) = u + 2, we obtain 


Be een = a. Me Re, 
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in view of the Cauchy-Riemann equations. Hence, application of the 
operator 0/dz to an analytic function f(z) results in ordinary differentia- 
tion with respect to z. On the other hand, it follows from the Cauchy- 
Riemann equations that 


of(z) _ 1 ; 22 _ 
a 8 (uz + tue + tu, — vy) = 0. 


This shows that with respect to the differential operator 0/02 all analytic 
functions f(z) play the role of constants. The reader will easily verify 
that, similarly, 


We now express Green’s formula in terms of the differential operators 
(103). If r(z,y) is a function which has continuous first partial deriva- 
tives in a domain D (not necessarily simply-connected) and on its piece- 
wise smooth boundary C, it follows from (5) (Sec. 3, Chap. I) that 


Ifa See bf [cet inaeay = 5 | ody ~ irae) 
D 
\ | 1 
= x [rae + tay = x [re 


A more general formula is obtained by writing r(z,y) = p(z,y) - g(x,y), 
where both p and q have continuous first derivatives in D +C. In view 
of 


35 2 (pq) = ps = + ae 
we find that 


(104) [Je sh dvdy = 5 [nae — | | appara 


The proof of the analogous formula 


(105) J fv sfeedy = —5 -= grade ff aZP ded 


is left as an exercise to the reader. (104) takes a particularly simple form 
if p(z,y) = f(z) and q(z,y) = g(z), where f(z) and g(z) are regular analytic 
functions in D+ C. In view of 
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we obtain 


(106) | [ e7G aay =2 | sow ae 


D 


We now turn to the consideration of orthogonal sets of regular analytic 
functions. Let D be a schlicht domain in the z-plane and let L? = L?(D) 
denote the class of analytic functions f(z) which are regular and single- 
valued in D and for which the integral 


(107) (A = ff f@l ax dy 
D 


hasafinitevalue. If f(z) is not continuous in the closure of D, the integral 
(107) is defined by 


[ { \f@l ae dy = tim f f \f@[ de ay, 
D i 


where {D,} is a sequence of domains such that D, € Dz, and D, —> D if 
n— ©. Since the value of the integral (107) increases with the domain 
over which it is extended, this limit always exists and is either a finite 
positive number or +«. (107) 1s called the norm of the function f(z). 
If f(z) and g(z) are functions of L?, their inner product (f,g) is defined by 


(108) (fa) = f[ [ f@)7@) ae ay. 


D 


The existence of the inner product is assured by the fact that, in view of 
the Schwarz integral inequality, 


"<(f f @lla@| ax ay)’ 
D 
< ff \s@le ae ay f f lo@|? az ay. 
D D 


|| [ 1@)9@) ax ay 
D 


This also shows that 
(109) Keo? < GAi@ig).- 


Another property of the inner product is the fact, immediately visible 
from (108), that 


(110) (9.f) = (f.9). 
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(110) is also expressed by saying that the inner product (108) is Hermitian. 
If (g,f) = 0, that is, the two functions f(z) and g(z) have a vanishing inner 
product, we say that the functions f(z) are orthogonal to each other. 
Obviously, a function cannot be orthogonal to itself unless it is identically 
zero. 


A set of functions fi(z), fo(z), . . . , fx(z) of L? is said to be linearly 
independent if there exists no identical relation of the type 
(111) aifi(z) + aofo(z) +--+ + + anfn(z) = 0, 


where a1, @2, . . . , Gn are constants not all of which are zero. If the 
functions f(z), . . . , fx(z) are all orthogonal to each other, that is, if 
(f.,fu) = Ofor v ¥ yp, then they certainly form a linearly independent set. 
Indeed, suppose there exists a relation of the type (111). Multiplying 
(111) by f,(z) and integrating over D, we obtain by (108) 


Caine) eGo ic a Se Anlfafr) = 0. 


Since all inner products of different functions vanish, it follows that 
a,(f,,f,) = 0. But, as remarked above, (f,,f,) > 0, whence a, = 0. 
This shows that a relation (111) is only possible in the trivial case in which 
all coefficients a, are zero. Hence, the orthogonal set fi, ..., fa is 
linearly independent. Conversely, given a linearly independent set of 
functions fi, . . . , fn, it is always possible to form n linear combinations 
of the type 


n 


u,(z) = > Awfu(Z), y= ae. 


w=1 


which are orthogonal to each other. This can be done by the following 
orthogonalization process which is also known as the Schmidt process. We 
set 


wi(z) = filz). 
Next, we determine the constant aj; by the requirement that the function 
(112) ur(z) = fo(z) + arfi(z) 
be orthogonal to w:(z). In view of u,(z) = fi(z), we must have 


(u2,ti) = (fafi) + anl(fifi) = 0. 
Since (f1,f1) > 0, we therefore obtain 


pg CE 
a (fi,fa) 
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We now write 
(113) u3(z) = f3(z) + Qe2U2(Z) + Q21U1 (2) 


and try to determine the constants a2. and ae: by the condition that wz be 
orthogonal to both u; and we. Since wu; and we are orthogonal to each 
other, this yields 


(ust) = (fata) + aei(ui,u1) = 0, 
(Us,U2) = (f2,U2) + ae2(Ue,U2) = 0. 


In view of (wi,u1) > 0, (ue2,u2) > 0, this determines ao: and ag. It is 
important to note that the function wu3(z) cannot be identically zero. 
Indeed, it follows from (112) and (113) that w3(z) is a linear combination 
of the type (111), and the identical vanishing of wu; would therefore mean 
that the functions fi, fo, . . . , fa are not linearly independent. 

The Schmidt process can be continued until we obtain a set n functions 
U1, . . - , Un Which are orthogonal to each other. To show that this is 
true, suppose we have already found linear combinations uw, we, ... , 
Um (m <n), involving the functions fi, ..., fm, which are mutually 
orthogonal. We now set 


Um-+1(2) = (a) Seely Ab seme 2 Se Om2U2(Z) = Amir (Z). 


The requirement that un41 be orthogonal to the functions u1, we, . . . 5 Um 
yields the conditions 


(auzenacAty) = cmmletnas)y v= I, 2, a | m. 


This determines the constants Qmly - + + 5mm Moreover, tm4i(Z) 1s not 
identically zero. Clearly, um41 18 a linear combination of the type (111) 
and this cannot vanish identically since the functions fi, ..., fn are 
linearly independent. We thus have proved that the Schmidt orthog- 
onalization process, if applied to n linearly independent functions f;, 

. , fn, yields n mutually orthogonal functions wm, .. . , Un, none of 
which is identically zero. It is hardly necessary to add that ws, . . . , Un 
are functions of L? if the same is true of fi, . . . , fn. 

It is convenient to normalize the orthogonal functions thus obtained by 
the additional requirement that their norms be equal to 1. Since 
(u,,u,) > 0,» =1,... ,n (none of the functions wu, vanish identically), 
the functions 


will clearly have the required normalization. A set of functionsy;, ... , 
v, which is both orthogonal and normalized is called an orthonormal set. 
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Using the symbol 4,, which is defined by 

(114) dy. = O, bx», ae 

we may characterize an orthonormal set 11, . . . , v, by the conditions 
(115) (U5;0y) = Bop. 


The restriction to a finite number of functions f, in the preceding 
developments is not essential. An infinite set of functions fi, fo, . . . is 
said to be linearly independent if no relation of the type 


Aifns(Z) =e Gof n.(Z) SS ee og ant a(2) = 0 


exists. Obviously, the Schmidt process can also be applied in this case 


and it will lead to an infinite sequence of functions 1, v2, . . . which are 
orthonormalized by the conditions (115). 
If f(z) is a function of L? and if v1, ve, . . . is an orthonormal set of 
functions of L*, then the numbers 
(116) an = (fre) = f [ f@)ea@) ax dy 
D 


are called the Fourier coefficients of the function f(z) with respect to the 
orthonormal set {v,}. They are subject to the important inequality 


(117) D Fai ae aie 


whose proof follows from the observation that the integral 


(118) I aff | fiz) — ) anv ,(2) j dx dy 
D n 


=1 


is nonnegative. We have 


m m 


= (f,f) - 3 ani) — Y an(emf) 2s y ) And r(Un,0,). 


n=1 n=l n=1v=1 


Hence, by (115) and (116), 
T= (69) — ) lal? - ) lal?+ ), lal? 
n=1 n=1 ro—e1 


=f) -— ) lanl? 


n=1 
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Since J is nonnegative and m may now be taken arbitrarily large, (117) 
follows. (117) is known as the Bessel inequality. 
The integral (118) provides a measure of how close the functions f and 


Ann are, Or, aS we also say, how well the function f is approximated by 
=1 


n 
m 


the linear combination Ann. Generally speaking, we say that a func- 
n=1 

tion f is approximated in the mean by a sequence of functions gi, go, . .. , 

if 


lim [f lf) — gn(z)|? dx dy = 0. 
Tar? ane. 


In view of the value of the integral J, it follows therefore from (118) that 


a function f of Z? can be approximated in the mean by linear combinations 


4 Ann if 


n=1 


(119) >, lanl? = Of). 


P| 
tl 
mR 


If the identity (119) is satisfied for all functions f of L?, we say that the 
orthonormal set {v,} is complete, or complete in L?. If a complete set 
{v,} is given, then any function of L? can be approximated in the mean by 
linear combinations of the functions v,. If we choose this latter property 
as the definition of a complete set, then this definition also extends 
to the case of a set of linearly independent functions which is not ortho- 
normal. We leave it as an exercise to the reader to show that the com- 
pleteness of a set of functions is not affected by the Schmidt process. 

We shall now show that, given an arbitrary simply-connected domain 
D, there always exist sets of functions {v,} which are complete with 
respect to the class L?(D). Consider first the particularly simple case in 
which D is the unit circle. Any function f(z) which is regular in |z| < 1 
can be expanded there into a power series 


(120) f@) = bo + biz + bee? + --- 


which converges uniformly in any circle |z| < p <1. This shows that in 
a circle |z| < p < 1 the function f(z) can be approximated by linear com- 
binations of the set of functions 

zeae Gln 


These functions also constitute an orthogonal set. Indeed, we have by 
(106) 
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(2*,2") = | / 22" an Gy BB hide 


Jz] <1 


it 
Ztnes- 1) Jimi 
gilm—m4 9, 


saan |, 


and this is zero unlessm = n. Forn = m, we obtain (2",z") = a(n + 1)71. 
Hence, the orthonormalized set is 


(121) va(z) = so 2, n=0,1,2.... 


Next, we compute the Fourier coefficients (116). We have 


An = ttt ff see ax ay = tim 2+ [J f(z)2" dx dy 


jz] <1 


whence, by (106), 
= lim = ee aime! i Tayo 
p> 2 |z]=p 
Since |z|? = p?, we have Z = p’z-!._ Hence 


2n+2 
poiv/r(n+1) 4 Jia, ?” 


1 T 
= lim — EA = _—— Ons 
ie n+l 
where 5, is the nth coefficient in the expansion (120). It follows that 


i) i) 


n=0 n=0 


On the other hand, we have 


(123) If s@lardy = | pdp | | f(oe**) |? dé 


Jz] <1 
2 d Dla 
hn | ) 
-_ 
a4 1 


n=0 
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where Parseval’s theorem (Sec. 4, Chap. III) has been used. Comparing 
the last result with (122), we find that the relation (119) is indeed satisfied 
for any function of L?. Hence, the set of functions (121) is complete in 
the unit circle. 

By means of the Riemann mapping theorem, this result is easily gener- 
alized to arbitrary simply-connected domains. If D is a finite domain 
which is simply-connected and has at least two boundary points, then 
there exists a function w = w(z) which maps D onto the unit circle |w| < 1. 
We now assert that the functions 


en(2) = 4/1 fw(eyrw'@), 0 =0,1,... 


form a complete orthonormal set in D. We have 


(Gn,¢m) = / J vn(2)Om(e) dx dy = ~ ZS / J wm™|w’ (2) |? dx dy. 
D D 


T 


If w = u-+ i, then the Jacobian of the transformation u, v— 2, y is 
|w’(z)|?. Hence 


(Pn, Pm) = = = : ww du dv, 


Jw][ <1 


and, as shown before, this is 0 or 1, according asn ~ morn =m. This 
proves the orthonormality. As to the completeness, we observe that if 
z = p(w) is the inverse to w = w(z), then with each function f(z) in D 
we can associate a function g(w) by the relation g(w) = p’(w)f[p(w)]. 
Since the powers 1, w, w?, . . . are complete in |w| < 1, we can find 
suitable coefficients ci, cz, . . . such that 


™ 


[J oe — § coe 
Jw] <1 1 


r= 


* du dv <«, w=utwn, 


provided m > mi(e). Passing to the variable z, we obtain 


; |w’(z)|? dx dy <.e. 


[J |v - ¥ ear 
D 


v=1 


In view of p’(w) w’(z) = 1 and the definition of ¢,(z), this is equivalent to 


[}\to - y e,'g.(e) |’ dx dy << 
D 1 


r= 
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gts fem 
y ian Ta” 


This shows that the functions ¢,(z) form indeed a complete set in D. 

Proceeding with the preparations for the main result of this section, we 
now show that the family of functions f(z) of L?(D) which satisfy (f,f) 
< M, where M is a positive constant, is normal and compact. If p is the 
radius of the largest circle about ¢ (¢ € D) which is entirely within D, we 
have an expansion 


FQ) Come Cia) i Cae) eee 


Making a few obvious changes in (123), we obtain 


where 


cic (Ca| ote 2n+2 


(124) If@|? dx dy =m ey 


jz—t| <p n=0 


If |z — ¢| <r < p, it follows therefore that 


2 = 2 
«(Ser 
n=0 


cle ~d y* [ealtetet se r\ 
-o an” ee Dg Ra i oe 
ay /n+1 p 4X n+ 


= os ia] Wal" de dy < Fe Gp). 
Since (f,f) < A, we obtain — 


f@| < 22 VM. 
(iss 


This shows the family of functions in question is locally uniformly bounded. 
By the results of Sec. 2, Chap. IV, it is therefore normal. The compact- 
ness, 2.e., the fact that the limit f(z) of a sequence {fn(z)} for which 
(fasfn) < M also satisfies (f,f) < M, is obvious. 

We now pose the following extremal problem. From among all func- 
tions f(z) of L?(D) which satisfy f(¢) = 1, where ¢ is a point of D, to find 
the particular function, or functions, fo(z) for which (f,f) is a minimum. 
We first have to ascertain whether such a function fo(z) exists. To this 
end we observe that we can confine ourselves to such functions of L? for 
which f(¢) = 1 and (f,f) < A, where A is the area of D. Indeed, the 
function f(z) = 1 satisfies the conditions of our problem and we have, for 


f@|? = | y Cale — 5)" 
n=0 
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this function, (f,f) = J i dx dy = A. Since we are interested in the 
D 
function minimizing (f,f), it is therefore sufficient to investigate functions 


for which (f,f) < A. Asshown above, these functions form a normal and 
compact family. Hence, by the results of Sec. 3, Chap. IV, our extremal 
problem has a solution and there exists a function fo(z) such that 


Cow), web, fel, fle ([Ot 


We further observe that, since fo({) = 1, fo(z) cannot be identically zero. 

Let now g(z) be a function of LZ? for which g(f) = 0. The function 
f*(z) = fo(z) + «e*¥g(z), whereO < @ < 27 and eisa small positive param- 
eter, will then also be in L?. Since, moreover, f*(¢) = 1, it follows from 
(125) that (f*,f*) > (fo,fo). Written in full, this means that 


Jf \fol2 ax ay < ff \fo + cottgl? ax ay 
D D 
= il | fol? dx dy + 2e Re 1e* | f hog dx dy} +e f \g|? dx dy. 


D D D 


Hence, in view of « > 0, 
Zoe ye fog dx dyt + .€ lg|? dx dy > 0. 
fo [ ju anay} +f 
This is true for any positive e. Letting e — 0, we thus obtain 


(126) Re 4c’? fog dx dy} > 0. 
(orf [to aca 
But this is impossible unless 
(127) J | tug dx dy = 0. 
D 

Indeed, if this were not the case, we could by a suitable choice of the 
arbitrary argument @ make the left-hand side of (126) negative. 

(127) has been proved for every function g(z) of L? which satisfies 


g(¢) = 0. Given an arbitrary function f(z) of L?, we may therefore set 
g(z) = f(z) — f() in (127). This yields 


[ [ F@I@) ax ay = $8) ff FB ae ay. 
D D 
Taking, in particular, f(z) = fo(z), we obtain 


Jf \foey\2 ax dy = f f Fo@ ax ay, 


D D 
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whence 


[ [ FOE ax dy =H) f f \fo@|? ax ay. 
D D 


With the notation 


folz) _ 
(fo, fo) ~— Kaye), 
this can be written 
(128) §@ = [ [ KEHIE) az ay. 
D 


The functions K(z,¢) and fo(z) differ only by a constant factor. Since 
fo(t) = 1, we therefore have 


K(z,¢) 
129 = 87, 
cz Jol2) EG 

We note that the denominator in (129) is different from zero. Indeed, by 


(128), 
(130) Kt) = ff IK@s)/ de ay, 
D 


and this is positive. 

K(z,¢) is known as the kernel function or Bergman kernel function of D. 
K(z,¢) is completely characterized by the reproducing property (128), 
where this appellation is derived from the fact that any function f(z) of 
L? is ‘‘reproduced”’ by multiplication with K(z,¢) and integration over D. 
That K(z,¢) is the only function of L? with this property is seen in the 
following manner. Suppose there exists a function Ki(z,t) of L? for 
which also 


fO=f[ BEM@dd, fe. 
D 
Subtracting this from (128), we obtain 
| | Boy az ay = 0. 
D 


This holds for any f(z) in L?. Taking, in particular, f(z) = K(z,f) — 
K,(z,¢), we have 
[ [ \K — Kilt ax dy = 0. 
D 
But this is only possible if K(z,¢) = Ki(z,f). 
Let now {v,(z)} be a complete orthonormal set of functions of L?, and 
compute the Fourier coefficients (116) of the kernel function K(z,f) with 
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respect to the set {v,}. By (116) and (128), we obtain 
a, = | { K(@,t)00@) dz dy 
D 


D 


Since the set {v,} is complete, it therefore follows from (119) and (130) 
that 


eo 


(131) KG) = ) jl. 


n=1 


With the help of this identity, we shall now show that the kernel function 
K(z,¢) can be expanded into the infinite series 


c] 


(132) K(z,t) = ) val2)on®) 


n=1 


which converges absolutely and uniformly in any closed domain which is 
entirely within D. To prove (132), consider the expression 


S=K(nt) - ) »()in@, 1ED, FED. 
n=1 
By (128), we have 
s= | { Kem| Ken — > vneo.@| ax dy. 
D n=1 


Hence, in view of the Schwarz integral inequality, 


Ise < ff \KemPaxay ff \Ken - ) v6(2)%)] ax dy. 
D D n=l 


If we use (128), (130), and the fact that the set {v,} is orthonormal, we 
find after a short computation that this is equivalent to 


|S]? < K(,n) Es — » lva(é)|? f 
n=l 


or, in view of (131), 


eo 


IS? < Kon) YO. 


n=m+l1l 


The sum on the right-hand side is the remainder of the converging series 
(131); it can therefore be made smaller than an arbitrary positive e by 
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taking m large enough. Changing the variable 7 into z and taking into 
account the definition of S, we thus obtain 


m 


| Kt) — ) vale)ont6) 


r= 


” << K(z,2). 


This proves (132). That the convergence is absolute follows from 


LS ne@m@l< Ybor > mee 
m+1 mT Po 


< Kez) Y |pnls)|? < K@,2). 
m+1 
This also shows that the convergence is uniform in any closed subdomain 
D; of D. Indeed, e depends only on ¢ and we may employ the (finite) 
maximum of K(z,z) in D,. 

The bilinear expansion (132) of the kernel function K(z,t) makes it 
possible to compute K(z,¢) if a complete set of functions of L?(D) is 
known. If the set is not orthonormal, we orthonormalize it by the 
Schmidt process and then set up the expansion (132). As an example, 
consider the case in which D is the unit circle |z| < 1. Asseen before, the 
functions (121) constitute a complete orthonormal set in |z| <1. Hence, 


eo 


Ket) =F) m+ ger 


or 


(133) Ket) == 


We are now ready to prove the main result of this section. 

Let D be a finite simply-connected domain with more than one boundary 
point and let w = f(z) = f(z,f) be the analytic function which maps D onto 
the unit circle in such a way that f(¢) = 0 (&¢ € D) and f'(¢) > 0. Then 


(134) I®@ = NV KEH Ke: 


where K(z,¢) is the Bergman kernel function of D. K(z,¢) can be computed 
in terms of an arbitrary complete orthonormal set {vn} of functions of L?(D) by 
means of the bilinear expansion (132). 

Let D, denote the subdomain of D which is mapped by w = f(z) onto 
the circle |w| < p (p < 1), and let C, be the boundary of D,. Obviously, 
f(z) is regular at the points of C, and C, is an analytic curve. If g(z) is an 
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arbitrary function of L?(D), we may therefore conclude from the residue 
theorem that 


ae a ah 9(2) 4, 

=) FE) ~ Prt Jo, fle) @ 

Indeed, f(z) has its only zero within C’, at the point z = ¢ and 
(2 — sgl) _ gf). 
rey 


Since, on C,, |f(z)|? = p?, we may replace f(z) by p*{f(z)]-! in (135). 
This yields 


£8 = 5 f, F@a(e) ae. 


With the help of Green’s formula (106), this can be cast into the form 
a) . 1 FITS) 
(X@) i Tp? tee (z)g(z) dx dy. 
Dp 


It is now clearly permissible to let p tend to 1. We obtain 


g(f) = f | |-O7@| g(z) dx dy. 
D 


This shows that the function 
SOHO 
vis 


has the characteristic reproducing property (128) with respect to any 
function g(z) of L?(D). Since we have shown before that the only func- 
tion with this property is the kernel function K(z,¢), it follows therefore 
that 


SOA) eesrgre 


For z = ¢, we obtain 


FOP = rKG,6). 


If we use this to eliminate f’(¢) from the preceding formula, we arrive at 
the identity (134). This completes the proof. 

As an example, consider the case in which D is the unit circle. The 
kernel function will then have the form (1338) and it thus follows from 
(134) that 
all 


P@) = Gay 
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The function f(z) mapping the unit circle onto itself in such a way that 
f(o) = 0, f’'(¢) > 0 is therefore of the form 


=) 


(€2 


re 
fe) = 2 
in accordance with previous results. 
(132) and (134) show that the problem of mapping a simply-connected 
domain D conformally onto the unit circle is solved if we know a complete 
orthonormal set of functions of L?(D). Such a set can always be obtained 
by means of the Schmidt orthogonalization process if a complete set of 
functions of L?(D) is known. Obviously, the practical applicability of 
the theory developed in this section depends largely on the a priori knowl- 
edge of such a set. For a wide class of domains, this knowledge is pro- 
vided by the following theorem. 
If Disa finite domain whose complement 1s 
a closed domain (i.e., the closure of a domain), 
then the powers 


2 3 
Lt ee I i oe 


form a complete set in L?(D). 

The condition that the complement of D 
should bea closed domain excludes slit domains 
of the type indicated in Fig. 27. The comple- 

Fic. 27. ment D’ of the domain of Fig. 27 consists of 

the outside of the circle and of the points of 

the slit. Obviously, this set of points is not a closed domain. That 

such slit domains have to be excluded is easy to see. Since a slit does 

not affect the area integration, the functions 1, z, 27, . . . will also be 

orthogonal with respect to the slit circle of Fig. 27. If these functions 

were complete, the kernel function for the slit circle would therefore be 

the same as that for the full circle. In view of the connection between the 
kernel function and the mapping function, this is plainly absurd. 

To prove the theorem, we orthonormalize the functions 1, z, 27, . . . by 
the Schmidt process and obtain a set of orthonormal polynomials Po(z), 
P,(z), Po(z), . . . . With these polynomials, we set up a function Ki(z,¢) 
defined by 


n 


(136) Kiz,f) = ) Pa(z)P,(¢). 
=0 


As shown before, this series converges uniformly in any closed subdomain 
of D and its sum is therefore regular in D [this does not depend on the 
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completeness of the P,(z)]. Our aim is to show that Ky,(z,t) and the 
kernel function K(z,¢) are identical. 

The function (136) clearly has the reproducing property (128) with 
respect to such functions f(z) which are either polynomials or can be 
approximated by polynomials. In particular, we have 


(137) ea [ff KiGoe ae ay. 
D 


We shall show that, as a consequence of (137), we also have 


_~ [a0 (Jam 


if 7 is a point which is not in D. Suppose first that 7 is situated in the 
outside of a circle about the origin which contains D; since D is finite, such 
a circle exists. The expansion 


1 
7 — 2 


(138) 


il 2 
ieee ee on 
7 n 7 


will then converge uniformly for allzin D. Hence 


[ [cam ( 2) Som | f xremi ese 


By (137), this is equal to 


il 


SRR ee 2 
ee 
n=0 
This shows that (138) is true for values y outside the above-mentioned 
circle. Now both sides of the relation (138) are clearly regular analytic 
functions of 7 in the complement of D. In view of the principle of per- 
manence, the identity (138) persists therefore for all such values of 7. 

Let now f(z) be an otherwise arbitrary function which is regular in the 
closure of D. By the definition of regularity at a point, f(z) will then be 
regular in a domain D* which includes both D and its boundary. We 
now draw a closed contour C which is contained in D* but has no points 
in common with either D or its boundary. If £ is a point of D, we have 
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Hence, by (138), 


ro =a | [ [eH ( 2) a] 


Changing the order of integration, we obtain 


a an] dx dy, 


= | | BEB se Jog 


16) = | [ RG HPe) ax dy. 
D 


whence 


This shows that K,(z,¢) has the reproducing property (128) with respect 
to functions f(z) which are regular in the closure of D, and therefore also 
with respect to such functions of L?(D) which can be approximated by 
functions regular in the closure of D. If we can show that any function of 
L*(D) can be approximated by functions regular in the closure of D, it 
will thus follow that K,(z,f) has the reproducing property (128) with 
respect to all functions of L?(D). Since this property is characteristic of 
the kernel function K(z,¢), the identity of K(z,¢) and Ki(z,¢) will then be 
established. The reader will also confirm without difficulty that this 
identity is equivalent to the fact that the functions P,(z) of (1386), and 
therefore also the powers of z, form a complete set in L?(D). 

To show that any function of L?(D), or, more generally, any function 
f(z) which is regular in D, can be approximated by functions regular in the 
closure of D, we proceed as follows: Since the complement of D is a closed 
domain, it is possible to find a sequence of domains D,, De, . . . such 
that D, D D2 D> D3 D --°- and lim D, = D, where the boundary of D 


has no point in common with the boundaries of the domains D,. If 
w = p,(z) denotes the function, whose existence is guaranteed by the 
Riemann mapping theorem, which maps D, onto D in such a way that 
pit) = ¢, pn’ (¢) > 0, then lim p,(z) =z. Clearly, pn(z) is regular in 


the closure D + C of D and maps D + C onto a closed domain which is 
entirely contained in D. Hence, the function f,(z) = f[pa(z)] 1s regular in 
D+ C. Since, forn— ~, we have p,(z) — z, we also have f,(z) — f(), 
which proves that f,(z) can be approximated by functions regular in 
D+ C. This completes the proof. 

Summing up our results, we have thus arrived at the following pro- 
cedure for the construction of the mapping function. 

Let D be a simply-connected domain whose complement is a closed domain 
and let Po(z), Pilz). P2(z), . . . be the polynomials obtained by orthonor- 


Sec. 10] MAPPING OF SIMPLY-CONNECTED DOMAINS — 257 


malizing the powers 1, z, 2", . . . by the Schmidt process with respect to D. 
The series 


K@,t)= ) Pa@P.@, ¢ED, 
n=0 


converges absolutely and uniformly in any closed subdomain of D and repre- 
sents there a regular function. If w = f(z) ts the function mapping D onto 
the unit circle such that f(¢) = 0, f’(¢) > 0, then 


f'@ = Vee K(z,¢). 


In a practical application, the series for K(z,¢) has of course to be 
broken off after a finite number of steps. If the last orthonormal 
polynomial taken is P,(z), we thus obtain a polynomial 


ae re, PD 
v=0 


of order n which approximates K(z,¢). K,(z,¢) can also be characterized 
as the polynomial of order n which yields the best approximation in the 
mean of K(z,¢). Indeed, since P,(z) is a polynomial of degree v, any 
polynomial #,(z) of degree n can be written in the form 


Ra) = ) @P.(2), 


v=0 


In view of (128) and the orthonormality of the P,(z), we have 


il | |K@t) - > a,P,(2) dx dy 
2 1 


v= 


= Kt) -2Re{ Y oP,o} + Y la 
v=0 


v=0 


KG) — ) IPP + ) lo - BO! 
=] ysl 


lf | K(z,¢) aa 5 Pe eae dz dy a y la, a PO 
D v=] yv=l1 
Hence, 


[[ \Ken - 8.@)? ax dy > f f \K@s) — Ka,s))? dx dy, 
D D 


unless R,(z) and K,(z,¢) are identical. 
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The actual carrying out of the Schmidt process involves two types of 
steps, namely, the evaluation of the integrals 


Lam = [ [ oe dx dy 
D 


and a certain amount of elementary algebraic manipulation. Unless the 
domain D is fairly complicated, it is generally the latter which is the more 
tiresome. If D is smoothly bounded, the evaluation of J,,, is further 
facilitated by the use of Green’s formula (106) which transforms Im into 
the line integral 


1 
= namt+l1 
== Ge 1) fe Bt dle 


where C’ is the boundary of D. 
We close this section with the discussion of the case in which D is the 
ellipse b2z? + a2y? < ab? and in which the orthogonal polynomials P,(z) 
can be easily determined. We assume 
Z that the foci of the ellipse are situated at 
z = +1, that is, a? — b? = 1; obviously, 
this does not restrict the generality of our 
-a @ procedure. The function 


(139) T,@ = cos (n ces *z) 


is a polynomial of degree n; this is an im- 
mediate consequence of the easily proved 
fact that cos nz is a polynomial of degree nin cos x. T(z) is called the 
Tchebichef polynomial of degree n. The polynomial of degree n 


(140) U,(z) = (n+ 1) Taui'(2) = (1 — 22) sin [(n + 1) cos? z] 


Fic. 28. 


is called the Tchebichef polynomial of the second kind. We shall show 
that the polynomials U,(z) are orthogonal to each other with respect to 
the above-mentioned ellipse. 

To this end, we apply to the ellipse two cuts, from —a to —1 and from 
1 to a, respectively (see Fig. 28). Obviously, these cuts do not affect the 
value of the area integral 


(141) ee | i U.(2)U ale) dx dy. 
D 
We now use the fact to be proved later (Sec. 2, Chap. VI) that by the con- 


formal mapping z = cos w the cut ellipse of Fig. 28 is transformed into the 
rectangle (—ci, —ci + 7, ci + ,ci), wherea = coshe, b = sinhc(c > 0). 


Sec. 10] MAPPING OF SIMPLY-CONNECTED DOMAINS — 259 


Since the Jacobian of the transformation is 


d(z,y) _ | dz |? 
d(uv)  |dw 


it follows from (140) and (141) that 


— nl ez" |, w=ut i, 


A ‘ia sin (n + 1)w sin (m + 1)w du do, 
R 


where the integration is now to be extended over the above rectangle. 
We now evaluate this integral. We have 


c w e es ° e 
eet = if ik sin (nu + inv) sin (mu — imv) du dv 
—IC: 
c vw 2 5 
= i cosh nv cosh mv dv ip sin nu sin mu du 
{6 
Cc a Z wv 
-- if sinh nv sinh mv dv i cos nu cos mu du 
—'C 
° c ° us co 
+72 il sinh nv cosh mv dv ih cos nu sin mu du 
ile 


. c e us e 
—1 J cosh nv sinh mv dv i; sin nu cos mu du. 
—C 


The last two integrals over v vanish because the integrands are odd; the 
first two trigonometric integrals obviously vanish if n ~m. Hence, 
Anm = 0 if n ¥ m and the polynomials (140) are indeed orthogonal with 
respect to integration over the ellipse. For n = m, we obtain 


2S sinh 2(n + 1)e, 


i 
2(n + 1) 
or, in view of a+ b = e°, 


Ann = ) aa (a+ b)? = p. 


ee) 


The orthonormalized polynomials are therefore 


ae — 2 (po — pee a (2), Te O «eke 


n+l 
vin 


‘rhe set {P,(z)} contains polynomials of all degrees and is therefore com- 
plete. Hence, the kernel function of our ellipse is of the form 


Ket) = 4 @LDUITED, FEO, p= (a + by 


“= 
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In view of (140), this can also be written 


4\0 Por (2) On(S) 
Ks) = = 2 a a 
n=0 
where T,,(z) is the Tchebichef polynomial (139). If f(z,¢) is the function 


mapping the ellipse onto the unit circle, satisfying f(¢) = 0, f’({) > 0, we 
have, in view of (134), 


fet) = ep j? ee 


(n+ 1)|Un(S)|? 


Coe 


where 


1G) 


" <4 


If we make the substitutions z = cos w, £ = cos 7 and use (139) and (140), 
we obtain 


ra|sin | alls [cos (n + 1)w — cos (n + 1)n] sin (n + 1)n 


Ww, COS = 
0 


rn= 


where 


L*) 


2 Vi @t Disin? @ + Dal _ y nisin nal? 


a pt fone p" —p” 


n=0 n=l 
This result becomes particularly simple if the center of the ellipse is to be 


mapped onto the center of the circle. In this case, we have ¢ = 0 and 
therefore 7 = gr. With f(z,0) = eee it follows that 


“m 1)" cos (2n + 1)w 


(142) f(cos w) = parti — p—2nnl 
n=0 
where 
2 1 
(142’) 2 >» —— a (Gia ze 
4? p 
EXERCISES 


1. Let f(z) be regular and single-valued in a domain D (not necessarily simply- 
connected) and on the closed contour or contours C by which D is bounded. If ¢ 
is a point of D, show that the integral 


r= [ [Para 
D 
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exists and that 


fact, aot 
t=5 |; Sp a 


Hint: Apply Green’s formula (106) to the domain obtained by deleting from D a 
small circle of center ¢. 

2. If {va(z)} is a complete orthonormal set in L?(D), show that any function f(z) 
of L?(D) can be expanded into a series 


=) 


fe) = > anta(Z), an = (f0), 


n=l 


which converges absolutely and uniformly in any closed subdomain of D. Hint: 
Consider the mth remainder of the series and apply the inequality 


2) 
), Pate < > teal?) lqn|?. 
nr nr 


n 
3. If f(z) is a function of L?(D), use the reproducing property (128) of the kernel 
function K(z,t) to show that 


Ol? < K,b) [f(z)|? dz dy. 
IJ 


Use this result to show that the function 


_ KS) 
fol2) = KER) 


nas the extremal property (125). 
4. Let f(z) be regular in |z| < 1 and let M(f) be the mean value defined by 


mp == ff iseieaxay. 
|z] <1 
If M(f) < 1, show that 


1 
Ift)| < al = [z[2)? lz| < Sik 
5. Let D; be a domain contained in D and let K,(z,¢) and K(z,¢) denote the kernel 
functions of D, and D, respectively. If ¢ is a point of Di, show that 
K(g,¢) < Ki (f,¢). 


Hint: Consider the extremal problem (f,f) = min., f(¢) = 1 in both the domains D 
and D,, and use the fact that the solution of a minimum problem cannot become 
larger if the class of competing functions is enlarged. 

6. Show that the Hermitian form 


n n 


H(z,z2) = ) 2 Z,tpK (Sv, ou), vy ‘Ss D,v =1,..+6,% 


v=l p=1 


is positive-definite. Hint: Consider the integral 


IJ y ryK (zy, Fy) 


y= ] 


a 
dx dy. 
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7. Let D be a simply-connected domain which contains the circle |z| <r and is 
contained in the circle |z| < R. If K(z,f) is the kernel function of D and |¢| <r, 
show that 


i ee 
Gh = eo) = Ga 
Hint: Use the result of Exercise 5. 
8. Let w = f(z) be regular in a simply-connected domain D and let A be the area 
of the domain onto which D is mapped by w = f(z), that is, 


A= f r@Pacay. 


D 


If f’(¢) = 1, where ¢ is a point of D, show that A takes its smallest possible value for 
the function w = fo(z) [fo’(¢) = 1] which maps D onto the interior of a circle about 
the origin. Hint: If D’ is the domain onto which D is mapped by the extremal func- 
tion w = fo(z), show that D’ is independent (except for a magnification) of the domain 
D, and conclude that it is sufficient to solve the above problem in the case in which D 
is the unit circle. In the latter case, use the relation 


to) 


[ f robaray = Y nba 


|z| <1 a= il 


fle) =) baz 
n=0 
which is regular in |z| < 1. 


9. Use the result of the preceding exercise to identify the kernel function K (z,t) 
of a simply-connected domain D with a constant multiple of f’(z), where w = f(z) 
maps D onto the unit circle and f(¢) = 0. 

10. Prove that 


valid for a function 


|\K(f,7)|? < K(,o)K (n,n). 
11. Let ¢ and 7 be two distinct points of a domain D and let K,i(z,¢) be defined by 
Ki ,f) = USED) — aK (z,n), 


a = EDS), 
K(n,7) 


Show that K,(z,f¢) has the reproducing property 


{© = i if Ki@bif(e) dx dy 
D 


where 


with respect to all functions f(z) of L?(D), including K,(z,¢) itself, for which f(n) = 0. 
Deduce that the function 
sy Ki(z,¢) 


as AKi(,o) 


solves the extremal problem 


J i Ife)|*dedy=min, f6)=1, f@)=0, f@) GLAD), 
D 
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and show that the value of the minimum is [K,(¢,¢)]“!. 

12. If u(x,y) is a real harmonic function and if 0/dz and 0/02 are the differential 
operators defined in (103), show that du/dz is an analytic function of z and that du/dz 
is the conjugate of an analytic function of z. 

13. If v(z,y) is a complex-valued function of x and y which possesses continuous 
second derivatives, show that 

02y 


ae 0z 


= Ap, 
where A is the Laplace operator. 


14. Let f(z) be regular in the closure of a smoothly bounded domain D, and let the 
function r(z) be defined by 


7(z) = [ [ F@r08 le—gldtdn, g¢ = E+ 
D 


Show that 7r(z) satisfies the differentia: equation 
Ar(z) = Arf’ (2). 


Hint: Use the results of Exercises 1 and 12.. 


11. Conformal Mapping of Nearly Circular Domains. We end this 
chapter with a few remarks on the conformal mapping of nearly circular 
domains. To be specific, let D be a simply-connected domain in the 
z-plane whose boundary has the polar equation r = 1 + ep(@), where p(@) 
is bounded and piecewise continuous and e is a small positive parameter. 
Our aim is to find an expression for the analytic function f(z) mapping D 
onto the unit circle, which is correct up to quantities of the first order of 
magnitude ine. In other words, we wish to represent f(z) in the form 


F(z) = folz) + ep(z) + eg(z), 


where fo(z) and p(z) are independent of eand q(z) > O0Oife— 0. This may 
also be expressed in the form 


f(z) = folz) + ep(z) + ole). 


If € is very small, then the error committed by neglecting the term o(e) 
becomes insignificant and the expression fo(z) + ep(z) yields a good 
approximation for the mapping function f(z). _Weadd that the conformal 
mapping of nearly circular domains is of importance in a number of prac- 
tical applications. What is required in these cases is to find the mapping 
function of a simply-connected domain A* if the mapping function of a 
domain A, which is very close to A*, is known. Since the domains A con- 
sidered in practical applications are generally bounded by analytic arcs, 
on which, in view of the symmetry principle, the mapping function is 
regular, the function mapping A onto the unit circle will map A* onto a 
nearly circular domain. Hence, it is sufficient to consider domains of the 
latter type. 
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The problem of mapping a nearly circular domain D onto the unit circle 
is easily solved by means of the Hadamard variation formula for the 
Green’s function of a domain, developed in Sec. 11, Chap. I. According 
to the last formula of Sec. 11, Chap. I, the Green’s function g(z,0) of the 
nearly circular domain D considered above is 


*r (1 — p?)p(0) dé 
0 1 — 2p costo — o)eae. 


g(z,0) = — log |e| + = + o(¢), 


where z = pe’?. In view of 


an | aie | -. = a a _ 1 Sep? 


ew? — 2 e? — pee} «1 — 2p cos (06 — v) + p? 


and log |z| = Re {log z}, this can also be written 


ef 
ef 


2a 
(143) g(z,0) = Re | - logz+ =I © (6) d} + o(c). 
T JO ee 
As shown in Sec. 4 of this chapter, the Green’s function g(z,0) of D and 
the analytic function f(z) mapping D onto the unit circle and satisfying 
f(Q) = 0 are related by the identity 


(144) i CAV) ial Co) 0 C)) ioe ca OC ACN 


Now the expression enclosed in braces in (143) is an analytic func- 
tion of zin D. Since the real parts of two analytic functions can be equal 
throughout a domain only if the difference of the two functions is an 
imaginary constant 7C, it follows therefore from (143) and (144) that 


e? + 2 


ef? — 2 


2r 
log f(z) = log z — = i p(@) dé + 1C' + of(e), 

0 
where o(e) is an analytic function of z such that e—'o(e) > 0 if e— 0. 
Taking exponentials and observing that 


2 
FSI ol tage (4 ee lr > iG), 


we obtain, for C = 0, 
Dy és 
€Z "eo 4 2 


(145) f@=2-=— 


2r Jo e% —2 


(0) dé + o(e). 


The function (145) yields the conformal mapping onto the unit circle of 
the nearly circular domain D whose boundary has the polar equation 
r= 1-+ ep(6), where p(@) ts bounded and piecewise continuous and « 1s a 
small positive parameter. If C ¥ 0, there appears a factor e*° which causes 
a rotation of the unit circle about the origin. 
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If it is desired to find the function z = F(w) inverse to w = f(z), we 
proceed as follows. Clearly, f(w) must be of the form 


F(w) = wt eq(w) + o(e). 
Hence 
w = f(z) = flF(w)] = flw + eq(w) + o(6)] 
= f(w) + eq(w)f’(w) + of). 


Using, for a moment, the abbreviation f(z) = 2 — et(z) + o(e) for (145), 
we thus find that 


w — et(w) + eq(w)[1 — et!(w) + o(€)] + ofe) 
= w — et(w) — g(w)] + of), 


Ww 


whence 


q(w) = tw) + Tol). 


Since q(w) and t(w) are independent of e«, this means that q(w) = t(w). 
Using the definition of ¢(w) and replacing the variable w by z, we thus 
have the following result. 
The function 
2m +9 
a €Z Ce -l- <2 
(146) Fi) =z2+ on — 


p(@) dé + o(e) 


maps |z| < 1 onto the nearly circular domain whose boundary has the polar 
equationr = 1 + ep(@), where p(6) 1s bounded and piecewise continuous and 
e 1s a small positive parameter. 


EXERCISES 
1. If the function p(@) in (146) has the form 


p(@) =ao+ » (a, cos nO + b, sin né), 


n=1 


show that the associated mapping function is 


f@ =zte [ a - > (an — ibn)ee | + o(e). 


p= i 


Hint: Substitute ¢ for e®, and evaluate the integral by means of the residue theorem. 
2. Show that the function mapping |z| < 1 onto the nearly circular ellipse b?u? + 
a’? < a*b?, where b = 1,a = 1+, is of the form 


f@) = 2 +521 + 24) + of. 


CHAPTER VI 


MAPPING PROPERTIES OF SPECIAL FUNCTIONS 


1. The Rational Function of the Second Degree. The most general 
rational function of the second degree is of the form 


ee i G2 2p be 7 
@) w= IO = Tat wete 
Since f(z) remains unaltered if both the numerator and the denominator 
are multiplied by the same constant, f(z) depends on only five arbitrary 
constants. In view of 
_ az? + bz + ¢ — wo(a’z? + b’z + e’) 
AG) EP av22+0z2+¢' 


the equation f(z) — wo = 0 is of the second degree in z, which shows that 
every value wy is taken by w = f(z) exactly twice. It follows that 
w = f(z) maps the full z-plane onto the doubly covered w-plane. We may 
also say that w = f(z) maps the z-plane onto a two-sheeted Riemann sur- 
face R and that both sheets of R cover the entire w-plane. The branch 
points of R, that is, those points w which are common to both sheets of R, 
correspond to those points z at which either f’(z) = 0 or f(z) has a double 
pole. The reader will easily verify from (1) that there are precisely two 
such branch points. 

We shall now show that the general transformation (1) can be built up 
from two linear substitutions and the transformation z— z?. To this 
end, consider first the case in which the two branch points of the Riemann 
surface associated with (1) are situated at w=0 and w= oo. If 
f(a) = O and f(8) = ~, the expansions of f(z) near z = a and z = 6 will 
then be of the forms 


{eh = ye — er + ue —- oa. v2 # 0, 
and 


HON esagy: 1 (oes) ae di(@—6)+:>-*, Gage 


C= Ga5 =) 
Since f(z) takes no value more than twice, f(z) will be finite and different 
from zero at all points other than a and 8. The function g(z) = V/ f(z) 
can therefore have singularities only at the points a and 6. However, 
266 
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g(z) is clearly regular at z2 = a and has a simple pole at z = 8. Indeed, 
in view of the above expansions, we have 


We) = VI) = @- a) Vril1 +22 @- a) 4-. 7 


and 


o@) = Vi = M2)14+34¢-H+...] 


near 2 = a and z = 8, respectively. The only singularity of g(z) in the 
entire z-plane is therefore a simple pole at z = 6. Hence, g(z) must be a 
linear substitution of the form 


2 Aces 
g(z) ae Cz ats D 
Since f(z) = [g(z)]?, it follows that 
(2) w = fe) = —— , 


The case of the general transformation (1) can be reduced to this special 
case by an additional linear substitution which transforms the two branch 
points of the Riemann surface associated with (1) into the points 0 and o. 
We thus have the following result. 
The transformation 
ORT Se aoe 
~ a’22-+ blz +e 


can be decomposed into three successive transformations of the type 


a“ _Azt+ Bb 
C24 D 
Zo = 21’, 
Bl s Fey 
36229) 


Another important decomposition of the transformation (1) can be 
obtained in the case in which both branch points of the Riemann surface 
of f(z) are situated at finite points, say at w= aandw=8. By the 
transformation 


ss _ 2f(z@) —a—B6 
Oi g (2) oad _— B 
we then obtain a function g(z) which maps the z-plane onto a two-sheeted 
Riemann surface with branch points at the points w1 = +1. By the 
same reasoning as above, the function 


h(z) = g(z) + V2) — 1 
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will therefore be regular at the points z at which g(z) = +1. The only 
other possible singularities of h(z) are the points z; and ze at which g/(z) 
has simple poles. At these points, h(z) is either regular or it has a simple 
pole. Indeed, if 
gz) =—"-+atae—-a+---, 
= A 
then 


h@) = 92) + V9?@) — 1 
= —! edie anler—-zaeet ~~ 


iC eet 


+—! Jit @@-a+--- 


fA = Fas) 


4 tat: £( : tat +>) 
2 S21 2— #21 

Hence, there corresponds a simple pole of h(z) to the positive branch of 
the square root, while the negative branch of the square root leads to a 
regular point of h(z). We thus find that the function A(z) is regular for 
all values of z, with the possible exception of the points 2; and z. at which 
h(z) may have simple poles. It is clear that h(z) must have at least one 
pole as otherwise it would reduce to a constant; h(z) is therefore a rational 
function of either the first or the second degree. To determine the degree 
of h(z), it is sufficient to find the number of times an arbitrary value wp» is 
taken by A(z). For wo = 1, we obtain g + ~/g? — 1 = 1, which is 
possible only for g(z) = 1. But the equation g(z) = 1 has only one solu- 
tion, say Zo, since g’ (zo) = 0 and the two solutions of the equation g(z) = wo 
coincide in this case. Hence, A(z) is a rational function of the first degree, 
i.e., a linear substitution. Since w. = w+ +/w? — 1 entails 


v= 5 (w + +), 
2 Wi 


we thus have the following result. 
The transformation 


az?#+oboze+ec 
a’224+ b/z24+¢' 


can be decomposed either into the three successive transformations 


w= 
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or into the two successive transformations 


_ Ae a B 
“l 59 =a 
w=27+A’. 


The latter possibility corresponds to the case in which one of the two 
branch points of the associated Riemann surface is situated at infinity. 
If A’ is the location of the second branch point, then f(z) — A’ has its 
branch points at zero and infinity and must therefore be of the form (2). 

Apart from a trivial translation and rotation, any transformation (1) 
can thus be decomposed into one linear substitution and either the trans- 
formation w = z? or the transformation w = $(z2-+27'). Since the 
mapping properties of linear substitutions are very well known, the study 
of the transformation reduces therefore essentially to that of the two 
transformations 


(3) — 
and 
1 1 


The mapping properties of the transformation (3) are easily obtained. 
Ii w = u + w, then (3) is equivalent to 


u=x? — y?, v = 2xry. 


Given any curve in the z-plane or w-plane we thus can immediately deter- 
mine its conformal image in the w-plane or z-plane, respectively. Taking, 
for instance, the straight lines u = const. and v = const., we find that 
their conformal images are the equilateral hyperbolas x? — y? = const. 
and 2xy = const. It is clear that these two families of equilateral hyper- 
bolas must be orthogonal to each other; indeed, the lines uw = const. and 
v = const. are orthogonal to each other, and the mapping is conformal. 
If, on the other hand, we set x = c or y = c, we obtain 


v? = 4c?(c? — u) or v? = 4c?(c? + u). 


The conformal images of the straight lines x = const. and y = const. are 
therefore two mutually orthogonal families of confocal parabolas. 

It is also of interest to consider the curves in the z-plane which corre- 
spond to circles in the w-plane. Ii o (a # 0) is the center of a circle 
and RF its radius, then the conformal image of this circle by means of the 
transformation (3) is |z22 —a| = R. With a = 6’, this can be written 
lz — B\lz + 6| = R. Hence, the images of circles are the loci of points 
whose distances from two fixed points have a constant product. These 
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curves are known as Cassinians. The reader will readily verify that for 
R > |B|? we obtain one closed curve, while for R < |8|? the Cassinian 
splits into two separate closed curves. For R = |g|?, we obtain the 
ordinary lemniscate; indeed, with 8 = pe'’, we have 


22 a p> = |r2@2i6 = p2e27| = p?, 
whence rt — 2r2p? cos 2(@6 — vy) + p* = p', and therefore 
4 — e209 COG 2(0 — 7) 


The orthogonal trajectories of a family of confocal Cassinians (1.e., belong- 
ing to the same 8) must be the conformal images of the orthogonal trajec- 
tories of the corresponding family of concentric circles. Since the latter 
trajectories are the rays arg {w — 87} = const., the desired curves are 
found to have the equations 


2xey — Im {67} 


= eG ee 


The reader will verify that this is a family of equilateral hyperbolas. 
We now turn to the transformation (4). Setting z = re? w = u+ w, 
we obtain 


1 1 hk a 
(5) u=3(r +2) 00s 4 v= 5(r-!)sing 


whence 
u? vy? 


BCT BGT 


This shows that the transformation (4) maps the circles r = const. onto 
the ellipses of semiaxes 4(r + r—!) and 3|r — r~|.__ In view of 


1 i 1 
(+3) —" = 


these ellipses have the foci +1. The circles r = c andr = c™ obviously 
yield the same ellipse, and for r = 1 the ellipse degenerates into the linear 
segment connecting w = 1 and w = —1 (see Fig. 29). Figure 29 also 
indicates the family of confocal hyperbolas which is orthogonal to these 
ellipses. Being the conformal images of the rays @ = const., these hyper- 
bolas have, by (5), the equations 


1 


De on 
cos? 6 sin? 6 


The transformation (4) maps both the interior and the exterior of the unit 
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circle onto the full w-plane which has a rectilinear slit from w = —1 to 
w= il. 

The transformation (4) is of importance in certain aerodynamical 
applications. This is due to the fact that (4) maps the outside of certain 
circles onto the outside of curves which have the general character of air- 
plane wing profiles. Consider a circle C 
in the z-plane which passes through the 
point z = land contains the pointz = —1 
in its interior. Since the derivative w’ (z) 
vanishes at z = 1,z = 1 isa critical point 
of the transformation and the angles whose 
vertices are at z = laredoubled. Hence, 
if D denotes the exterior of C and D* is the 
conformal map of D, the boundary of D* 
will have an angle of 27 at the point cor- 
responding toz = 1. If C is symmetri- 


cal with respect to the real axis, C con- ane, oe 
tains the circle |z| = 1. Since the latter 
is mapped onto the w-plane with a slit from w = —1tow = 1, the map of 


the domain D bounded by such a circle C which is fairly close to |z| = 1 
will therefore be of the type indicated in Fig. 30. If Cis not symmetrical 
with respect to the real axis, more general profiles can be obtained in this 
fashion. An example is indicated in Fig. 31. The shapes obtainable in 


Fia. 30. Fia. 31. 


this way are known as Joukowski profiles. If the circle C is replaced by 
a nearly circular curve, the transformation (4) will yield a shape which 
is close to a Joukowski profile. With the help of the mappings of Sec. 11, 
Chap. V, it is therefore possible to map a circle onto a wide variety of 
wing profiles. 
EXERCISES 

1. Show that the transformation (3) maps the straight line Au + Bv = C (A,B,C 
real, A ~ 0, w = u + iv) onto an equilateral hyperbola whose center is at the origin 
and whose half axis is CA~? ~/A? + B?. 


2. Show that the transformation (3) maps the circle |z — a| < |a| onto the interior 
of the cardioid whose polar equation is 


p = 2lal[l + cos (@ + 4)], 0 = arg {a}. 
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3. Show that the transformation | 


4a 
= @+? a> 0, 


maps the unit circle |z| < 1 onto the exterior of the parabola v? = 4a(a — u), where 

the exterior of a parabola is defined as that region which does not contain the focus. 
4. Show that the transformation 

2 Gh ce2ee 

z? — c2? — Qez’ 


Ww 


w= c > 0, 


maps the half circle |z| < c, Re {z} > 0 onto the unit circle |w| < 1. 
5. Show that the transformation 


wav le 2 
maps the hyperbola 2x? — 2y? = 1 onto itself. 
6. Show that the mapping 
w=zVl—a@t+avi—2 O0<a <1, 


transforms any ellipse of foci +1 into itself. 
7. Show that the mapping 


w= V1 — 2? 
transforms the hyperbola 
x2 Oe “ 
cos? @ sin? @ 


wv 
i OR OR< TZ, 


into the hyperbola 
sin? @  cos?0 _ 
8. Show that the transformation 
zZ 


[ea 


maps the upper half-plane Im {z} > 0 which is cut along the imaginary axis from 
z =21to z =1% onto the upper half-plane Im {w} > 0. 


9. Show that the transformation 
5 lz = 1 
5 es 


maps the entire z-plane which is cut along the rays —» <z< —landl <z< 
onto the upper half-plane Im {w} > 0. 

10. Show that there exists a one-parameter family of circles which are mapped by 
the transformation (4) onto doubly covered circles. Hint: Use the fact that the 
transformation (4) can be written in the form 


Oe Je. 2 


oe 1 ee — 1 


W 


11. A lemniscate of degree n is defined as the locus of those points whose distances 
from n given points (the ‘“‘foci’’ of the lemniscate) form a constant product. If 


W = dois G20 Gee? aie -- - sieee, an ~ 0, 
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show that the curves in the z-plane corresponding to circles in the w-plane are lemnis- 
cates of degree n. 

12. Let 7 be an orthogonal trajectory of a family of confocal lemniscates whose foci 
are at the points Pi, ... , P, and let 6 denote the angle between the positive axis 
and the linear segment PP;, where P is a point of T. Show that 


6, + 62+ --- + 6, = const., 
if P describes 7’. 


2. Exponential and Trigonometric Functions. The fundamental 
mapping properties of the transformation 


(6) oe 


are an immediate consequence of the decomposition of the exponential 

function into its real and imaginary parts. Withw =u+w,z=2-+ wy, 

we have 

u+iw =e = e*(cosy +7sin y), 

whence 
Uu = €7 COS Y, v = e* sin y. 

It follows that 


u? + v? = 7, = tan y. 


v 
u 
This shows that the mapping (6) transforms parallels to the imaginary axis 
unto carcles around the origin, and parallels to the real axis into rays emanat- 
ing from the origin. 

For a more detailed investigation, it is more convenient to consider the 
transformation inverse to (6), 7.e., the mapping 


z = log w. 
If w = Re'*, we have 
x + ty = log R + i¢, 
and therefore 


(7) x = log R, yf — eo. 


(7) shows that the transformation (6) maps the boundary of any rectangle 
in the z-plane whose sides are parallel to the axes onto a closed contour 
consisting of two circular arcs about the origin and two linear segments 
pointing at the origin. Hence, (6) maps the rectangle of Fig. 32a onto 
the domain indicated in Fig. 32b. If the rectangle degenerates into the 
infinite strip 6: < Im {z} < 62, then its conformal image becomes the 
entire angular space 6; < arg {w} < 0. Ifthe width of the rectangle or 
of the strip exceeds 27, its conformal image is clearly self-overlapping. 
On the other hand, any schlicht domain in the z-plane which is contained 
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in an infinite strip parallel to the x-axis of width less than 27 is mapped by 
(6) onto a schlicht domain. 

We now turn to the trigonometric functions w = sin z and w = cos z. 
In view of 


1 iz —iz } = 1 iz —iz 
(8) cOsz = 5 (e + e~*), sin z= 5. (e 67"), 
the mapping properties of these function can be obtained by combining 


those of the transformations (4) and (6). It is sufficient to consider the 
function w =sinz. If its mapping properties are known, those of 


eee 


FIG ss2: 


w = cos z follow trivially by means of the relation cos z = sin (2 + $n). 
In view of (8), the transformation w = sin z can be built up from the 
following four successive transformations: 


(9a) 41 = 12, 
(9b) 25 me", 
(9c) 23 = —122, 
1 il 
(9d) y= 9 (2. ale 1), 
In order to find the conformal images of the straight lines y = const. and 
x = const., we observe that (9a) transforms y = cintox = —candz =c 


into y = c; (9b) transforms these lines into circles about the origin and 
rays emanating from the origin, respectively. This is, obviously, not 
changed by the transformation (9c). Finally, as shown in the preceding 
section, (9d) transforms circles about the origin and rays emanating from 
the origin into confocal ellipses and hyperbolas, respectively, whose com- 
mon foci are at the points w= +1. Hence, w = sin z transforms the 
lines y = const. and x = const. into confocal ellipses and hyperbolas whose 
common foci areatw = +1. 

This result can also be obtained with the help of the addition theorem 
of the function sin z. We have 
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u+i=w =sinz = sin (x + ty) 
' = sin x cos ty + cos @ sin ty. 


Since sin it = 7 sinh ¢ and cos it = cosh #, where the hyperbolic functions 
sinh ¢ and cosh ¢ are real for real values of é, it follows that 


u+w = sin x cosh y +7 cos x sinh y, 


whence 
(10) u = sin x cosh y, v = cos x sinh y. 
Hence, 
(i Oe 
_ (cosh yt © Gin yy? =? 


and, in view of cosh? y — sinh? y = cos? ty + sin? ty = 1, 
u? ve 


(12) (sin xz)? (cosz)? 


(11) shows that the line y = c is transformed into an ellipse of half axes 
cosh c and sinh c¢, respectively. In view of cosh? y — sinh? y = 1, the 
foci of the ellipse are at +1. It should be noted that this ellipse is 
traversed an infinity of times if the point z describes the entire straight 
line y = c. Indeed, in view of (10), this ellipse is given by the parametric 
representation 

u = cosh c sin z, v = sinh c cos g, 


and this shows that a segment of length 27 of the line y = c corresponds 
to the complete perimeter of the ellipse. 

(12) shows that the line x = c is transformed into an hyperbola of half 
axes sinc and cosc. Since sin? c + cos?c¢ = 1, the foci of this hyperbola 
are at +1. (12) can also be written in the form 


u* cos? x — v? sin? x = sin? x cos? g, 


which shows that for z = +42 and x = 0 the hyperbolas degenerate into 
the real axis and the imaginary axis, respectively. A similar degeneration 
is shown by the ellipses (11). Writing (11) in the form 


u? sinh? y + v? cosh? y = sinh? y cosh? y, 


we find that for y = 0 the ellipse degenerates into a part of the real axis 
which is necessarily the linear segment connecting the points w = —1 
and w= 1. By considering these degenerate cases, we arrive at an 
interesting result. The total boundary of the infinite half-strip indicated 
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in Fig. 33a corresponds to the entire real axis in Fig. 33b. The reader will 
easily verify that if the boundary of the infinite half-strip is described in 
the positive sense with respect to the half-strip, the real axis in the w-plane 
is traversed monotonically from — © to o. It follows that the transfor- 
mation w=sin z maps the infinite half-strip —dm < Re {z} < dz, 
Im {z} > 0 onto the upper half-plane Im {w} > 0. 

Since both domains have rectilinear boundaries, the function w = sin z 
can be continued beyond the boundary of the half-strip by means of the 
symmetry principle of Sec. 5, Chap. V. The linear segments —$m < z < 
$m and —1 < w < 1 correspond to each other; hence, if w = sin z is con- 
tinued beyond — $m < z < gz, its values in points symmetric with 
respect to the real axis must themselves be symmetric with respect to the 


@ == 


| 
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mi 
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w=sinz 
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Fie. 33. 


real axis. It follows that w = sin z maps the lower half-strip —Zr < 
Re {z} < 42, Im {z} < 0 onto the lower half-planeIm {w} <0. Taking 
into account the fact that the latter mapping was obtained from the 
former by analytic continuation beyond the linear segment —}1r < z < 
dn, we find that w = sin z maps the infinite strip —$r < Re {z} < dr 
onto the full w-plane which is cut along the rays —~ <w< —1 and 
eS Ui Geo, 

Applying the symmetry principle to the analytic continuation of 
w = sin z beyond the ray z = $7 + 2t,0 <t < ©, we find that w = sin z 
maps the infinite half-strip 44 < Re {z} < 37, Im {z} > 0 onto the lower 
half-plane Im {w} <0; furthermore, it follows that the half-strip 
—tr < Re {z} < #r, Im {z} > 0 is mapped onto the full w-plane which 
is cut along theray —7 <w<1. The mapping of Fig. 33 can also be 
used, together with the symmetry principle, in order to deduce the 
periodicity of the function w = sinz. If z and z; are symmetric with 
respect to the line Re {z} = 42, we obviously have 2: + Z = 7. Simi- 
larly, if z2 and z are symmetric with respect to the line Re {z} = — $7, we 
have z2 +2 = —7z. Since, in the mapping w = sin z, symmetry with 
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respect to these lines corresponds to symmetry with respect to the real 
axis, it follows that 


sin (r — 2) = sin gz, sin (—ax — 2) = sin z. 
Hence, 
sin (zg + 27) = sin [r — (—z — z)] = sin (—z — 2) = sing, 
which is the required periodicity property. 
The conformal mapping properties of the function w = tan z follow 


from the definition 

Snes eee er | 

cosz te#te# feet ]’ 

which shows that the transformation w = tan z can be built up from the 
three successive transformations 


= tan z = 


Z, = 2iz, 

Zo = ef”, 
- 1 Zo — | 
— tze Fl 


By considering the properties of these transformations, the reader will 
conclude without difficulty that w = tan z transforms the straight lines 
Re {z} = const. into the family of circular arcs which terminate at the 
points w = 7and w = —17; the lines Im {z} = const. are transformed into 
a family of circles orthogonal to these circular arcs. In particular, the 
lines Re {2} = —+4 rand Re {z} = +rare transformed into the two halves 
of the circle |w| = 1 between the points w = —iandw=17. The reader 
will verify that if the point z travels ‘‘down”’ the line Re {z} = —4+ and, 
subsequently, ‘‘up” the line Re {z} = 41, the point w describes the full 
circumference |w| = 1 in the positive sense. It follows that the transfor- 
mation w = tan z maps the infinite strip —4+4 < Re {z} < 47 onto the unit 
circle |w| < 1. 

As an application of this mapping, we derive the addition theorem of 
the function tan z. Since the strip —gmr < Re {z} < ir remains 
unchanged if it is shifted vertically by the amount ¢ (¢ real), it follows 
that the function w; = tan (z + zt) likewise maps this strip onto the unit 
circle. Hence, the transformation w— w; maps the unit circle onto 
itself and it must therefore be of the form 


We thus obtain 


ee: tan 8 
tan (z + 121) wee 
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Since tan 0 = 0 and tan (—z) = — tan z it follows, by setting z = 0 and 
z= —it, that 


tan (2t) = e*78, B = — tan (—72t) = tan 7. 
Hence e'? = 1 and therefore 


ee a ee 


1 + tan (zt) tan z 
tan z is real for real z. By the symmetry principle, we thus have 


tan z = tan Z, 


— tan (it). This yields 
tan z + tan (2t) 


and therefore tan (7#) = tan (—z2t) 


Bae) — =e 
or, writing zt = ¢, 
ee +e) = Weil 2 a= Snel fe 


1 > tan tan Zz 


This identity has so far only been proved for values of ¢ which are pure 
imaginary and for values of z for which —jm < Re {z} <4r. However, 
since the two sides of this identity are analytic functions of both z and ¢, 
it follows from the principle of permanence that the identity persists for 
all values of z and ¢ for which both its sides are regular. This proves the 
addition theorem. 
EXERCISES 
1. The polar equation of a logarithmic spiral is p = Ae®9 (A, B real). Show that. 


w = e? transforms all straight lines in the z-plane into logarithmic spirals. 
2. Show that 


a> 0, 


maps the unit circle |z| < 1 onto a domain D which covers the entire unit circle 
|w| <1 an infinite number of times, with the exception of the point w = 0 which is 
not covered at all; show that all boundary points of D satisfy either |w| = lor w = 0. 

3. Derive the addition theorem e#+$ = ees from the fact that w = e? maps an 
infinite strip parallel to the real axis onto an angular space D whose vertex is at the 
origin. Hint: Use the fact that the mapping z— z-+a (a real) leaves the strip 
unchanged and that the only conformal mapping of D onto itself which preserves the 
points 0 and ~ isw— bu, b> 0. 

4. Show that the analytic function w = f(z) which maps the domain of Fig. 32a 
onto the domain of Fig. 32b must be such that 


f'@) 
f(z) 


is real on the boundary. Deduce that f(z) is necessarily of the form f(z) = ae“, where 
a and b are constants. 
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5. Show that the transformation 
za ae 2 
w = log ——_ 
maps |z| < 1 onto the infinite strip —4r < Im {w} < 4. 
6. Show that the transformation 
27+] 
2z 


maps the half circle |z| < 1, Im {z} > 0 onto the infinite strip 0 < Im {w} <-. 
7. Show that the transformation 


w = log 


wa=es— eA 0 <1A <1, 


maps the infinite strip —r < Im {z} <7 onto the full w-plane which is cut along 
the rays arg {w} = +d, A7A(L — A)AW? < Jw] < ow. 
8. Show that the transformation 
w=zte 


maps the infinite strip —x < Im {z} <7 onto the full w-plane which is cut along 
the rays Im {w} = +i, —~ < Re {w} < —1. 
9. Show that w = sin z maps the rectangle —}4r < Re {z} < 4x, —c < Im {z} <c 
onto the interior of the ellipse 
u? vy? 


cosh? c me sinh? c ! 


which has been cut along the linear segments — cosh ec < w < —1,1<w <coshe. 
10. If D denotes the domain obtained by cutting the full w-plane along the rays 
—~» <w< —-1,1<w < », show that the transformation 


wm =aV2—1l+2vV1 +a’, a real, 


maps D onto itself. Use your result and the fact that w = sin z maps the infinite 
strip —3r < Re {z} < 4m onto D, in order to derive the addition theorem of the 
function sin z. Hint: Employ a technique similar to that used in Exercise 3. 

11. Show that the transformation 


w = log sin z 
maps the half-strip —40 < Re {z} < 4x, Im {z} > Oontothestrip0 < Im {w} <7. 
12. Show that the transformation 
w = tan? Vz 
maps the interior of the parabola 


64y? = r2(r? — 162) 
onto the unit circle |w| < 1. 
13. Show that the transformation 


w =sin ~V/z 
maps the interior of the parabola 


4y? = x(n? — 42), 


which has been cut along the linear segment 0 < z < 3r?, onto the upper half-plane 
Im {w} > 0. 
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14. Show that the transformation 
w = sin | 
1 + 2? 
maps the unit circle |z| < 1 onto a domain D of the following description: D covers 
the entire w-plane on infinity of times, with the exception of the point w = © and the 


linear segment —1 < w <1; the points w = © and w = +1 are not covered at all 
and the segment —1 < w < 1 is covered by D exactly once. 


3. Elliptic Functions. In the two preceding sections we were studying 
the conformal mapping properties of analytic functions which were known 
a priori. In this section we shall adopt a somewhat different procedure. 
Since it is assumed that the reader is not acquainted with the theory of 
elliptic functions, we shall define some of the fundamental elliptic func- 
tions by means of certain conformal mappings effected by them, and we 
shall then proceed to derive some of their other properties. 


W=SN Zz 


WLM 


Pie: 34. 


Our point of departure is the conformal mapping of the half-plane 
Im {w} > 0 onto a rectangle in the z-plane, where the points w = +1, 
w = +(1/k) 0 <k < 1) are to correspond to the corners of the rectangle. 
By the Schwarz-Christoffel formula (50) of Sec. 6, Chap. V, this mapping 
is effected by the function 

ey dw 

(13) 2 = F(w) i === 

In order to determine the position of the rectangle in the z-plane, we 
observe that F'(w) is real for real wand that F(—w) = —F(w). It follows 
that one of the sides of the rectangle coincides with part of the real axis 
and is situated symmetrically with respect to the origin. If we agree to 
take in (13) that branch of the square root for which 1/1 = 1 and denote 
the height and width of the rectangle by K’ and 2K, respectively, the 
position of the rectangle will therefore be as indicated in Fig. 34a. 

We now define the elliptic function w = sn z as the analytic function 
for which sn’(0) = 1 and which maps the rectangle of Fig. 34a onto the 
upper half-plane indicated in Fig. 34b in such a way that the points 
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correspond to each other. We might also have defined w = sn z as the 
inverse of the function z = F(w) introduced in (13). Obviously, the 
function w = sn z depends not only on z but also on the parameter k. It 
is, however, customary to regard one of the quantities 


(15) T= 


(16) quem =e *, 


rather than k, as the parameter on which sn z depends. If it is desired to 
indicate the parameter, the symbol sn z is replaced by sn(z,r) or sn(z,q). 
We shall see later that k is uniquely determined if either 7 or g are given. 

The symbol sn z is used because of certain analogies between this func- 
tion and the trigonometric function sin z. It is also easy to see that the 
function sin z corresponds to a degenerate case of the function sn z. This 
follows either by letting k — 0 in (18) or by observing that, for g — 0, the 
rectangle of Fig. 34a becomes an infinite half-strip. This analogy is 
carried further by the definition 


(17) ena =" 4). sii2.z, cn OQ = 1, 
of the elliptic function cn z. Another elliptic function is introduced by 
(18) dn z = /1 — k’ sn? z, aia) — al 


The functions sn z, cn z, dn z are referred to as the Jacobian elliptic func- 
tions. We add that the name “elliptic functions” is due to the fact that 
the integral (13) was first encountered in connection with the problem of 
finding the length of an arc of an ellipse. This led to the appellation 
“elliptic integrals’”’ for a class of integrals related to (13) and, subse- 
quently, to the name “‘elliptic functions” for the functions inverse to 
these integrals if the latter are regarded as functions of their upper limits. 

With the help of (13) and (14), both K and K’ can be expressed in terms 
of k. We have 


a dt 
19 K = Se | 
= iA yf WD iceest?) (lah?) 


and 
ds 


k-1 
Ki = | Jd — 8) — bs) 
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The latter integral can be brought into a more elegant form. If we make 


the substitution 
=> @ —-&77)>, 


where 

(20) kb’ = VJ/1 — 

we obtain by an elementary computation 
1 

(21) a ee wes 
on gf at CL ake) 


It is interesting to observe that the functional dependence of K with 
respect to k is the same as that of K’ with respect to k’, where k’ is defined 
in (20), that is, K’(k) = K(/1 — k?). 

The fundamental property of the elliptic functions is their double 
periodicity, that is, the fact that such a function has two different periods 
which are not integral multiples of the same number. In the case of the 
function sn z, these periods are 4K and 27K’. In other words, the func- 
tion sn z satisfies the identities 


sn(z + 4K) = snz, 


Ge) sn(z + 21K’) = sn z. 


(22) can be proved by suitable application of the symmetry principle. 
Since w = sn z maps the rectangle RF of Fig. 35 onto the half-plane of Fig. 
34b, sn < can be continued beyond the boundary of the rectangle by sym- 
metry. Inverting the rectangle with respect to its upper side, we find 
that w = sn z maps the rectangle Fi, of Fig. 35 onto the lower half-plane. 
Inverting, in turn, the rectangle A, with respect to its upper side, we see 
that the rectangle Re of Fig. 35 is again mapped by w = sn z onto the 
upper half-plane. If z, and z2 denote the points into which a point z of R 
is successively carried by these inversions, it is clear that z2 = z + 27K’. 
Since the image point of z is returned to its original position by the two 
inversions with respect to the real axis, it follows from the symmetry 
principle that sn(z + 2:K’) = sn z. This proves the second identity 
(22). ‘The proof of the first inequality (22) follows in the same way by 
considering tne inversions R3 and FR, of R (see Fig. 35) and is left as an 
exercise to the reader. 

Next, we show that the function w = sn z is stngle-valued at all finite 
points of the z-plane. To this end, we divide the z-plane into a network of 
congruent rectangles by means of the lines Re {z} = K(2n + 1), n = 0, 
+1, #2, ... and Im {z} = mK’, m = OM 21, 2) eee 
rectangles can be obtained from the rectangle # of Fig. 35 by a suitable 
number of inversions. Although there are many different possibilities to 
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get from F# to a given rectangle RA’ in this fashion, a moment’s reflection 
shows that the number of inversions connecting R and R’ is always even 
if it is even for one particular chain of inversions, or else it is always odd if 
it is odd for one particular chain of inversions. On the other hand, an 
even number of inversions of a point w with respect to the real axis in the 
w-plane returns the point to its original position, while an odd number of 
such inversions carries the point w into the point #. Hence, the analytic 
continuation of w = sn z by means of the symmetry principle leads to a 
uniquely determined value of sn z at each point of the z-plane, regardless 
of the path along which sn z has been continued. This proves the above 
statement. 


3i K’ 


Fic. 35. 


In view of the double periodicity (22), it is sufficient to know the values 
which the function w = sn z takes in a rectangle of sides 4K and 2K’, 
which are parallel to the x-axis and the y-axis, respectively. This is 
entirely analogous to the case of the function w = sin z in which it is 
sufficient to know the values of the function in a strip of width 27 which 
is parallel to the y-axis; the other values of w = sin z are then obtained 
from the relation sin (2 + 2rn) = sin z,n = +1, +2,.... Weadd 
that, in order to cover the entire z-plane by the homologues of the original 
period rectangle, it is necessary to add to the interior of the rectangle two 
of its sides; clearly, the latter have to be adjacent to each other. In the 
case of the function w = sn z, a convenient period rectangle will be the 
rectangle —K < Re {z} < 3K, 0 < Im {z} < 2K’. 

The period rectangle of w = sn z consists of four homologues of the 
rectangle # in Fig. 35. As shown before, two of these rectangles are each 
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mapped onto the half-plane Im {w} > 0 and the other two are mapped 
onto the half-plane Im {w} < 0. It follows that the function w = sn z 
maps the period rectangle onto a domain which covers the entire w-plane 
exactly twice. In other words, 2f wo 7s an arbitrary complex number, then 
the equation sn z = Wo has exactly two solutions in each period rectangle. 
This is also true of the equation snz = ©. By (14), sn7K’ = o. If 
we invert the rectangle RF in Fig. 35 with respect to its right side, the point 
z = 1K’ is carried into the point z = 2K + 72K’. Since the corresponding 
inversion with respect to the real axis in the w-plane leaves the point 
w = o unchanged, it follows that sn(2K + 7K’) = ©. The singularities 
of snzatz = 7K’ andz = 2K + 71K’ must besimple poles. This follows 
either by observing that the mapping at these points is conformal, or 
else by showing that otherwise there would exist values near w = « 
which are taken in the period rectangle more than twice. Hence, the 
only singularities of w = sn z in our period rectangle are two simple poles 
at the points 2 = 7K’ and z = 2K + 1K’. 

Since, in view of (22), the values of the function w = sn z in the entire 
z-plane are periodic repetitions of its values in a single period rectangle, it 
follows that the only finite singularities of w = sn z are simple poles at the 
points 


(23) z= 2nK + Qm+ 1)tK’, (Quel), Sell, SE, 4 oe 5 
m=) 2 


The zeros of w = sn z are found in a similar fashion. By (14), sn0O = 0. 
One inversion of the rectangle R in Fig. 35 with respect to its right side 
shows that alsosn 2K = 0. These are all the zeros in the period rectan- 
gle. It follows therefore from (22) that the only zeros of w = sn z are 
simple zeros at the points 


(24) z= 2nK + 2mK’, = 0 3e, oe. 2 
m =O, £25 
We shall use (23) and (24) in order to set up an infinite product for the 


function w = sn z. However, before we do so, we insert a few remarks 
concerning infinite products. An infinite product 


P= [{[ (+a,), a, ¥ —1, 


n=1 


is defined as the limit of the products 


P,=(1ta)(1 +a) --° (+a,) = [] G+a,) 


v=] 
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forn— . If this limit exists and 1s different from zero, we say that 
the infinite product converges. The product is said to converge abso- 
lutely, if the product 


= |] (+ Jal) 


n=1 


converges. An absolutely convergent product converges also in the 
usual sense. To show that this is true, write 


pr = [[ (1 + al) 


v=1 
and consider the expressions 
ee ea) (a, d, 
and 
Pa =e Pai = (1 == |a,|) “—= @ (1 ate |an—1|) |@al. 


We obviously have 
Wes — Pi < Pn — 1 


Since La Dn = D, y (Pn — Pn—1) converges. Hence, the same is true of 
) |P, — P,-1| and therefore also of 2 (P, —P,-1). But the convergence 


of the latter series is identical with ane existence of lim P,. 


n— 


It remains to be shown that this limit cannot be zero. Before we do so, 
we first prove that the infinite product || (1 + |a,|) and the infinite series 


) |a,| converge and diverge together. Obviously, 


2 
eal = 1+ Jag| + rine = atl 
On the other hand, we have 
(an) are > cian Cl qalail)--- (1 + |a,l), 


as is seen by multiplying out the product. Hence, 


n 


n » la, | 


> lal < I (1 + |a|) < e= 


p=] v=] 


which shows that for the convergence of |] (1 + |a,|) it is necessary and 


nr 
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n— 0 


sufficient that the series y la,| converge. Toshow now that lim P, ¥ 0, 


we remark that since be |a,| converges and 1 + a,— 1, the series 


an 
1+ a, 


is also convergent. Hence, in view of the result just proved, the product 


tends to a finite limit. Therefore, lim P, ~ 0. 


r— © 


We now consider the infinite product 


TG - aes) [] @ — ats?) 


(25) fe) =¢ == teh WV <<“ 
[| al =. g2mtle—2) | (1 = g?mtle2) 
m=0 m=0 

where 

(26) ares 


and q is defined by (16). The product (25) converges absolutely at all 
points of the z-plane at which none of the terms in the numerator and 
denominator of (25) vanishes. Indeed, it follows from (16) that0O <q <1. 


Hence, the series » q™ converges; in view of the criterion just developed, 


the four products in (25) will therefore converge absolutely. We add 
that, by taking logarithms, an infinite product of the type 


06 


QO= lil @ Ge 


m=1 


can be transformed into the series 


log Q = ») log (ll — Gq), 


m=1 


if the proper values of the logarithm are taken on both sides. The series 
will cbviously converge if ultimately, that is, for large enough m, we take 
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the value of log (1 — gf) which reduces to 0 if (1 — gt) 3 1. Since 
in any closed domain in which g{ ~ 1, m = 1, 2, ... , the series is 
converging, it converges there uniformly. As shown in Sec. 3, Chap. III, 
it therefore represents there a regular analytic function of ¢. Taking 
exponentials, we find that the same is true of Q = Q(¢). In view of (26), 
it therefore follows that (25) is an analytic function of z which is regular 
at all finite points of the z-plane at which none of the factors in the denomi- 
nator vanish. Obviously, all finite singularities of the function (25) are 
poles which are caused by the zeros of the denominator. 

We now determine the zeros and poles of the function (25). In view of 
(16) and (26), the zeros coincide with those points z at which either 

2umK' wiz 

(27) ee ee re 
or 


2rmK’ | riz 


(27'") oe a ee 


Taking logarithms and observing the indeterminacy of the logarithmic 
function, we find that the zeros of (25) coincide with the points z for which 


ee a oT 0 1)2,..., n= 0, £1, 42,..., 
or 

— 
— Se + Tm Onin, (PS oN SU se S54, 3 oo « 


Obviously, the last two relations are equivalent to 
z= 2nK + 2imK’, NO ce es ge Ot ae Lae, 


A comparison with (24) shows that these are precisely the zeros of sn z. 
We add that these zeros of the function (25) are all simple; this is an 
immediate consequence of the fact that the derivatives of the left-hand 
sides of (27) do not vanish for any finite value of z. The poles of (25) are 
situated at the points z for which 

_x(Q2m+41)K’ _xiz 


e K K = 1, ems, 12a ces 
or 
_(2m+I)K’ , riz 
e K K = 1, ge Orie. ee 


As before, we find that these are the points 
z= 2nK + (2m + 1)1K’, aa | eg) ee” 
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Since all these are simple zeros of the denominator, it follows that the 
only finite singularities of the function f(z) in (25) are simple poles whose 
location is the same as that of the simple poles (23) of sn z. 

We next show that the function (25) is a doubly periodic function whoze 
periods are 4K and 27K’. In view of 


wiz Wiz 


the quantity ¢ defined in (26) does not change if z is replaced by z + 4K. 
Hence, the function (25) has the period 4K. If zis replaced by z + 27K’, 
we have 

Wiz Ke wiz 


xt 
ao(z+21K’) a3 OTIS ao 


where g is defined by (16). Asa result, the quantity ¢ in (25) has now to 
be replaced by gf. We obtain 


EL a — gtemng sy [Pa — greg 


fe + 26K’) = gf 7=) ae 
I al ae g?m—le—2) I (1 rom g2mt3e2) 
m=0 


@ee 252) a) 
= qf(z) Gd — @0 — > ~ = f(z). 


Consider now the function 


2) = Fy) 


where f(z) is the function defined in (25). Since the poles and zeros of 
sn z coincide with the poles and zeros, respectively, of f(z), the function 
g(z) is regular at all finite points of the z-plane. In view of the fact that 
both sn z and f(z) have the periods 4K and 27K’, it further follows that 
g(z) likewise has these periods. The values of g(z) throughout the 
z-plane are therefore repetitions of the values taken in a single period 
rectangle. Since g(z) is regular in the closure of such a rectangle, we have 
there |g(z)| < M, where M isa suitable constant. Hence, the inequality 
\g(z)| < M must hold in the entire z-plane. In view of Liouville’s 
theorem (Sec. 7, Chap. ITI), this means that g(z) reduces to a constant, 
say C. 
We have thus shown that 


(28) snug =aCf (es 


where f(z) is defined in (25). To determine the constant C, we use the 
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fact that, by (14), 
nk = 1, sn(K + 7K’) = k-1, 


In these cases, the quantity ¢ defined in (26) takes the values 


and 
7K 44K") me a 
2K = Pp MRK sug 
e = e2¢ =4A70, 


respectively. Inserting these values in (25) and using (28) we obtain, 
after some manipulation, 


1 2n 
(29) 1 = 2iC I fa te) 


and 
Loge tC 9 Laie a 
kK 2~/q a 


Eliminating C from these two identities, we have 


- 1] 2n 8 
n=1 


whence C*k? = gq. Since g > 0, it follows from (29) tnat iC > 0. 
Hence, finally 


(31) C= -1— 


where both radicals take their positive values. In view of (25), (28), and 
(31), we thus have proved the expansion 


Hie Cee a?) el agges) 


(82) —_sn(z;q) = Se ee 
qT (1 = g2ntle—2) ll (1 = g2ntle?) 
n=0 


where ¢ is defined by (26) and k, the modulus of the function sn z, is 
expressed in terms of g by means of (80). 

Although so far our considerations have been confined to the case in 
which one of the periods of the function sn z is real and the other is pure 
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imaginary, our results are of much wider application. The infinite 
product (32) converges for all values of g for which |g] <1. Hence, if 
w, and we are two complex numbers such that 


(33) Re Fa > 0 

We 
and, in analogy to (16) and (26), g and ¢ are defined by 
(34) gee", tae, 


the product (32) will converge for this value of g. The reader will also 
confirm without difficulty that this function sn z = sn(z;q) has the 
periods 2w; and 2we, that is, it satisfies the relations sn(z + 2w,) = sn z, 
sn(z + 2w.) = snz. The period rectangle will now become a period 
parallelogram which, because of (33), cannot degenerate into a linear 
segment. For |g| < 1, the expression (32) is also a regular analytic func- 
tion of the variable g. By the principle of permanence (Sec. 5, Chap. ITI) 
all analytic identities which were shown to hold in the case 0 < q < 1 
will therefore persist for all g such that |g] < 1. We thus have the follow- 
ing more general result. 

The analytic function sn(z;q) of (32), where wi, we satisfy (33) and q and ¢ 
are defined in (34), has the periods 2w; and 2w2; the inverse of w = sn(z;q) is 
the function z = F(w) defined in (13). 

Since these general functions sn (z;q¢) do not share the simple conformal 
Mapping properties which are characteristic of the case 0 < q < 1, we 
shall not pursue their study any further. 

Infinite product expansions for the functions cn z and dn z defined in 
(17) and (18), respectively, can be obtained by suitable modification of 
the procedure employed in the case of sn z. In view of (17), the poles of 
en z coincide with those of sn z, while its zeros are situated at the points 
at which snz = +1. By (14), these are the points 


(35) z2= +K+4Kn + 2iK'm, nem — Ove Wl ote, eee 


It should be noted that the equation sn? z — 1 = 0 has double roots at 
these points, or, what amounts to the same thing, that the derivative of 
sn z vanishes there. This is an immediate consequence of the fact (see 
Fig. 34) that w = sn z transforms right angles whose vertices are at these 
points into the angle 7. Hence, »/1 — sn? z is regular at these points 
and cn z is single-valued for all z. Using the fact that en z has simple 
zeros at the points (35) and simple poles at the points (23), and employing 
the same procedure as in the case of the function sn z, we finally arrive, 
after some manipulation, at the infinite product expansion 
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nes ea i me I Chae 39) 
Eoucgs) - Se 


n=0 n=1 : 
/k ES 
Hilbmanee= 9?" teem) Ye gat) 

n=0 n=0 


The function dn z of (18) has again the same poles as sn z, while its zeros 
coincide with the points at which sn z = +k—!. By (14), these are the 
points 

z= (2n+ 1)K + (Qm + 1)tK’. 


This leads to the product expansion 


ll (1 ate g?ntlt—2) l] (1 +. gintie2) 


(37) dn(z;q) = V1 — => ________*=*8___. 
Il] ad — g2nti¢—2) ll (1 = g2ntle2) 
n=0 n=0 


Details of the derivation of (86) and (87) are left as an exercise to the 
reader. 

Our next objective is to derive a relation between the functions sn(z;q) 
and sn(z;q”). Our point of departure is again the conformal mapping of 
Fig. 34, by means of which the function sn(z;q) was originally defined. 


w=sn (z;q) 
| 
| 
| 
1 J 1 
_. i ly0wWwyz14 yy -_ 
Y; Ws 
| 
| 
(6) 
Fia. 36. 


Applying the symmetry principle to an inversion of the rectangle in Fig. 
34a with respect to its upper side, we find that the function w = sn(z;q) 
maps the rectangle of Fig. 36a onto the full w-plane which is furnished 
with a slit as indicated in Fig. 36b. Consider now the function sn az 
(where a is such that sn aK = 1) which maps the rectangle in Fig. 36a 
onto the upper half-plane. Since the sides of the rectangle are 2K and 


292 CONFORMAL MAPPING [Cuap. VI 
2K", respectively, the parameter gq, belonging to this function is, by (16), 
guar = 


It follows that the function w, = sn(ez;q?) maps the rectangle of Fig. 36a 
onto the upper half-plane. Since, as the reader will easily confirm, the 
mapping 

> 2 Bw, 


eae 
transforms the upper half-plane Im {w,! > 0 into the slit domain of 


Fig. 366, we find that the function 


_ 2 Bsn(az;q?) 

~ kB? + sn?(azsq?) 

maps the rectangle of Fig. 36a onto the slit domain of Fig. 36b. As shown 
above, the same conformal mappingis effected by thefunction w = sn(z;3q). 
By the results of Sec. 4, Chap. V, two analytic functions which perform 
the same conformal mapping of a simply-connected domain are identical 
if their values agree in three boundary points. Now both the function 
(38) and w = sn(z3q¢) transform z = 0 into w = 0. If the constant 8 in 
(38) is so chosen that 


(39) 


(38) w 


| 
i¢e 


it follows further that the mapping (38) transforms the points z = +K - 
into the points 

_2 pemttaksq’?) 4.2 6 o 

~ kB? + sn(taksq) ~~ a 


Ww 


i ae 

Since alsosn(+K;q¢) = +1, the two functions must therefore be identical. 
We have thus proved the identity 

2 B sn(az5q’) 

k B? + sn?(azigq?)’ 

where @ is given by (39). The parameter k is the modulus of the elliptic 
function sn(z;q). To distinguish k from the modulus of the function 


sn(z;q”), we shall denote the former by k(q) and the latter by k(g?). In 
terms of this notation, the identity (30) reads 


: i 2n 8 
(41) k+(q) = 169 | | ae 7 
n=1 


The constant @ in (40) can be simply expressed in terms of the modulus 


(40) sn(z;q) = 
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k(q?). Since sn[a(K + 27K’); q?] = k-1(q?) and 
sn(K + 21K’; q) = sn(K;q) = 1, 
it follows from (40) that 
_ __ 28k(q") 
“a MO) = TF Beg) 
Now the equation 
2 Bey 

Ifa 1+y 
is identical with 

Gall = aya 0 
and its only two solutions are therefore x = y and zy = 1. Comparing 
(39) and (42), we thus find that we have either Bk(q?) = 6 or B?k(q?) = 1. 
Since the first possibility is absurd, it follows that 


a 
V k(q’) 
Hence, in view of (39), (40), and the fact that sn’(0) = 1, 
_ 2Vk(q") 
(43) kq) = int k(q?)’ 


[1 + k(g*)] sn(a2;q’) 
1 + k(q?) sn?(az;q*)’ 

By combining the mapping of Fig. 34 with some of the transformations 
discussed in the preceding sections, a number of important conformal 


(44) sn(z;q) = a = [1 + k(g?)}-. 


Mico 3s. 


mappings can be obtained. As an example, we consider the conformal 
mapping of the circular ring of Fig. 37a onto the unit circle furnished with 
a symmetrical slit as indicated in Fig. 37b. It should be noted that the 
existence of such a mapping does not follow from the Riemann mapping 
theorem, since the domains are doubly-connected. It will be shown in 
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Chap. VII that any doubly-connected domain can be mapped onto a 
circular ring, where the ratio of the radii of the ring is completely deter- 
mined by the original domain. In our case, this means that, given the 
length L in Fig. 376, the radius p in Fig. 37a is completely determined, and 
vice versa. 

Applying the symmetry principle to the circle |z| = 1, we find that the 
function w = f(z) which effects the mapping of Fig. 37 will also map the 
circular ring p < |z| < p~! onto the entire w-plane which is furnished with 
theslitts —-»<w<-L-1,-—-L<w<L,L—-1<w< ©. Both these 
domains are symmetrical with respect to the real axis in their respective 
planes. If we can find a function which maps the upper half of the circu- 
lar ring p < |z| < p~! onto the upper half-plane in such a way that the 
points 


(45) |||} 
» | Lean et | Sa 


correspond to each other, it will therefore follow from the symmetry 
principle that this function is identical with w = f(z). We now use the 
fact that the transformation z = ipe*’ maps the rectangle — gr < 
Re {¢} < 47,0 < Im {f} < —2 log p onto the upper half of the circular 
ring p < |z| < p~! in such a way that the points 

er | —pe | gue 22 log p | am — Zilog 
(46) | ee 

z p ae p =p 
correspond to each other (see Fig. 32, Sec. 2). Hence, the function 
w = f(ipe-*S) maps the rectangle in question onto the upper half-plane. 
Since, in view of (45) and (46), we have the correspondence 


f 


dn — 2Qilog p | —3mr — 22 log p 


L-¥f(ipet) | 1 | 1 | L~? I~ 
it follows from (14) that 
L-¥f(ipet) = sn ¢, 


where the constants K and K’ associated with the function sn ¢ satisfy 
K* 


4 
Gi) i aii aed - log P, 


and where the modulus of the function sn is 
(48) k= 1. 
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Since, in view of (16) and (47), the parameter g associated with sn 27—!K¢ 
is p*, we thus find that the analytic function effecting the conformal 
mapping of Fig. 37 is of the form 


(49) w = 10) = VEG sn (2 tog? +K; p') 


We also note that, by (41) and (48), the functional dependence of the 
length L in Fig. 37b with respect to the radius is given by 


vo) =o] (AER): 


As another example of a conformal mapping which can be carried out by 
means of elliptic functions, we consider the function w = f(z) which maps 
the interior of an ellipse onto the unit circle. In order to avoid unneces- 
sary parameters, we assume that the foci of the ellipse are situated at the 
points +1. If we further suppose—as we may, by the Riemann mapping 
theorem—that f(0) = 0, f’(0) > 0 then, for reasons of symmetry, w = f(z) 
will map the upper half of the ellipse onto the upper half of the unit circle. 
We now recall from Sec. 2 that the function z = sin ¢ maps the rectangle 
—dnr < Re {¢} < 42,0 < Im {¢} < € onto the upper half of an ellipse of 
semiaxes coshc and sinhe. If the semiaxes of our ellipse are a = cosh c, 
b = sinh ec, it follows therefore that w = f(sin £) maps this rectangle onto 
the upper half of the unit circle |w| <1. But this half circle is trans- 
formed by the mapping 


— 2w 
+ 1+ w’ 
onto the upper half-plane Im {w,;} > 0. Hence, the function 
ee 2f(sin £) 


1+ f*(sin ¢) 


will map the rectangle —4r < Re {f} < 4x, 0 < Im {f} <c onto the 
upper half-plane. If f(1) = a, the reader will confirm that the corners of 
the rectangle correspond to the points 


©) Sa —$r |$r+ic| —jr+ ic 
‘an 2a _ 2a 1 a 


1 + a? 1+ a? 
In view of (14), it follows therefore that 


2f(sinf) 2a 
ey Gcmeges ip a 


eins 
WV 


(50) wi > 
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where the constants K and K’ associated with the function sn satisfy 
wK' = 2cK. By (16), we have gq = e~*, and the modulus k = k(e~*) is 


2a 
1+ a? 


(ens) = 
In view of (48), it follows that 
a= VIF. 
If we compare (50) with (44) and use (43), we find that 


fGmeG) = s/he") sn = ‘e -), i Oia 


If we recall that the semiaxes of the ellipse were a = coshc and b = sinhe, 
we thus obtain the following result. 
The interior of the ellipse 

a? ae 

Pa 
is mapped onto the unit circle |w| < 1 by the function 

7 _ op (2K _ fa— by 

(51) w= f(z) = Vk(p) sn i sin~ 2; ») a= (es 
In this mapping, the foct of the ellipse correspond to the points 


w= + V/k(p). 


EXERCISES 


1. Show that the elliptic functions sn z, cn z, dn z have the differentiation formulas 


=], Co > — 2 = Ce 


d 
—snz=cnzdngz, 


dz 

Le pages —snzdnz 

dz a : 

d 

~-dn z= —k?snzenz. 
dz 


2. Show that w = sn z satisfies the differential equation 
Wt ak a) 


and deduce similar differential equations for the functions w = cn z and w = dn z. 
3. With the help of (41), (37), and the fact that dn 0 = 1, prove the identity 


[La +e — J] a — es = 169 [TT a +o, lal <1. 


n=1 n=] n=l 


Sec. 3] MAPPING PROPERTIES OF SPECIALFUNCTIONS 297 


4. Show that the function w = cnz maps the rectangle —K < Re {z} < K, 
0 < Im {z} < K’ onto the right half-plane Re {w} > 0 which has been cut along 


the linear segment 0 < w < 1. 
5. Show that the function 
i fi —cnz 
1+enz 
maps the rectangle —K < Re {z} < K, —K’ < Im {z} < K’ onto the unit circle 
lel = 1. 
6. Show that the function 
= sn (SF tan 2) 
w = sn tan! z 
Tv 


maps the unit circle |z| < 1 onto a domain D with the following properties: D covers 
the entire w-plane (including w = ©) an infinity of times, with the exception of the 
linear segments —k-! < w < —land1l < w < k“' which are not covered at all; D has 
no branch points and it has no boundary points other than the points of the above 
linear segments. 

7. If w = f(z,e) denotes the function effecting the conformal mapping of Fig. 37, 
use the fact—following from the symmetry principle—that w = f(z,o) maps the 
circular ring p < |z| < p~! onto the full w-plane with the slits —»o <w < —L7, 
-L <w<L, L- <w < ~%, in order to deduce the relations 


Bi ves a eee) 
I (2p »p) es L(p) 1 + f2(z,p2) 
and Paes 
10) = TGs 


Using the form (49) of the mapping function f(z,e), show that these two relations are 
identical with the identities (44) and (43) respectively. 

8. Show that the function w = f(z,p) of the preceding exercise maps the circular 
ring p? < |z| < 1 onto a domain which consists of two replicas of the unit circle |w| <1 
and has two simple branch points at w = +Z(p). 

9. If f(z,e) is the function of Exercise 7, show that the transformation 


eG) 


= So 


eee 


maps the z-plane with two equally large circular holes indicated in Fig. 38a onto the 


Fie. 38. 
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w-plane with two equal collinear slits indicated in Fig. 38b, where 


a= 1+ p? r= 2p y — ie = L(p) 
a ie 1 =H VL) 


10. Using the fact that the function (13) yields the conformal mapping of Fig. 34, 
prove the identity 


. 20 p dp dé 
= PKK", 
i i V/1 — 2? cos 26 + pt /1 — 2p?k? cos 20 + ptks 
11. If K = K’, it follows from (19), (20), and (21) that k = 2-4, Deduce that 
k(e-*) = 2-4 and show further, with the help of (43), that 
k(e-3*) = 2 W/2 (v/2 — 1). 
12. Show that the transformation 
w =sn2z 


maps the rectangle 0 < Re {z} < K, —K’ <Im {z} < K’ onto the full w-plane 
with the slits -» <w<0,1<w< o~. 
18. Show that the series 


[-°} 


D(eq) =2 , (—1)rgib* sin (2n + Le 


=) 
tt 
=) 


and 


04(z,q) =1+2 : (—1)*q"* cos 2nz, ae 
n=1 
converge uniformly in any closed finite domain and thus are entire functions of z. 


Show further that 
vi(z + 1) = —v,(2), d4(z + 1) = 0,(z), 


Oi(z + ar) = —q ed, (z), 
Ua(2 -- a7) = —q lero.) 
(q = e*'T) and that therefore the function 
_ 01 (z) 
PCY Si) 


satisfies the relations P(z + rr) = P(z), P(2 +7) = —P(z) and thus is a doubly 
periodic function of z with the periods 27 and wr. Hint: Express the trigonometric 
functions in the definitions of 3, and 3, by means of exponential functions and replace 
the summations from 0 to » by summations from — © to o. 

14. If C is the boundary of the parallelogram with the corners 29, Zo +7, 20 + 
x +7, 20 + rr and #(z) denotes either of the functions 3,(z), 34(z), show that 


1 [38 Pe a fe Ea 2 2e tt) | ae 
1 


Qri 0(z) 0(z) (2 + m7) 


eee) ae ae | el ‘ne Pope a 
Oe [ | 5 Medal ale ae 


Hint: Use the “quasi periodicity” of the function #(z) derived in the preceding 
exercise. 
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15. Show that 


-WiT 


tz-+—- 
01(z,q) = —te Say (2 =~ 8 a); 


and deduce from the result of the preceding exercise that the only zeros and poles 
of the doubly periodic function P(z) of Exercise 13 in a period parallelogram are 
situated at the points congruent to z = 0, r and z = 3n7, 4n7 + 7, respectively. 

16. Show that the zeros and poles of the function P(z) coincide with those of 
sn (2K /r)z and that both functions have the same periods, and conclude that 

Ria = Aden == ” 

where A is a constant. 

17. Using the fact that sn K = 1, sn(K +71K’) = k7, show that the value of 
the constant A in the preceding exercise is 


2 » qinth)? 
ae 


1+2 » g 


n=] 


A 


and that 


fs] 4 


3 Ges 


k2 = 16qg| —2=2 


oe 


1+2 ber 


n=1 


Hint: Use the identity of Exercise 15. Remark: Because of the extremely rapid con- 
vergence of the series involved, this expression is used for the practical computation 
of k?. 


4. Domains Bounded by Arcs of Confocal Conics. In this section we 
consider the conformal mapping of domains whose boundaries consist of a 
number of confocal elliptic or hyperbolic arcs, where the common foci of 
these arcs may be assumed to be situated at the points +1 without 
restricting the generality of our considerations. Examples of such 
domains are the interior or exterior of an ellipse, the interior or exterior 
of one branch of a hyperbola, the entire plane slit along an elliptic or 
hyperbolic arc, a domain bounded by an elliptic arc and a hyperbolic are 
intersecting it at right angles, and so forth. 

Let now w = f(z) be the analytic function which maps the unit circle 
\z] < 1 onto the domain D which is bounded by arcs of confocal conics 
whose common foci are at w = +1. Since, as shown in Sec. 2, the map- 
ping ¢ = sin—! w transforms all ellipses and hyperbolas with the foci 
w = +1 into linear segments parallel to the real and imaginary axes in 
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the ¢-plane, respectively, it follows that 


f Sem” fie) 
transforms the circumference |z| = 1 into such linear segments. As a 
result, the differential 
Ve) 


will be either real or pure imaginary if |z| = 1. On the other hand, the 
differential 


018 
=, d0 = ids, 2 =e, 


is pure imaginary for |z| = 1. Combining this with the above expression 
for df, we find that 
2f’ (2) 


ve) 
is either real or pure imaginary for |z| = 1. Hence, the square of this 
expression is real for |z| = 1. Thus, 
zf rz) 
(52) l= Pee real, \2| = ll, 

This relation holds for all functions mapping the unit circle onto 
domains bounded by ares of confocal conics. The further discussion 
depends on the particular shape of the domain D in question. To illus- 
trate the method, we first treat the case, already discussed in the preceding 
section, in which D is the interior of an ellipse. In this case, the expres- 
sion (52) will have two singularities, namely, two simple poles at the 
points z = +a which correspond to the foci f(z) = +1 of the ellipse. 
Consider now the function 


22 

ale) “apg sae RY’ Vea k 

In view of 
oe 1 _ if 
ple’) = Ca a(t ~~ ae emp <% 

it follows from (52) that 

12 4B — Ee = 252 
(53) ii sie dd AO Mie real, [2 4. 


ee 1) 


The expression (53) is regular in |z] <1. Indeed, the two zeros of the 
denominator at z = +a are compensated by the factor (a? — z?) in the 
numerator; on the circumference |z| = 1, f(z), and therefore also the 


Sec. 4] MAPPING PROPERTIES OF SPECIALFUNCTIONS 301 


expression (53), is regular since the ellipse is an analytic curve. We now 
recall from Sec. 10, Chap. III, that an analytic function which is regular 
in the closure of a domain and which takes real values on the boundary 
reduces to a constant. Hence, we may conclude from (53) that 


er _ a 
T—f@ ~ GFA — a 


where, in view of f(0) = 0, 8 = f’(0).. With 
(54) g(z) = + sin [f(a2)], 


this may be brought into the form 


12 = 1 . 
WO = T= A = a 


A comparison with (13) shows that 
z = sn{g(z)], 


where the modulus of the elliptic function is k = a?, Hence, replacing 
az by z, we conclude from (54) that 


z= /ksn (aA eta v), ie (2). 


To determine the constant 8, we observe that the point z = a = ~/k 
corresponds to the point w = 1. Hence, 


whence, by (14), 
Thus, finally, 


in agreement with (51). 
The mapping of |z| < 1 onto the exterior of an ellipse of foci w = +1is 
effected by the elementary function 


(55) w= 5 (e+ 4) o=3(i +0) p= 4(1 9), p<l, 


as shown in Sec. 1. It is interesting that this mapping function can also 
be obtained with the help of the procedure employed in the case of the 
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interior of the ellipse. If w = f(z) is the desired mapping function, then 
f(z) must satisfy the condition (52). Since the values of f(z) are now 
situated in the exterior of the ellipse, the only possible singularity of the 
expression (52) is the point at which f(z) = «©. If we assume (as we may, 
in view of the Riemann mapping theorem) that f(0) = ©, then f(z) will 
have an expansion 


C 
Fie jw= =P ragaiemana 4 gs (tees 1. 
Inserting this in (52), we find that the latter expression has the value —1 


for z = 0. Hence the expression (52) is regular for |z| < 1. Since it is 
real for |z| = 1, it therefore must reduce to the constant —1. Thus 


1 f°?) ears 1 
—aoat“_ 1 — H(z) 22 
ye | ~ or, with 
iy l \ f(z) = sin g(z), 
Se ears a eee ae | 
ie | / F = v 
aS. ! ie g (z) =z 2 
ono ee It follows that 
Fic. 39 


g(z) = zlog z+ 2C, 
where C is an integration constant. Hence, 


f(z) = sin @ log z + 70) 


= x (C= logz—-C Erez se ) 


For C = log (—%p), this takes the form (55). 

As a more complicated example, we next treat the case in which the 
image domain D is the full w-plane which has been slit along an arc of an 
ellipse of foci w = +1, which, for the sake of simplicity, will be assumed 
to be symmetric with respect to the imaginary axis (see Fig. 39). We 
shall require that the function w = f(z) which maps |z| < 1 onto this 
domain D transforms the points z = +7 into the intersections of both 
edges of the slit with the imaginary axis and that, moreover, f(0) = «. 
That this is permissible is seen as follows. If w = f,(z) is the function 
which maps the left half of the unit circle onto the left half of the domain 
of Fig. 39, it follows from the Riemann mapping theorem that we can 
make the three boundary points z = 0, +7 of the half circle correspond to 
w = o and the intersection of the two edges of the slit with the imaginary 
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axis, respectively. Applying then the symmetry principle, we find that 
w = f:(z) also maps the full circle |z| < 1 onto the domain D; hence, f(z) 
is identical with the above function f(z). 

From the symmetry of w = f(z) it also follows that the two points for 
which f(z) = +1 are symmetric with respect to the imaginary axis. If 
one of these points is denoted by a, the other must therefore be situated at 
z= —a. This symmetry also applies to the two points on |z| = 1 which 
correspond to the two ends of the slit. If 2: and z. denote these two 
points, then z, = e* and z. = —e-*® (0 < 0) < 27). Wenow apply the 
condition (52), which must be satisfied by the mapping function f(z). 
The singularities of the expression 


Pe) 


r=) 
in |z| < lare, clearly, two simple poles at the points z = aandz = —aat 
which f?(z) = 1 and, possibly, the point z = 0 at which f(z) has a simple 
pole. However, at z = 0, F(z) is regular and F(0) = —1, as shown before 


in a similar case. Consider now the function 


zZ 
mC ig az) ete 
Since 
(eo) = eek eee = — io <Q 
ie (a — e*)\(e* — a) la — ef]? ; 


it follows from (52) that 


PC erg) ONS az en. 2) (1 ez) 
WS 
Although we have now removed the simple poles at the points z = a, 
z= —@, we have at the same time introduced a double poleatz = 0. In 
order to remove this singularity of the function Fi(z), we observe that 
F(z) has double zeros at the points z = e and z = —e~—*®, Indeed, 
these points correspond to the ends of the slit; hence the angle z is trans- 
formed into the angle 27, which shows that we must have f’(z) = 0 at 
these points. Since F’;(z) has the factor f’?(z), these zeros of f’(z) give rise 
to double zeros of Fx(z). 
Since, as the reader will easily confirm, 


Go) Fi) = = real, Zia 


is 
it follows from (56) that 


2’f?(@)(a — z)(1 — @z)(@ + z)(1 + az) 
10 = T= FOle = eye ty 


lz| = 1, 2 = ef, —e- te 


= real, Ej Se ike 
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Since the factor z? cancels the double pole of Fi(z) and since the newly 
introduced double poles at z = e*” and z = —e-®™ are canceled by the 
double zeros of F,(z) at these points, it follows that F2(z) is regular in 
\z| <1. Being real for |z| = 1, F2(z) must therefore reduce to a constant. 
Hence, in view of F,(0) = —|al?, 


f(z) _ _——__—deal2(@ — 0%) 2(z + rity? 
1—f@ ~~ Fa@—a0 — wa +2) + az) 


or, with 

f(z) = sin g(z), 

ice — eee ee ean e) 
zV/(a — 2)(1 — az)(@ + z)(1 + az) 


We thus obtain the final formula 


f(z) =i sinh E + iL _ Wiele— oie «Oe a i 


g’(z) = 


, ae (ola) — Gz)(a + &) (1 eee) 


where 2 sinh c (c > Q) is the minor axis of the ellipse. 

It is worth noting that the relation (52) is the analytic expression of the 
so-called ‘‘ optical property” of the ellipse or the hyperbola, and that it is 
therefore possible to derive (52) in a purely geometric way, without using 
the mapping properties of the function sin z. In the case of the ellipse, 
the optical property is the fact that, if the ellipse is made of reflecting 
material, all light rays emanating from one focus must pass through the 
other focus. Geometrically speaking, the lines connecting a point of the 
ellipse with the two foci make equal angles with the tangent to the ellipse 
at that point. As shown in Sec. 8, Chap. V, the angle between the posi- 
tive axis and the tangent to the conformal image of |z| = 1 by means of 
w = f(z) is arg {zzf’(z)}. Since the foci are at w = +1, the angles 
between the positive axis and the lines connecting the point w = f(z) with 
w= +1 are arg {f(z) —1} and arg {f(z) +1}, respectively. The 
optical property of the ellipse is therefore expressed by the relation 


teat) | f@ +1 
“a Le = | ine i2f"(2) | 
This is equivalent to 
ee) | 
me] ope] 
that is, 
zf/2(2) 2 9 


1—-}*@) = 
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This proves (52) in the case of the ellipse. The analogue of the optical 
property in the case of the hyperbola is the fact that the tangent at a point 
of the hyperbola bisects the angle between the two lines connecting the 
point with the foci. As before, it follows that 


nie) Eh tzf" (2) 


2°f"?(2) 
i—fP@ =" 

This procedure can also be generalized to the case of a parabolic arc. 
In this case the angle between the tangent at a point of the parabola and 
the parallel to the axis of the parabola is equal to the angle between the 
tangent and the line connecting the point with the focus. If the axis of 
the parabola coincides with the positive axis in the w-plane and the focus 
is situated at the origin, we have therefore 


whence 


arg | | = arg {izf’(@)}, 


and thus 
| be 
arg | © il) 
It follows that the condition 
2f/2 
(57) ef*@) 5 9 


f@) ~ 


must be satisfied on any arc of |z| = 1 which is mapped by w = f(z) onto 
a parabolic arc whose focus is at the origin. As an example, consider the 
mapping of |z| < 1 onto the interior of a parabola, 1.e., the region contain- 
ing the focus. If the focus is situated at the origin, the condition (57) 
must be satisfied at all points of |z) = 1. By Exercise 3, Sec. 10, Chap. 
III, the number of poles of the expression (57) in |z| < 1 is equal to the 
number of its zeros in this region, where zeros or poles on the boundary 
are counted with half their multiplicities. If the parabola opens toward 
the left, we may assume that the mapping is symmetric with respect to the 
real axis and, hence, that f(—1) = ©. If, as we may, we further assume 
that f(0) = 0, the expression (57) has clearly only one simple zero in 
'z| <1, namely, atz = 0. It thereforehaseitherasimple pole in |z| < 1 or 
a double pole on |z| = 1. Sincez = —1 is the only possible singularity of 
(57) in |z| < 1, we therefore have a double pole at that point. Now the 
tunction 


4 
OP (eee 
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has also a double pole at z = —1 and it has a simple zero at z = 0. 
Since, moreover, p(z) > 0 for |z| = 1, it follows from (57) that 


2(1 + 2)*f(2) 


f(z) 
is regular in |z| < 1 and positive for |z| = 1. It therefore reduces to a 
positive constant, to be denoted by C®. Hence, 
f@) _ 
7G) “el ey 
or, with 
ey = HAE: 
C 
300) eS 
Jz (1 + 2) 


By integration, 


GG) = tate 
w = f(z) = C?(tan-! ~/2)?. 


The inverse function, mapping the inside of the parabola onto the unit 
circle, is therefore 


and thus 


z = tan? C’ ~/w, CC’ = 1, 


in agreement with Exercise 12, Sec. 2. 

To map |z| < 1 onto the outside of a parabola, suppose that the parab- 
ola opens toward the right and that f(—1) = «©. Since f(z) #0 in 
\z| < 1, the expression (57) will now have a double zero atz = 0. Accord- 
ingly, it must have a pole of fourth order atz = —1. The function 


Ce ae, 
f(z) 
is therefore regular for |z| < 1 and positive for |z} = 1. It thus reduces 
to a constant, say 4C®. Hence, 
f'%(2) _ 40? 
Way see 
whence 
a Cc 
[Vf] = GE” 
and finally 
C2 
HO ae 


in agreement with }*xercise 3, Sec. 1. 
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As a last application, we determine the function w = f(z) which 
maps |z| < 1 onto the entire w-plane which has been slit along a finite 
parabolic arc; the focus of the parabolic arc is again at the origin. If 
z = Ois to correspond to w = ~, the expression (57) clearly has a simple 
pole at z = 0; the only other pole of (57) is the point z = a at which 
f(z) = 0. On the other hand, (57) has double zeros at the points z = a, 
z = b ({a| = |b] = 1) which correspond to the ends of the slit. Since the 


functions 
~/abz 
C= ae.— by’ la| i [O| ae 
and 


Z 
=o ae ie 


are real for |z| = 1, it thus follows from (57) that 
z3f’2(z)(z2 — a)(1 — az)ab 
PAG — @)*(2 9)" 
is regular for |z| < 1 and real for |z| = 1. It therefore must be equal to a 


constant, which we denote by 4abC?. Solving for f(z), we find that the 
desired mapping function is of the form 


Se a0) 2 ab) Ga |: 
etapa Oe =) dea} 
a 2V2z — a)(1 — &z) 
EXERCISES 
1. If D denotes the finite domain enclosed by the two parabolas 
v2 = 4a(a — wu), v2 = 4da(a + u), a>0,w=u+2, 


show that the conformal mapping of the unit circle onto D is effected by the function 


SS 0 i a et 


Hint: Note that the two parabolas intersect at right angles and that consequently 
[f’(z)]-? has simple poles at the points corresponding to the points of intersection. 

2. Show that the mapping 

w = sin [C tan7 2] 

transforms |z| < 1 into the region between the two branches of the same hyperbola, 
if the foci of the latter are at w = +1. 

3. Let D be one of the two domains into which an ellipse of foci +1 is divided by 
one branch of a hyperbola whose foci are also at +1. Show that 


z dz 
w = f(z) = sin lef capes scarce | 


maps |z| < 1 onto D, where a is real and f(a) is either 1 or —1, according as D contains 
the point w = lorw = —1. 
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4. Let D be that part of an ellipse of foci + 1 which is obtained by intersecting 
the ellipse with both branches of a hyperbola of foci + 1, and which contains the 
origin. Show that the unit circle |z| < 1 is transformed into this domain D by the 


function , 
. z Zz 
w = f(z) = sin git S| 


where |a| = 1 and a@ is neither real nor pure imaginary. Show also that this is 
equivalent to 
= asn[C’ sin“! w], 


where CC’ = & and the modulus of the elliptic function sn is k = a. 

5. If, in the mappings of this section, the fundamental domain is taken to be the 
upper half-plane Im {z} > 0 instead of the unit circle |z] < 1, show that (52) and 
(57) have to be replaced by the conditions 


I2e) = 
Tf ~ real, 2 = real, 
and 
/2 
f nen = real, z = real, 
respectively. 


6. Let w = f(z) be regular on a part L of the real axis, and let f(z) satisfy there the 
condition 
f*() 


[f@) — allf@ — vlf@ —-av@ —a=° 


Show that w = f(z) maps L onto an are C with the following geometric property: 
If wis on C and #; and #2 are the lines bisecting the angles between the lines connecting 
w with a, b and }, c, respectively, then the tangent to C at w makes equal angles with 
8, and Bz. 


5. The Schwarzian s-functions. In Sec. 7, Chap. V, we discussed the 
analytic functions which map the upper half-plane onto a triangle whose 
sides are circular arcs. These functions are known by the name of the 
Schwarzian s-functions or the Schwarzian triangle functions. In the 
present section we shall be concerned with a further study of these func- 
tions, where the emphasis will be on the inverse to a given s-function 
rather than on the function itself. The reasons for doing so are similar to 
those for considering the elliptic function sn z rather than the elliptic 
integral (13) of which it is the inverse. While the integral (13) is an 
infinitely many-valued function, depending on the integration path con- 
necting 0 and w, its inverse w = sn z is single-valued in its entire domain 
of existence, and this single-valuedness greatly facilitates all operations 
involving these functions. The s-functions are also infinitely many- 
valued. While it is not always true that the inverse of such a function is 
single-valued, there are important special cases in which the inverse has 
this property. It is to these cases that we shall devote our particular 
attention. 
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Taking account of the fact that we are now interested in the inverse of 
the s-function, we assume in this section that the curvilinear triangle with 
the angles za, 76, wy is situated in the z-plane. In this notation, the func- 
tion z = s(w) maps the upper half-plane Im {w} > 0 onto the curvilinear 
triangle. The inverse to z = s(w) will be denoted by w = S(z) or, if it is 
desired to mention the angles of the triangle, by w = S(a,6,y;z). In 
this definition, the function w = S(z) is determined only up to an arbi- 
trary linear transformation of the z-plane onto itself. To make things 
definite, we shall, by a suitable linear substitution, transform the triangle 
into such a position that the vertex with the angle za is at the origin, while 
the two circular arcs meeting there become linear segments. Obviously, 
this is always possible if the angle ra is different from zero. Indeed, let 
C, and C, be the two circles which meet at z = A under the angle ra ¥ 0. 
Since a #0, Ci and C, intersect 
also at another point, say B. The 
linear substitution 


z—A 
z—B 


2 


transforms all circles through B into 
straight lines; in particular, the cir- 
cles C, and C2 are transformed into 
two straight lines through the origin 
(both C; and C2 pass through A). 
By an additional rotation, we may Fie. 40. 
make one of these lines, say the line 
connecting z = 0 with the vertex at the angle ry, coincide with the real axis. 
In the following, we shall confine ourselves to triangles for which 
a+ B+y <1, that is, to triangles the sum of whose angles is less than 
2r. <Any such triangle has an orthogonal circle, that is, a circle which 
intersects the three circles making up the triangle at right angles. To 
show this, we bring the triangle into the position just mentioned and we 
observe that any circle about the origin is obviously orthogonal to the two 
rectilinear sides of the triangle. If I denotes the circle which forms the 
third side of the triangle, it follows from elementary considerations that 
the origin is in the exterior of Tifa+@-++¥y< 1. Hence, it is possible 
to draw a tangent from the origin to I (see Fig. 40). If P denotes the 
point of contact of this tangent, then the circle C about the origin which 
passes through P will obviously be the desired orthogonal circle. It is 
also clear that the triangle is entirely contained in the interior of the 
orthogonal circle. If one of the angles 7, zy is zero, then the correspond- 
ing vertex must be situated on the orthogonal circle. Indeed, the circle 
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about the origin which passes through the vertex is orthogonal to one of 
the sides of the triangle meeting there; since the angle between the sides 
is 0, this circle is also orthogonal to the other side. If all three angles are 
zero, a case to be discussed in detail in the following section, all three 
vertices of the triangle are situated on the orthogonal circle. 

We are mainly interested in those cases in which the functions 


w = S(a,B,y;2) 


are single-valued functions of the variable z. To find these cases, we 
observe that w = S(z) maps two linear segments which meet at the origin 
under the angle za onto a part of the real axis. As shown in detail in 
Sec. 6, Chap. V, this means that S(z) is of the form 


(58) MA) = EON Si(0) # 0, 


where S,(z) is regular at z = 0. Buta power of z cannot be single-valued 
in the neighborhood of the origin unless its exponent is an integer. In 
view of a > 0, this integer must be positive. S(z) will therefore be 
single-valued in the neighborhood of z = 0 if, and only if, a is the recipro- 
cal of a positive integer. The same result is obtained for 8 and y by 
observing that, by suitable linear transformations, each of the other two 
vertices can be brought into the center of the orthogonal circle. Hence, 
a necessary condition for w = S(z) to be single-valued is that a, B, y be 
reciprocals of positive integers. 

To show that this condition is also sufficient, we observe that, in view 
of the symmetry principle, all possible analytic continuations of w = S(z) 
to points outside the original triangle can be obtained by successive 
inversions of the triangle in the z-plane and by corresponding inversions 
of the half-plane Im {w} > 0 with respect to the real axis. Now an 
inversion with respect to a circular arc transforms circles into circles; 
moreover, it preserves angles, although it reverses their orientation. 
Hence, any number of inversions of a circular triangle with respect to 
various circular arcs will again lead to a circular triangle with the same 
angles; if the number of inversions is even, the orientation of the angles 
will be the same as in the original triangle, while the orientation will be 
reversed if the number of inversions is odd. Since the corresponding 
inversions in the w-plane are simple symmetries with respect to the real 
axis, it follows that the boundaries of all these triangles are mapped onto 
parts of the real axis. By the argument employed in the case of the 
original triangle, we find therefore that S(z) will be single-valued near the 
vertices of the inverted triangles if a, 8, y are the reciprocals of positive 
integers. On the other hand, these vertices are clearly the only possible 
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singularities of w = S(z). Ifa, B, y are reciprocals of positive integers, it 
follows from (58) that S(z) is regular at the vertices at which S(z) = 0, 1, 
while S(z) has a pole of order 1/8 at the vertices at which S(z) = o. 

Summing up our results, we thus find that for all possible analytic con- 
tinuations of S(z), that is, in the entire domain of existence of this func- 
tion, S(z) has no singularities except poles of order 6-!. If we can show 
that the domain of existence of S(z) is simply-connected, it will therefore 
follow from the monodromy theorem (Sec. 5, Chap. III) that S(z) is 
indeed single-valued. (The fact that the function S(z) has poles does not 
invalidate the reasoning leading to the proof of the monodromy theorem.) 
To find the domain of existence of S(z) in the casea + 8+ y <1, we 
depart from the observation made above that the fundamental triangle 
is situated within the orthogonal circle C. Since an inversion preserves 
the magnitudes of angles, it is clear that the sides of an inverted triangle 
are orthogonal to the image of C' yielded by the inversion. But this 
image coincides with C’,, since an inversion with respect to a circular arc 7 
transforms any circle orthogonal to 7 into itself. If we continue in this 
fashion, it is therefore clear that all the triangles which are obtained from 
the original triangle by successive inversions have the same orthogonal 
circle. 

It follows that all these triangles are situated in the interior of the 
orthogonal circle C. This shows that S(z) cannot be continued to points 
outside C. Within C’, however, every point can be reached by a sufficient 
number of inversions. To see this, suppose that all possible successive 
inversions have been carried out. At the boundary of the domain 
covered by these triangles there can be no circular arcs of positive radius, 
since otherwise it would be possible to enlarge the domain by another 
inversion. It follows that the boundary of the domain is occupied by 
limit points of circular arcs whose radii tend to zero. But all these ares 
are orthogonal to C, and therefore the circles to which they belong must 
intersect C’. Since their radii tend to zero, the points of these arcs 
necessarily converge to C. This shows that any point within C’ can be 
reached by a sufficient number of inversions. Hence, zn the casea + B+ 
y <1, the domain of definition of S(z) coincides with the interior of the 
orthogonal circle. Since S(z) cannot be continued beyond the circum- 
ference C of the orthogonal circle, C is a natural boundary of the function 
S(z) as defined in Sec. 5, Chap. III. 

As mentioned before, the function S(z) has no singularities but poles if 
a, 8, y are the reciprocals of positive integers. Since, fora + B+y¥ <1, 
the domain of existence of S(z) is a circle, 7.e., a simply-connected domain, 
it follows from the monodromy theorem that S(z) is single-valued through- 
out its domain of existence. We thus have the following result. 
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i 
i 1 1 
(59) =a ar anit 
where 
1 1 il 


and m, n, p are positive integers, then the function w = S(a,8,y;z) ts single- 
valued in the interior of the orthogonal circle C of the fundamental triangle. 
S(z) cannot be continued beyond C. 


YZ i or. 
ADIN A 


y~<\b 
IVLAANY/ 
SS 


Fie 41. 


The geometric expression of the single-valuedness of the function S(z) 
in these cases is the fact that the totality of the inversions of the funda- 
mental triangle yields a simple covering of the interior of C. Figure 41 
shows part of the triangular net obtained in the case m = 2, n = 7, 
p = 3, where the shaded and white triangles correspond to the upper 
and lower half-planes, respectively. 

An inversion with respect to a circular arc preserves the magnitude of 
an angle but inverts its orientation. Hence, an even number of inversions 
preserves both the magnitude of an angle and its orientation, and it yields 
therefore a conformal mapping. Since, moreover, an inversion trans- 
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forms circles into circles, it follows from the results of Sec. 2, Chap. V, that 
an even number of inversions is equivalent to a linear transformation. 
Since, in the w-plane, the corresponding inversions are simple symmetries 
with respect to the real axis, an even number of inversions in the w-plane 
will return us to our point of departure. If the linear transformation 
corresponding to an even number of inversions in the z-plane is of the form 


az+b 


*” he +d 
it follows therefore that the function w = S(z) satisfies the functional 
relation 


az+ 6 
(61) s(% a a = S(), 


that is, the value of w = S(z) is reproduced if the argument z is made sub- 
ject to certain linear transformations. Functions with this property are 
known as automorphic functions. The various linear substitutions which 
reproduce the value of an automorphic function form a group. Indeed, 
if T and T’ denote two such substitutions, it follows from S(Tz) = S(z), 
Sr 2) = S@) that 


Sie — s\n a2) — Ss) 2) ss) 
Moreover, if 7! is the substitution inverse to 7’, we have 
Se — eee 2) a5 (7 12). 


The group belonging to a given function S(z) can be constructed from 
three fundamental substitutions. Since all analytic continuations of 
S(z) beyond the boundary of the fundamental triangle are obtained by 
inversions with respect to one of the sides of the triangle or by their com- 
binations, it follows that any even number of inversions can be obtained 
by a suitable combination of the three linear transformations equivalent 
to the consecutive performance of two of the three fundamental inversions. 
The group can therefore be generated by three suitable substitutions (and, 
of course, the inverses of the latter). Every inversion with respect to one 
of the sides of a triangle leaves the orthogonal circle invariant, and the 
same is therefore true of the linear substitutions obtained by an even 
number of inversions. If we normalize the functions S(z) by the require- 
ment that the radius of the orthogonal circle be 1, and if we observe that 
the most general linear transformation of the unit circle onto itself is 


(62) a= (4 = *), |d| = 1, la < i, 


1 — az 


we arrive at the following result: 
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If the conditions (59) and (60) are satisfied, then S(z) 1s a single-valued 
automorphic function in |\z| < 1 which is invariant under a group of linear 
substitutions of the form (61), 1.e., we have 


(63) f E iG = 2) | = f@) 


for the substitutions of this group. The group in question can be generated 
by three particular substitutions and their inverses. 

We add a few remarks concerning the analytic expression of the func- 
tion w = S(z). It was shown in Sec. 7, Chap. V, that the inverse z = s(w) 
of w = S(z) is, up to an arbitrary linear transformation, of the form (75), 
Sec. 7, Chap. V. This expression does not, however, yield the inverse of 
the function w = S(z) as normalized in the present section. To obtain 
the latter function—corresponding to the position of the fundamental 
triangle as indicated in Fig. 40—we have to go back to the fact, proved in 
Sec. 7, Chap. V, that the function mapping the upper half-plane onto a 
circular triangle with the angles za, 78, my can be represented as the 
quotient of two linearly independent solutions of the hypergeometric 
differential equation 


(64) wl —w)f"+[e-+at+dul-—ab?i=0, “==> 
where 


(65) a=l1-e, 5 — >) — 2 y=c—a-—b. 


As also shown in Sec. 7, Chap. V, (64) is solved by the hypergeometric 
series 

ab 
Te W 


a(a + 1)b(b + 1) ae 
2!c(c + 1) ae : 


which converges for |w| <1. A suitable second solution is obtained by 
the remark that by substituting 


(66) F(a,b,c;w) = 1+ ft 


f= wrt) 


in (64) we arrive at a differential equation for ¢; which differs from that 
for ¢ only by the fact that a, b, c are now replaced by a —c+1, b — 
c+ 1, 2 —c, respectively. Since (64) is solved by the function (66), it 
follows that another solution of (64) is given by 


(67) wi-Fia —-ce+1,b—c+i,2—c;w), F< ¢ er 


Since, for w = 0, this solution reduces to 0, while the solution (66) reduces 
to 1, these two solutions are linearly independent. 
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Consider now the quotient of the two solutions (66) and (67), 7.¢., the 
function 
1l—e = = —pr 
(68) yay, 22 Fia—e+1,b6-—ce4+1,2 c5 w) 


F(a,b,c;w) 


where a, b, c are connected with a, 8, y by (65), or, if we solve (65) for 
a, b, c, by 


ae 7b ae sy), KH late y), C= 1l~a. 


Since c < 1, it follows from (68) that s(0) = 0, which shows that one 
vertex of the circular triangle is situated at z = 0. The hypergeometric 
function (66) is obviously real if all its arguments arereal. If we choose 
that determination of w!~* which is real for positive w, it follows therefore 
from (68) that s(w) is real if w varies along the real axis from w = 0 to 
w= 1. Hence, one side of the circular triangle is a part of the positive 
axis terminating at the origin. A second side of the circular triangle is 
obtained as the conformal image of the negative axis —~ < w < 0. 
While the two hypergeometric functions in (68) are also real for these 
values of w, the factor w!~* is now equal to 


wire = (—|w])1-« a aol actesy = lap|1—cer#C1—e) 
= | 0) epee 


This shows that — © < w < 0 is mapped by z = s(w) onto a linear seg- 
ment which makes the angle ra with the real axis at the origin. We have 
thus proved that the circular triangle yielded by the function (68) has 
indeed the position indicated in Fig. 40. 
We finally compute the coordinates of the vertices of the circular 
triangle upon which Im {w} > 0 is mapped by (68), that is, the values of 
s(0), s(1), s(). To find w(1), we observe that, by (73), Sec. 7, Chap V, 
1 

F(a,b,c;1) = wes my ale Cae (lence Ci 
TOU ere — b) 
~ T(e — a)T(c — 5) 


The condition c — a — b > 0, which is required for the existence of the 
integral, is satisfied since, by (65), y =c —a-—b. Using (68) we thus 
find 

Seale aa) iic — b) 
7 So gene) =e 


This is the vertex with the angle zy. Since s(0) = 0, it thus remains to 
find the vertex s(~), corresponding to the angle 78. For this purpose we 
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use the fact, for which the reader is referred to Whittaker-Watson’s 
“Modern Analysis,” that the analytic continuation of the function 
F(a,b,c;w) to points near w = © of the cut plane larg { — w}| < is given by 


(71) F(a,b,cjw) = none 8 


rE =< a) =i mm = © apy—l 
rence \ F(b,1—e+b,1—a+);w7. 


Using the fact that, by (65), b — a = B > 0, we find from (71) and (68) 
by a formal computation that 


(—w)-*F(a, 1 —-ce+a,1—6b+4;w~) 


(72) s(co) = eX Tore —e+ iT(l — a) 


If a = 0, that is, c = 1, the representation (68) breaks down since 
the two solutions (66) and (67) of the hypergeometric equation (64) 
cease to be independent. This corresponds to the fact that in this 
case the triangle degenerates into a linear segment. The other two 
angles may, of course, take the value 0. Hence, the only case in which 
the representation (68) seems to be unable to yield the mapping function 
of a circular triangle with given angles is that in which all the angles are 
zero. This difficulty can, however, be circumvented by means of a simple 
artifice, indicated in Exercise 2. A more detailed discussion of the case 
a = B = y = 0 will be found in the following section. 


EXERCISES 


1. If (68) maps Im {w} > 0 onto a circular triangle whose angles 78 and ry are 
zero, show that the radius of the orthogonal circle of the triangle is 


er € -¢ 


A a\. 
fa ro ( a ae 
rd —a). G + 5) 
which, in view of the identities 


aV(z) =V(z +1), T(2)T(l —2) = aot 


can also be brought into the form 


Ta 


1 a 
2 wae. aN 
g V*(a)T 


R= =, sin ra@ sin? 
T 
Hint: Use the fact that a vertex with the angle zero must lie on the orthogonai circle. 
2. Show that the inverse of the function 
F(2,2,35v) 


= 3(4,0,0;w) = Vv RET to) 
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maps the zero-angle triangle ABA’ of Fig. 42 onto the full z-plane which has been cut 
along the rays —*o <z<0,1<2< ~. Show also that the radius of the orthog- 
onal circle is 


and that the mapping of the upper half-plane onto the triangle ABA’ is effected by 
the function z = s[0,0,3;(1 — w?)~1]. Hint: Consider the triangle OBA, and apply 
the symmetry principle with respect to the linear segment OB. 


A 


\ 


S 


N 


A’ 
biG.-42. Fic. 43. 


3. Using the fact that the triangle OAA’ (see Fig. 43) with the angles 27a, 8, rB 
can be obtained from the triangle OAB with the angles za, +8, }+ by means of an 
inversion with respect to OB, prove the identity 


- S?(2a,B,8; 
4S[a,6,4;(—4) z] = Fae 


Hint: Observe that the mapping 
w2 
eG — 1) 


transforms the half-plane Im {w} > 0 into the w:-plane which is slit along —« < 
w, < 0,1 < wi < ~, and that both w = 1 and w = © correspond to wi = © while 
the origin is mapped onto itself. The constant factor of z in the left-hand side of 
the above identity is most conveniently determined by comparing the expressions 
(68) for the inverses of the two S-functions at z = w = 0. 

4.Ifa+pf6++y > 1, show that the function S(a,8,7;z) can be single-valued only 
in the following cases: 


R 
D 


of 


n-\ (n arbitrary) 


Ros Bolt aol Roles 
cof Goll col cote 
Ch mh col 
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6. If a +8 +7 =1, show that the only single-valued functions S(e,8,7;z) are 
those corresponding to the values 


Gop wap nope 
Cols ols mls 
Cop=t ips mls 


Show also that in these cases the function S(a,8,7;z) is single-valued at all finite 
points of the z-plane. 


6. The Elliptic Modular Function. We devote this section to a more 
detailed study of the Schwarzian s-function for which a = B = y = 0, 
that is, the function which maps the upper half-plane onto a circular tri- 
angle with zero angles. In order to obtain an explicit expression for this 
function, we might use the result of Exercise 2 of the preceding section. 
It is, however, more convenient to utilize the result of Exercise 3, Sec. 7, 
Chap. V. As shown there, the function f(w) mapping Im {w} > 0 onto 
a zero-angle triangle is of the form 


where 


(74) K(w) = i ee 
Guw/ Cl 2) Cl = ae) 

In order to determine the exact location of the triangle in the z-plane, 
we observe from (74) that K(0) = 4a and that K(w) increases from this 
value to + if w varies from 0 to 

| 1. It therefore follows from (73) that 
f() = @ and f(1) = 0, while f(w) is 
; positive for0 <w<_ 1. Hence, the 
mt a ; side of the triangle which corresponds 
to the segment 0 < w < 1 coincides 
Uy with the positive axis. Since the an- 
| gles of the triangle are zero, the other 
two sides must be a half circle touch- 
ing the real axis at the origin and a 
Fie. 44. parallel to the real axis. We thus 
obtain the zero-angle triangle of Fig. 
44. It is clear that the triangle must lie in the lower half-plane since its 
interior must be surrounded in the positive sense if z traverses the positive 
axis from + toQ. Finally, the fact that the vertex corresponding to 
w= © is at z = —12 follows from the relation 


CD AC Set ade 
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which is an immediate consequence of (73). Setting, in particular, 

= 3+ i, we obtain f(g + z)f(4 — it) = 1. Since f(w) is real for 
0<w<_1l, it can be continued across 0 < w<1 by the relation 
f(®) = f(w). Hence, f(é — tt) = f& + @) and therefore |f(4 + 7t)|? = 1. 
For i— ©, it follows that |f(«)| = 1. Since f(«) must also lie on the 
lower section of the imaginary axis, we arrive at f(o) = —17. 

There exists an interesting connection between this mapping function 
and the elliptic function sn u discussed in Sec. 3. A comparison of (73) 
and (74) with (19), (20), and (21) shows that if w is identified with the 
square of the modulus k of the elliptic function sn u, then f(w) is equal 
to K’/K. We thus have the parametric representation 


K'(k) 


w = k’, z= fw) = ah), 


It is because of this connection that the inverse of the function z = f(w) is 
known as the elliptic modular function. Because of the resulting simplifi- 
cation of many formulas it is customary to give this name to the inverse of 
z = if(w) rather than to that of z = f(w). This function is therefore 
defined by 


where 7 is the quantity defined in (15). If we use the symbol w = J(z) 
for the elliptic modular function, J(z) is thus defined by 


(75) be is SS ae a 


In view of (16) and (30), J(z) is represented by the infinite product 


: 2rinzg 8 
(76) Je) = 16e"* | | (ee Im {2} > 0. 


n=l 


In view of what was said before, w = J(z) maps the zero-angle triangle 
of Fig. 45 onto the upper half-plane Im {w} > 0. Obviously, the orthog- 
onal circle of this triangle is the real axis Im {z} = 0 and its interior is 
the upper half-plane Im {z} > 0. In view of the results of the preceding 
section, J(z) may therefore be continued to all points of the half-plane 
Im {z} > 0 and J(z) is regular and single-valued there. The real axis is 
a natural boundary of the function J(z) and J(z) cannot be continued to 
the lower half-plane Im {z} <0. As likewise shown in the preceding 
section, the function J(z), being a particular case of the triangle functions 
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considered there, is an automorphic function, 7.e., we have 


az + B 
ne ae :) = J(s) 

for a certain group of linear substitutions which is generated by three 
fundamental substitutions. As the latter we may take the substitutions 
equivalent to the successive performance 
of two different inversions with respect to 
the sides of the triangle of Fig. 45. If 2, 
22, 23 are the points inverse to a point z 
with respect to Re {z} = 0, Re {z} = 1, 
lz — | = 4, respectively, the reader will 
verify that the relations 


Z 


21> —Z, 22— 2 > 2, ——o- 


hold. Performing two of these inversions 
im succession, we obtain the six points 


Fic. 45. Zz 2-2 2 — 32 
24 2, 3-22 ~= 


It follows that 
2 
J(z + 2) = J(z), J (er = J(2), 


2— 2-3 
(2-2) = se, 1 (F=8) = 70, 


By suitable combination of these substitutions it can be shown that 


C2 4 
(78) J 2 Te -) = J(z), 


where B, y are even integers and a, 6 are odd integers which are subject to the 
condition ab — By = 1 and are otherwise arbitrary. The proof of this 
result is left for Exercises 1 to 5 at the end of this section. 

If the half-plane Im {z} > 0 is filled by an infinity of successive 
inversions of the original triangle, the w-plane is covered by an infinity of 
upper and lower half-planes which are the conformal images of the inverted 
triangles. Each half-plane has three ‘‘neighbors”’ which are connected 
with it along the stretch 0 < w < 1 and the rays —~ <w<0O and 
1 <w< ©, respectively. The totality of half-planes which are con- 
nected with each other in the manner indicated is known as the modular 
surface. It is clear that the modular surface M, which, in view of the 


(77) 
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foregoing, is the conformal image of Im {z} > 0 as given by w = J(a), 
has the following properties: 

(a) M has no branch points. 

(b) The only boundary points of M are the points w = 0,1, ~. These 
points do not belong to A. Indeed, each of the half-planes making up M 
is connected with its neighbors along all points of the real axis with the 
exception of the points w = 0,1, ©. The latter points do not belong to 
any of the half-planes, which shows that they do not belong to M. 

(c) Every point of the w-plane, with the exception of w = 0, 1, ~, is 
covered by J an infinity of times. 

The fact that the function w = J(z) maps Im {z} >0 onto the 
modular surface described above can be utilized for a short proof of a 
famous result on entire functions, known as Picard’s theorem. We recall 
that an entire function f(z) is an analytic function which is regular for all 
finite values of z. As shown in Sec. 7, Chap. III, such a function must 
have a singularity at z = © unless it reduces to a constant. Leaving 
aside the uninteresting case in which this singularity is a pole and, con- 
sequently, f(z) is a polynomial, we consider the case in which z = © is an 
essential singularity. We saw in Sec. 6, Chap. III, that in the neighbor- 
hood of an essential singularity an analytic function will approach any 
given value arbitrarily closely. Hence, an entire function will come 
arbitrarily near any given value [if f(z) is a polynomial, it follows from the 
fundamental theorem of algebra that every value is actually taken by 
f(z)]. We shall now show that even more is true and that the following 
theorem holds. 

An entire function takes every finite value, with one possible exception. 

That such an exceptional value can occur is shown by the function e? 
which never takes the value 0. To prove Picard’s theorem, suppose that 
f(z) is not a constant and that it leaves out the valuesa and b. Obviously, 
the function 
(79) D  lias Sma 
is also an entire function and g(z) leaves out the valuesO and 1. Consider 
now the function 


(80) u(z) = J"Ig)], 


where J—!(w) is the inverse of the elliptic modular function J(z). J—'(w) 
maps the modular surface Mf onto the upper half-plane and it is therefore 
defined and regular at all points of the w-plane except at the points w = 0, 
1, ©. J (w) is, of course, infinitely many-valued. However, once a 
definite branch has been chosen at a given point w, the analytic continua- 
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tion of J—!(w) along any curve which avoids the points w = 0, 1, © is 
uniquely determined. (Note that J has no branch points!) Since the 
function g(z) does not take the values w = 0, 1 and, because of its regu- 
larity, is also different from ~, it follows therefore that the function u(z) 
defined in (80) is regular at all finite points of the plane. By the mono- 
dromy theorem it is thus also single-valued. Moreover, since the values 
of u(z) are a subset of the values of J—!(w), we have Im {u(z)} > 0 for all 
finite z. The transformation 

u—t 

Uu— ree, 

carries the upper half-plane into the interior of the unit circle. It follows 
that the function 

u(z) —2 


Xe GGIER 


is regular and satisfies |y(z)| < 1 for all finite z. By Liouville’s theorem 
(Sec. 7, Chap. III), v(z) therefore reduces toa constant. Hence, the same 
is true for v(z) and, in view of (79) and (80), also for f(z). Our assumption 
that f(z) is not a constant and leaves out the values a and b has thus led 
to a contradiction. This proves Picard’s theorem. 

We now introduce the analytic function Q(z) which is related to J(z) by 
the identity 


(81) J(z) = Q(e**), 
which can also be written 

i 
(82) C2 (4 log :) 


Since the transformation z — e* carries the half-plane Im {z} > 0 into 
the (infinitely often covered) interior of the unit circle, the domain of 
definition of Q(z) will be the interior of the unit circle. In view of (76), 
Q(z) has the product expansion 


[2] 


Qn 8 
(83) Q(2) = 16 | | (): i = i. 


n=l] 


This formula shows that Q(z) is regular in the unit circle and vanishes at 
the origin. 

The surface Af* onto which the unit circle is mapped by w = Q(z) is 
closely related to the modular surface M. In order to find the structure 
of Mf*, we observe that the function z = e™” maps Im {w} > 0 onto a 


iu 
domain D which covers the unit circle |z| < 1 an infinity of times, with 
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the exception of the point z = 0 which is not covered at all. Further- 
more, D has no branch points and all boundary points of D satisfy either 
Z| = Lorz=0. The inverse function, that is, w = (1/r7) log z, maps 
D onto the upper half-plane Im {w} > 0. Hence, if z approaches a point 
of |z| = 1, w = (1/m7) log z will approach a point of the real axis. In view 
of (82) and the fact that J(w) maps Im {w} > 0 onto the modular sur- 
face, Q(z) will then approach a boundary point of the modular surface, 
1.€., one of the points 0,1, ©. It is further clear that Q(z) does not take 
the values 0, 1, © if z is a point such that 0 < |z| < 1, since these values 
must coincide with points of the modular surface. 

The point z = 0 requires a special discussion, since z = 0 is a boundary 
point of D. If we write z = re’®, we have 


1 1 6 t 6 
~; log z ee Lom = peat Pc oer 
Hence, by (82), 
Poe any (- : ieee ‘, 
20 r—>0 Us 7 


We now keep @ fixed and letr— 0. Sincelogr— — ~, it follows that the 
required limit is equal to the limiting value of J(w) if Re {w} = const. 
and Im {w}— +. But this valueis0. Indeed, as shown by Fig. 45, 
such a path leads to the third vertex of the fundamental triangle or of one 
of the triangles obtained from it by inversion, and this vertex is mapped 
onto the point 0. Hence, lim Q(z) = 0. in accordance with (83). 

20 


The surface M* onto which |z| < 1 is mapped by the function w = Q(z) 
may now be described as follows. 

(a) M* has no branch points. 

(b) Every point of the w-plane, with the exception of w = 0, 1, ©, is 
covered by M/* an infinity of times. 

(c) The only boundary points of M/* are the points w = 0,1, ©. The 
points w = 1, donot belong to M*, while the point w = 0 is covered by 
one sheet of M/* only. 

With the help of the function Q(z) we can prove the following striking 
result on analytic functions regular in the unit circle. 

Let f(z) = 2 + az? + + + + be regular in the unit circle and let f(z) ¥ 0 
at all points of the unit circle other than its center. If ats a value such that 


le] < ws, 


then the equation f(z) = a has a solution in |z| <1. The constant yg is 
sharp, t.e., it cannot be replaced by a larger value. 
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The conclusion of the theorem may also be expressed by saying that the 
conformal image of the unit circle as given by w = f(z) completely covers 
the interior of a circle about the origin whose radius is ¢g. To prove the 
theorem, suppose 8 is a value not taken by f(z) in |z| < 1 and consider the 
function 


(84) we) = || 


Since Q(w) = 0 for w = 0 and Q(w) ¥ 0 for 0 < |w| < 1, the inverse of 
Q(w) is uniquely defined in a small neighborhood of w = 0, and we have 
q(0) = 0. Starting from z = 0, q(z) can be analytically continued along 
any curve contained in the unit circle. Indeed, 6-'f(z) does not take the 
values 0, 1, © for 0 < |z| < 1, and these are the only points at which the 
analytic continuation of the inverse of Q(w) would become impossible. 
Hence, the function q(z) defined by (84) is regular in |z| < 1. Moreover, 
since the values of g(z) are a subset of the values of Q-1(W), it follows that 
lg(z)| < 1. In view of g(0) = 0, this entails |q’(0)| < 1, where equality 
can hold only if q(z) = yz,|y| = 1. Expressing q(z) by means of (84), we 


obtain 
YOl ., 
[s[1Q’(0)| 
Since f’(0) = 1 and, by (83), Q’(0) = 16, this yields 
(85) [s| = we, 


where equality is possible only if f(z) = 7s7Q(yz),|/y| = 1. A value 8 
which is not taken by f(z) in |z| < 1 must therefore satisfy (85). This 
proves our theorem. That the constant 74 cannot be improved upon is 
shown by the function 


w= f(z) = 7Q2@) =2+- 


which satisfies the hypotheses of the theorem and leaves out the value 
1 


UD) = ara 

The value 7¢ of the constant in the preceding theorem was taken from 
the expression (83) for Q(z), which, in turn, was derived from the theory 
of elliptic functions. It thus w ull appear that previous knowledge of 
elliptic functions and of their connection with the elliptic modular func- 
tion is required for an adequate theoretical and numerical treatment of the 
latter function. This, however, is not the case. We shall show that the 
main properties of the function Q(z) can be easily derived from the geo- 
metric properties of the surface M*. 

Let then w = Q(z) be the function which maps |z| < 1 onto M* in 
such a way that Q(0) = 0 and Q’(0) > 0, and consider the function 
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Qi(z) = VWQ(z2). Q;(z) is also regular in |z| < 1. Indeed, its only possi- 
ble singularities are the zeros of Q(z?), and Q(z) does not vanish in |z| < 1 
except at z = 0 (only one sheet of M* covers the origin). At z = 0, 
Q(z) is obviously regular. Q(z) is, moreover, an odd function, that is, 
Qi(—z) = —Q.(Z), as the reader will verify without difficulty. The sur- 
face M, onto which w; = Q:(z) maps the unit circle clearly has the follow- 
ing properties. 

(a) All boundary points of M, are situated at w; = —1, 0, 1, o. 
Indeed, because of Q1?(z) = Q(z7), any boundary point of M, other than 
those mentioned would give rise to a boundary point of M* other than 
those at w = 0, 1, ©. 

(b) The points w; = +1, © are not covered by Mj, while the point 
w, = 0 is covered by one sheet of 1, only. This follows in the same way 
as property (a). 

(c) M, has no branch points, that is, Q:/(z) ¥ O for |z| < 1. Thisisa 
consequence of Q:(z)Q:/(z) = 2Q’(z?) and the fact that M* has no branch 
points [that is, Q’(z) + OJ. 

Consider now the function 


4Q;(z) 
W2 >= Q2(z) = (i BE Q(z)? 
The transformation 
W2 — _ Avi 
(1 at; )? 


carries the points w; = 0, ~, 1, —1 into the points w,. = 0, 0, 1, ~, 
respectively. Moreover, no point w,; other than 0, ~, 1, —1 is trans- 
formed into one of the points wz = 0,1, ©. It follows that the boundary 
points of the surface M, onto which |z| < 1 is mapped by we = Q.(z) can 
be situated only at the points wz = 0,1, ©. The points w. = 1, © are 
clearly not covered by M2, while we. = 0 is covered by one sheet of M, 
only (forz = 0). M:. has no branch points. Indeed, 


‘pemngeelle Qala dhe as 
Q2'(z) = 4 i OVE Q1'(z), 
and since Q:(z) # 1, Qi’(z) # 0, we also have Q.’(z) # 0. 

If we compare this with the description of the surface M* given above, 
we find that M,. has precisely those properties which characterized 
M*. From this it is not difficult to conclude that 17* and MM, must 
be identical, or, what amounts to the same thing, that Q2(z) = Q(z). 
If we examine the argument leading to the fact that the function q(z) of 
(84) satisfies |q(z)| < 1, provided f(z) ¥ 0 for 0 < |z| < 1 and f(z) ¥ & 
for |z| < 1, we find that the only properties of Q(z) used were the proper- 
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ties of the surface A2* listed above. Since these are also properties 
of M2, the above argument will therefore remain valid if Q(z) is replaced 
by Q.(z). Furthermore, both Q(z) and Q2(z) may take the role of the 
function B-'f(z) in (84). It follows that 


lax(z)| = 1O-NQ@22)]1 <1, lal <1, 


lee) =O ee aa el <1 


Since, moreover, g:(0) = q2(0) = 0, we have |q:’(0)| < 1, |q’(0)| < 1, 
where equality is possible only if gi(z) = yiz and q2(z) = y2z, respectively, 
where |y:| = |y2| = 1. In view of 


and 


19) = 22 (0) me ee. 

qi’ (0) Q’ Q'(0)’ G2 (0) aa Q2’ (0) a a 0)’ 
we necessarily have |qi’(0)| = |q2’(0)| = 1, and thus qi(z) = yiz. Because 
of 
(86) Q2(z) = Sele 


1+ Va)? 


we shall have Q.’(0) > Oif the positive value of the radical is taken and if 
Q’(0) > 0. Hence, y1 = 1 and therefore 


Q-"Q2(z)] = qilz) = z. 
It follows that indeed Q.(z) = Q(z). Applying this result to (86), we find 
that the function Q(z) satisfies the remarkable functional equation 
4 2 
(87) ge Ne ae 
Else y Ge) 
If we differentiate (87) and set z = 0 in the result, we obtain 
Q’(0) = 4 VQ’(0), 
whence Q’(0) = 16. This yields the constant in the above ‘‘;'s-theorem,”’ 
which has thus been proved without loans from the theory of elliptic func- 
tions. More generally, we can use the functional equation (87) in order 


to obtain all the coefficients of the power series expansion of Q(z). If we 
write 


(88) Q(z) = 16[z + aez? + azz? + + + +], 
we have 


4z~/1 + aoz? + agit -: 


2 
te + 2azt + (205 ~ %) 2 4 cons: <emne 


V0) 
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Hence, 


_4VQG*) = N = pM 2\)]n 
0) aa ab Ln V/ OR) 


4 E — 322? + (2a. + 192)z3 — (82a. + 1,024)z4 


+ (20; = & — 288a2 + 5,120) a > eee | 


Equating this to Q(z), we obtain 

a, = —8, a3; = 44, a, = —192, Ge-— "TSS o . 2% 
The first terms of the power series expansion of Q(z) are therefore 
(90) Q(z) = 16[z — 82? + 4423 — 19224 + 71825 — - = +]. 


From this procedure we may draw yet another conclusion. Clearly, 
the coefficient of z?"—! in the expansion of the odd function +/Q(z?) is a 
polynomial in the coefficients a2, ..., @n. It follows that both the 
coefficient of z?"~! and the coefficient of 2?" in the expansion (89) are poly- 
nomials in a2, ... , Qn. Since (89) is equal to (88) we thus find that 
both @en—1 and de, can be expressed as polynomials of the coefficients 
dz, ..., @n. This shows that all the coefficients of Q(z) are uniquely 
determined by our procedure. Hence, the function Q(z) is the only solu- 
tion of the functional equation (87) which has a finite, nonvanishing 
derivative at the origin. The latter condition is, of course, essential, 
since we determined Q’(0) from the equation Q’(0) = 4+/Q’(0). If this 
condition is dropped, the equation (87) will obviously also admit the solu- 
tions Q(z”), where v is an arbitrary complex number. 

The fact that Q(z) is the only solution of (87) makes it possible to 
identify Q(z) with the square of the modulus k = k(q) of the Jacobian 
elliptic functions. Formula 43 (Sec. 3) shows that k?(q), taken as a func- 
tion of g, satisfies the functional equation (87). Since, in view of (41), the 
derivative of this function has a finite, nonzero value for gq = 0, it follows 
therefore that k?(z) = Q(z) and that Q(z) can be computed by the formula 
(83) which is identical with the formula (41) for k?. For the practical 
computation of Q(z) it is, however, better to use the result of Exercise 17, 
Sec. 3, 2.e., the formula 

» gn(n+l) 


(91) 0G) =i. > 


142) | 


n=1 


4 


lel <1, 
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since the two series involved converge with extraordinary rapidity, 
especially if |z| is not too close to 1. If |z| is close to 1, the convergence 
can be further improved by first computing Q(z?) and then using the 
identity (87). 
There exists a simple relation between Q(z) and Q(—z), namely, 
_o — _ V@) 

(92) Q(-z) = GG) 
To prove (92), we observe that +/Q(z?) is an odd function of z and that 
therefore, by (87), 

4 2 

aS = ae 
1 — fQ(’)] 

Combining this and (87), we obtain 


Qo. _[1= VOR. 4 vow 
Q(—2) 14+ VQ@)1 [h+ V/O@)P 
as Q(z) a i: 
which is identical with (92). 
We end this section with the proof of a theorem on analytic functions 
which utilizes the properties of the function J(z). 
If the odd analytic function 


(98) f@) =2-+- Ges - > + + Gingiettt 4 > +: ele 


is regular in |z| < 1, then the values taken by w = f(z) in |z| < 1 fully cover 
the circle 
lw| < mp 5 — Ome 
Again this is a ‘‘best possible”’ theorem, 7.¢., the theorem would not be 
true if the constant involved were replaced by a larger value. To prove 
the theorem, we recall that w = J(z) maps Im {z} > 0 onto the modular 
surface M described above. Since the transformation 


.l+z2z 


zZ—1 
l1—z 


carries the unit circle into the upper half-plane, it follows therefore that 
the function 


(94) MEG) = 2 | i te a ‘| = 


maps |z| < 1 onto a surface Jf, which is similar to M/, the only difference 
being that the two finite ‘“‘holes”’ of Af, are situated at w = +1 and not, 
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as those of M, atw = 0,1. By (94), we have F(0) = 2J(4) — 1. It can 
easily be shown that this vanishes. Indeed, since the inverse of w = J(z) 
isz = —7f(w), where f(w) is defined by (73) and (74), it follows from (73) 


that 
1 KS) _. 
Sif 
(5) = gp 4 
and thus J(z) = $, whence F(0) = 2/(4) — 1 = 0. 
Suppose now that the odd function f(z) defined in (93) omits the value 
a for |z| <1. Since f(z) is an odd function, that is, f(—z) = —f(z), f(z) 
necessarily also omits the value —a. Hence the function a—!f(z) does not 
take the values +1 for |z| <1. In view of the properties of the surface 
M,, it follows therefore that 


(95) 1©) = Fwy), 


where |w(z)| < |z|. The detailed cease leading to (95) is analogous to 
that used above in the proof of the ;'g-theorem, and it is therefore left as 
an exercise to the reader. It in from (93) and (95) that 


Since |w’(0)| < 1 and, by pa F’(0) = 42J’(z), we have 


ry < 4|J’(a)|, 


whence 
(96) la| > = ATION 


A value a which is not taken by w = f(z) in |z| < 1 thus must have a dis- 
tance from the origin which is not less than [4|J’(z)|]-. This proves our 
theorem, provided we can show that 


(97) r@| = Te. 


Now the inverse of w = J(z) isz = —1f(w), where f(w) is defined by (73) 
and (74). Hence 


ace 


[K(w)K'(1 — w) + K’Ww)K(1 — w)]. 


= Ra) ) 
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In view of J(z) = 3, this yields 


1 _ 2K'(s) 
J’(i) KK (8) 
By (74), ' f, 
(Oe ——— 
% a Jd — (1 — 3) 
and 
t? dt 


K'(s) = 
With the ae 
} 
(2) ana - v= 


a ae ge 


this becomes 


iL I 
K@) = = i) si(1 — s)-? ds, 
Fe ee a ea 
® 2/2 Jo 


Since 


* e1( — stds = LOPE) 
i § (1 s)8 OS = Ae) cea 


and aI'(a) = I'(a + 1), we thus obtain 


or, in view of 


in agreement with (97). 
Since the surface M, is symmetric with respect to the origin and since 
F(O) = 0, w = F(z) is an odd function of z. The function 


f(@) = [F*O)}-F@) 


thus satisfies the hypotheses of the theorem and leaves out the values 
w= +[F’(0)J-! = +[4J/’(2)]-'. ‘In view of (97), the theorem is therefore 
sharp. 
EXERCISES 
1. A linear substitution 
at +6 
cz +d 
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a b 

d 
stitutions, show that the same is true for the combined substitution SS’. Show also 
that the inverse of a unimodular substitution is again unimodular. Hint: If S is 


represented by the symbol i a show that 


( b e b\ — fa’a + b’ce a’b + d’d 
€ djXc’ r) 7 le saaaec cb + dad 


and use the multiplication law for determinants. 


is said to be unimodular if | =ad — bc = 1. If Sand S’ are unimodular sub- 


2. Show that all substitutions @ a of the group generated by the substitutions 


1 1 ‘ 
Si = (( ) and S2 = 6 ‘a are unimodular and are, moreover, such that b, c are 


even integers and a, d are odd integers. 
3. If Si and S:2 are the substitutions of the preceding exercise, show that 


ne en aes all 0\. 
2 AO a = - Cn > 
4.1fS = G ) is unimodular, a, d odd, b, ceven, b ¥ 0 and |a| > [b|, show that 


/ / 
S = 8’S.™, where S’ = we py) is such that |a’| < |b’| and b’ = 6, and m is asuitable 
integer. Similarly, if |a| < |b|, show that S = S’S.", where a’ = a, |b’| < |a’|, and 
n is again a Suitable integer. 

5. Using the results of the preceding exercise, show that by a suitable combination 
of substitutions S; and S, the initial substitution S can finally be reduced to a sub- 


, , 
stitution S’ = G os) for which either a’ = d’ = 1 or a’ = d’ = —1, and where 
either b’ or c’ is zero. Conclude that the group of unimodular substitutions 


a 6 
s-(° a 


(a, d odd, b, c even) is identical with the group of substitutions which leave the elliptic 


modular function invariant. 
6. Using the fact, that the function F(z) of (94) is an odd function of z, show that 


the function Q(z) satisfies the identity 


Qe-™) + Qe *) = 1. 


7. Combining (92) and the result of the preceding exercise, show that 


Q(-e-™)Q(-e 2) = 1. 


8. Show that all coefficients of the power series expansion —Q(—z) = » b,z” are 
n=l 
nonnegative and deduce that 
max. 1Q(z)| > 16p. 


jzl=p 
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Hint: Use the product expansion (83). 
9. Use the results of Exercises 7 and 8 to show that 


w2 


1Q(z)| < dee lee Fel, 


10. If Q(z) = > cxz" is the power series expansion of Q(z), show that 
n=1 


lenl < dee2tV, 


Hint: Use Cauchy’s inequality (Sec. 4, Chap. III) and the result of the preceding 
exercise. 
11. Using (92), prove the identities 


16z ll (1 + 277)8 = ll (1 + z2n-1)8 — [] (1 — 22.18 
n=l n=1 n=1 
and 


1e( Fawr) (r42 So) [42 } oe] 


12. Show that the second identity of the preceding exercise is equivalent to the 
following theorem in the theory of numbers: Let Ni and N»2 denote the number of 
times the number 8N + 4 (N being a positive integer) can be written in different 
ways as the sum of 4 odd squares and 4 even squares, respectively (where the squares 
of 0, positive, and negative numbers are admitted, and permutations of the same four 
squares are considered different from each other). Then Ni = 2N2. Hint: Replace 
z by z‘ in the identity in question and compare the coefficients of equal powers. 

13. Show that the function 


P(z) = c are sin ~/ Q(z?) 


maps |z| < 1 onto a surface R; of the following description: (a) R; has no branch 
points; (b) all boundary points of R; are situated at the points w = 0, tn,n = 1, 2, 3, 

. ; (c) the point w = 0 is covered by one sheet of R; (for z = 0), while the points 
+1, +2, ... are not covered at all. Use this function in order to prove the follow- 
ing theorem: If w = f(z) = aiz + az? + --- is regular in |z2| <1 and does not 


take the values w = 0, +1, +2, ...in 0 < |z| <1, then |a,| < s. Show also 


that this inequality is sharp. 

14. Let f(z) be an analytic function which is regular and 0, 1 at all finite points 
of the z-plane with the exception of the pointsz = ..., —2, —1,0,1,2,.... 
If f(0) = 0, show that |[f’(0)| < 27. Hint: Consider f[P(z)], where P(z) is the function 
defined in the preceding exercise. 

15. Show that the function w = T(z) = 4Q(z){1 — Q(z)] maps |z| <1 onto a 
surface R, with the following properties: (a) all boundary points of R, are situated 
either at w = 0 or at w = ~; (b) w = 0 is covered by one sheet of /?, (for z = 0), 
while w = » does not belong to R4; (c) all sheets of R, have branch points of the 
first order at w = 1. 


CHAPTER VII 


CONFORMAL MAPPING OF MULTIPLY-CONNECTED 
DOMAINS 


1. Canonical Domains. By the Riemann mapping theorem, all 
simply-connected domains with more than one boundary point are con- 
formally equivalent to each other. Both for theoretical and practical 
purposes we may therefore confine ourselves to the study of the conformal 
mappings of arbitrary simply-connected domains onto one and the same 
standard domain. The ideal standard domain of this type is the interior 
of a circle. As we had ample opportunity to see in the two preceding 
chapters, the geometric simplicity of the circle is reflected in a correspond- 
ing simplicity of results and ina comparative ease of analytic manipulation. 

If we try to introduce the concept of the standard domain, or, as we 
shall also say, the canonical domain, into the theory of conformal mapping 
of multiply-connected domains, we meet two initial obstacles. The first, 
and less serious, one is due to the fact that a conformal mapping is con- 
tinuous and thus preserves the order of connectivity of a domain. For 
example, a conformal map of a doubly-connected domain is again a 
doubly-connected domain. It therefore becomes necessary to introduce 
distinct canonical domains for each order of connectivity. The second 
difficulty is caused by the fact that no exact equivalent of the Riemann 
mapping theorem holds in the multiply-connected case. It is not true 
that any two domains of the same order of connectivity can be conform- 
ally mapped onto each other. To put it differently, not all domains of 
the same order of connectivity are of the same conformal type. That this 
is the case can be shown by a very simple example. Suppose there exists 
a function w = f(z) which maps the circular ring 1 < |z| <r onto the 
circular ring 1 < |w| < R, wherer + R, and consider the harmonic func- 
tion h(z) = log r log |f(z)| — log R log |z|.. Clearly, h(z) is harmonic in 
1 < |z| <r and has vanishing boundary values. h(z) is therefore iden- 
tically zero, and the analytic function g(z) = log r log f(z) — log R log z, 
of which h(z) is the real part, reduces to an imaginary constant, 1.e., 


(1) g(z) = log r log f(z) — log R log z = ta. 


If z describes the circle |z| = r in the positive sense, w = f(z) describes 

|w| = R in the positive sense, and both arg {z} and arg { f(z)} grow by 2z. 

Since arg {z} = Im {log 2}, it follows from (1) that the imaginary part of 
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g(z) grows by the amount 2z(log r — log R) if z describes |z| = r. But 
Im {g(z)} = a = const., and we must therefore have log r = log R, that 
is, r = R, contrary to our assumption that r ¥ R. 

This shows that two concentric circular rings are of different conformal 
type unless the ratio of the two radii is the same for both rings. This 
ratio, that is, the quantity r2/r: if the ring in question is r; < |z| < re, is 
known as the modulus of the ring. We shall see later that any doubly- 
connected domain D can be conformally mapped onto a circular ring. 
The conformal type of a doubly-connected domain is thus completely 
determined by the number r2/r,, which is therefore also called the modulus 
of the doubly-connected domain D. Using this terminology, we may say 
that two doubly-connected domains are of the same conformal type if, 
and only if, their moduli are the same. This situation may also be 
described by saying that the modulus of a doubly-connected domain is a 
conformal invariant, t.e., the modulus does not change if the domain is 
made subject to a conformal transformation. 

A similar situation obtains in the case of domains of higher connectivity. 
We shall see (Exercise 13, Sec. 2) that the conformal type of a domain of 
connectivity n (n > 2) is determined by 3n — 6 real numbers which are 
again called the moduli, or Rzemann moduli, of the domain. Two 
domains of connectivity n may therefore be conformally mapped onto 
each other if, and only if, they agree in all 3n — 6 moduli. Hence, we 
cannot expect to find a canonical domain onto which all domains of a 
given order of connectivity can be mapped. This difficulty is overcome 
by giving a more flexible definition of a canonical domain which deter- 
mines the general geometric character of the domain without fixing its 
moduli. We give in the following a list of the more important of these 
domains. 

a. The Parallel Slit Domain (Fig. 46a). This domain consists of the 
entire plane, including the point at infinity, to which a number of parallel 
rectilinear slits have been applied. We shall see in the following section 
that any multiply-connected domain D can be conformally mapped onto 
a domain of thistype. Moreover, if w = ¢(z) denotes the function effect- 
ing this mapping, we may arbitrarily assign a point ¢ of D such that ¢ is 
carried into the point at infinity. Furthermore, we may require that the 
parallel slits form a given angle @ with the real axis and that the Laurent 
expansion of g(z) = go(z,¢) near z = ¢ be of the form 


@) eae) = tale — + de — HF + +> 


We shall see that these requirements determine the function ¢o(z,¢) 
uniquely. 
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b. The Circular Shit Domain (Fig. 46b). This domain consists of the 
entire plane which has been slit along a number of concentric circular ares 
whose common center is the origin. We shall see that any multiply- 
connected domain D can be mapped onto a domain of this type and that, 
moreover, it is possible to choose two arbitrary points u and v of D which 
are to be carried into the origin and the point at infinity, respectively. If 
P(z) = P(z;u,v) denotes the mapping function in question, P(z) may be 
normalized by the requirement that its residue at z = v be equal to 1, 
that is, 


@)  P@) = Peue) = + bot bie—o) +--+ -. 


This normalization determines the function P(z;u,v) uniquely. 


(b) (c) 


(d) (e) 
Fie. 46. 

c. The Radial Slit Domain (Fig. 46c). This is obtained by furnishing 
the entire plane with rectilinear slits pointing at the origin. As in the 
preceding case, two arbitrarily chosen points of D may be made to corre- 
spond to the origin and the point at infinity. If we denote the function 
effecting this mapping by Q(z) = Q(z;u,v), we have Q(u) = 0 and, with 
the same normalization as in (3), 


4) Q@) = Oem) = tootele—)+-+-. 


This function is again uniquely determined. 
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d. The Circle with Concentric Circular Slits (Fig. 46d). This is the 
interior of a circle, which may be taken to be the unit circle, which has 
been slit along a number of circular arcs concentric with the outer circle. 
The conformal mapping transforming D into this domain distinguishes 
one of the boundary components of D, namely, the boundary component 
which is carried into the outer circumference. Accordingly, if the bound- 
ary components of D are denoted by Ci, Co, ... , Cy, there will be n 
essentially different mapping functions of this type, depending upon the 
boundary continuum C, which is distinguished. These functions will be 
denoted by R,(z) = R,(z;t), » = 1, ..., n, where the parameter ¢ 
indicates the arbitrarily chosen point ¢ of D for which R,(¢;¢) = 0. This, 
and the condition R,'(¢;¢) > 0, determines R,(z;¢) uniquely. 

e. The Circular Ring with Concentric Circular Slits (Fig. 46e). In the 
doubly-connected case, this domain reduces to a circular ring. For 
higher connectivity, we have in addition a number of slits along circular 
ares concentric with the circular ring. ‘The conformal mapping of D onto 
this domain distinguishes two boundary components, namely, those 
which are carried into the two circumferences bounding the circular ring. 
If C, and C, are these two boundary components, the corresponding 
mapping function will be denoted by S,,(z), where the first subscript may 
indicate the boundary component mapped onto the outer circumference. 
Apart from an arbitrary multiplicative constant, the function S,,(z) is 
unique. 

The existence of these mapping functions will be proved in the following 
section. Assuming here their existence, it is not difficult to derive a 
number of relations which must hold between some of these functions. 
The first of these relations is 


a Ca) _ BR,’ (vv) 


(5) P(zjuv) = A Peay ~ R,(v3u) 


To prove (5), we observe that the functions R,(z;u) defined in Sec. 1d have 
a constant absolute value on each boundary component C,, » = 1, ; 
n. The same is therefore true of the function P(z;u,v) genienl in (5). 
This latter function further vanishes at z = u and shows the behavior 
indicated in (3) atz = v. Wenext observe that the function w = R,(z;¢) 
maps C’, onto the circumference |w| = 1. If C, is described in the positive 
direction with respect to D, |w| = 1 will therefore be described in the 
positive direction and arg {w} = arg {R,(z;¢)} will increase by 2z. 
Since this holds for ¢ = u and ¢ = », it follows that A, arg {P(z;u,v)}, 
the corresponding variation of the argument of the function defined in 
(5), is zero. On C, (uv ¥ v), we have A, arg {R,(z;¢)} = 0. Indeed if z 
describes C,, w = R,(z,¢) describes ‘“‘both edges”’ of a circular slit and 
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returns to its imitial value. Doing so, the point w obviously cannot sur- 
round the origin. It follows that arg {R,(z,¢)} returns to its initial value, 
that is, A, arg {R,(z,¢)} = 0. By (5), we therefore also have 


Ay are (PG), = 0. 


As pointed out before, the function defined by (5) has a constant abso- 
lute Value on each C,,n =I, ... , n, that is, 


(6) |P(z;u,v)| aa |P(z)| = Yu) z€E On pa a. eee. 


Let now @ be an otherwise arbitrary finite complex number which is sub- 
ject to the condition that |a| # y, (u = 1, ... , 7), and consider the 
variation of arg {P(z) — a} if z traverses the entire boundary C of D. 
Since C is composed of the components C,, we have 


n 


7) Ac arg {P(e) — a} = ) A, arg (P@) — a. 


p=1 


Since |al ~ y,,4 = 1,..., mn, we have on each individual C, either 
\P(z)| = vy, < Jal or |P(z)| = y, > |al. In the first case we write 
P(z) — a = —al{l — a'P(z)], whence 


A, arg {P(z) — a} = A, arg I — _ 


—abeingaconstant. Since |a~'P(z)| < 1, the point 1 — a~'P(z) clearly 
cannot surround the origin ifzdescribesC,. HenceA, arg {P(z) —a} = 0. 
If |a| < |P(z)| on C,, we write 


a | 
~ P@) 
Since |a[P(z)]-'| <1 on C,, the last term is again equal to 0. As 
shown above, A, arg {P(z)} = 0 for all C,, and it follows therefore that 
A, arg {P(z) — a} = 0. Inserting this in (7), we see that the total varia- 
tion of arg {P(z) — a} along the boundary C of Dis zero. By the argu- 
ment principle (Sec. 10, Chap. III), this variation is equal to 27 times the 
difference between the number of zeros and the number of poles of 
P(z) — a. Since P(z), and therefore also P(z) — a, has precisely one pole 
in D (at z = v), it follows therefore that P(z) — a has exactly one zero in 
D. Inother words, P(z) takes the valuea once, and once only. Although 
this has so far been proved only for values a such that |a| ¥ y,, » = 1, 

. ,n, this result can be extended immediately to these excluded values. 
Suppose |a| = y, and P(z:) = P(z2) = a, z1, 22 € D. In this case, a 


A, arg {P(z) — a} = A, arg {P(z)} + A, arg r 
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small circle about w = a will be the conformal image of two distinct small 
subdomains of D containing the points 2, and Ze, respectively. Hence, 
there exist two points 2;* and z2* near z, and 2, respectively, such that 
P(z:*) = P(é2*) = a*, where a* is arbitrarily close to |a| = y,. But 
this contradicts our previous result. 

Summing up, we have shown that the function w = P(z) takes, in D, no 
value more than once and that this function actually takes any value a 
with the possible exception of values situated on the circles |w| = y,. 
But this means that w = P(z) maps D onto the circular slit domain 
defined in Sec. 1b. The identification of our function P(z) with the 
mapping function P(z;u,v) listed in Sec. 1b is therefore complete. We add 
that a similar reasoning also establishes the uniqueness of the mapping 
function P(z;u,v). If there existed another function, say Pi(z;u,v), then 
the function 

PCH 
a P,(z;u,v) 


would be regular in D (the poles and the zeros cancel) and |F(z)| would be 
constant on each C,. Since, moreover, Ac arg {F(z) — a} = 0, we con- 
clude as before that F(z) — a has as many zeros in D asit has poles. But 
F(z) is regular in D, which shows that F(z) # ain D where a is any com- 
plex number in D which is not situated on one of n concentric circum- 
ferences. But this means F(z) reduces to a constant which, in view of the 
fact that both P and P, have the normalization (3), must be equal to 1. 
Hence, (2) = 7 i@). 

By a similar procedure it is possible to show that the mapping functions 
listed in Sec. 1d and e are connected by the relation 


R,(z5) 
Ru(z5f) 


The method of proof differs from that employed in the preceding case 
only in some minor details, and the proof is therefore left as an exercise for 
the reader. 

The functions (2) effecting the parallel slit mappings described in 
Sec. la can be expressed in terms of any two of them. The formulas 
become particularly simple if we choose as the two representatives the 
functions 


(9) g(z,f) = go(z,f), ¥(z,f) = 5 (2,9), 


(8) Si(z) = 


that is, the functions mapping D onto domains whose slits are parallel to 
the real axis and the imaginary axis, respectively. With this notation, 
we have 
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(10) vo(z,f) = e[cos O9(z,6) — 7 sin OYG,s)]. 


To prove (10), we observe that ¢(z,¢) — o(z2,¢) is real and (z1,¢) — 
V(22,¢) is pure imaginary if z; and z2 are any two points on the same bound- 
ary component C,. Hence, it is clear from (10) that 


arg {[ye(z1,¢) — vo(ze2,¢)]?} = 28, 


that is, all points go(z,t) (¢ € C,) lie en a straight line which forms the 
angle 6 with the positive axis. Furthermore, the function ¢o(z,¢) defined 
by (10) obviously has the normalization (2). These two facts are suffi- 
cient to identify go(z,¢) with the function yielding the parallel slit mapping 
described in Sec. la. Indeed, all that is required for this purpose is to 
show that the function defined by (10) is univalent in D. To derive this 
property, let a be a complex number which does not lie on one of the n 
parallel lines on which the conformal images of Ci, . . . , Cn aresituated, 


and consider Ag arg {go(z,f) — a} = > A, arg {go(z,t) — a}. If 2 
ps jl 


describes C’,,, the point ¢(z,¢) is confined to a straight line and it therefore 
cannot surround a point a which is not on this line. Hence, 


A, arg {yo(z,f) — a} = 0, 


and the total variation of arg {gs(z,¢) — a} along C vanishes. By the 
argument principle, go(z,¢) — a therefore has as many zeros as it has 
poles. Since ¢go(z,f) has but one pole (at z = £), it follows that go(z,¢) 
takes the value a exactly once. This proves the univalence of go(z,¢), and 
thus establishes the identity (10). A similar reasoning also proves the 
uniqueness of the mapping function ¢,(z,f) with the normalization (2); 
details of this proof are left to the reader. 

We close this section with a general remark regarding analytic func- 
tions defined in multiply-connected domains. The monodromy theorem 
(Sec. 5, Chap. III), which guarantees the single-valuedness of functions 
which are regular in asimply-connected domain, does not holdin multiply- 
connected domains. In the latter, a function may be regular without 
being single-valued, as illustrated by the function w = log z in the 
ring 1 < |z| <2. This remark applies in particular to functions 


Ng) = [ : f(z) dz which are indefinite integrals of functions f(z) which 


are regular and single-valued in a multiply-connected domain D. F(z) 
is certainly regular in D, but it will not be single-valued there unless the 


integral | & f(z) dz vanishes for every closed contour C within D. As 
shown in detail in Sec. 9, Chap. I, all these contours can be built up from 
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n — 1 particular closed contours. These may be taken to be such as to 
surround n — 1 of the n “‘holes”’ of D (if D is finite, one of these holes 
contains the point at infinity). F(z) may therefore have n — 1 inde- 
pendent periods which are equal to the values of f f(z) dz, taken over 
these n — 1 contours. 

EXERCISES 


1. If D is the unit circle, show that 
' a ZU 1 — oz ~ 1 — ay 
oe. Ua € =+) ( — ) pas (v — u)(1 — |o]?) 


Q(z;u,v) = 7 ¢ = =) G= =) be ooo 


2. If D is the unit circle, show that 


a ] 1 — fee me cg i; 
I eT lez = 6 oor a) 


3. If (2,5) = golz,¢) and ¥(z,F>) = gir(z,¢), show that the function 


¢ (2z,f) 
¥' (2,5) 


and 


o(z) = 


does not take pure imaginary values in D, and conclude that o(z) is regular and 
Re {c(z)} > 0 in D, while Re {c(z)} = 0 on the boundary C of D. Hint: Use the 
fact that the derivative of the univalent function ¢gg(z,f) cannot vanish in D and 
employ the identity (10). 

4. If the functions M(z,¢) and N(z,¢) are defined by 


M(z,¢) io 31e(z,¢) i= ¥(z,¢)], 
N{(z,5) = 3lelzs) + ¥@,5)), 


where ¢(z,¢) and y(z,f) are the functions defined in the preceding exercise, show that 
M(z,¢) is regular in D while N(z,¢) has a pole with the residue 1 at z =¢. Show 
further that the function 

M’'(z,£) 

N’(z,o) 


F(z) = 


is regular in D and maps D onto the (necessarily multiply covered) interior of the 
unit circle. Hint: Express F(z) in terms of the function o(z) of the preceding exercise. 

5. Show that M’(z,f) and N’(z,¢) cannot vanish simultaneously and conclude 
that N’(z,¢) does not vanish in D. Hint: Use (10) and the properties of the function 
F(z) of the preceding exercise. 

6. If s is the length parameter on the boundary C of D and if 2’ = 2’(s) = dz/ds, 
show that 

Mia ON @ojz2 > 0, 2 C 


and conclude, by means of the argument principle and the result of the preceding 
exercise, that M’(z,t) has precisely 2n — 2 zeros in D, where n is the connectivity 
of D. Hint: Use the fact that 9’(z,¢)z2’ and iy’(z,¢)z’ are real on C and employ the 
method used in a similar case in Sec. 10, Chap. III. 
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7. Show that the function F(z) of Exercise 4 maps D onto a domain which covers 
the interior of the unit circle 2n times. 
8. Show that 
M’'G@,S)2z = N’@p2, 2, 
and conclude that 


arg {en = arg {N'(z,f)z’} = — 5 arg {F(z)}, 


where F(z) is defined in Exercise 4. 

9. Using the results of Exercises 4 and 8, prove that the function w = N(z,t) maps 
the boundary components Ci, . . . , C, of D onto simple convex curves. Combining 
this with the result of Fixercise 5, conclude that the function N(z,f) is univalent in D. 


2. Characterization of Canonical Mappings by Extremal Problems. 
In proving the existence of the various canonical conformal mappings 
described in the preceding section we may confine ourselves to the case in 
which the original domain D is bounded by n closed analytic curves. 
This is a consequence of the fact, to be demonstrated presently, that an 
arbitrary domain D of connectivity n can always be mapped onto a 
domain D’ which is bounded by n closed analytic curves. If 2’ = h(z) is 
the analytic function effecting this mapping and if w = F(z’) is the func- 
tion mapping D’ onto the canonical domain D*, then the function 
w = F{h(z)] yields the desired canonical mapping of D onto D*. 

To show that any domain D of connectivity n can be mapped onto a 
domain bounded by n closed analytic curves, we assume, in order to 
exclude trivial cases, that each of the n boundary components C), .. . 
C, consists of more than one boundary point. We denote by A an 
domain bounded by C; which is obtained from D by “‘filling in” then — 1 
“holes”? bounded by C2, C3, . . . , C, Gf Dis finite and C; is not the outer 
boundary of D, one of these ‘‘holes” will contain the point at infinity). 
By the Riemann mapping theorem, A may be mapped conformally onto 
the interior of the unit circle. By this mapping, D is transformed into a 
domain D, which is bounded by the unit circle and by n — 1 continua, 
say C'.’, C3’, . . . , C,’, which are the conformal images of C2, . . . , Cn. 
Next, denote by B the simply-connected domain bounded by C,’ which 
is obtained by filling in all the other holes of D; (including the exterior of 
the unit circle). This domain may again be mapped onto the interior of 
the unit circle, and this mapping will transform D,; into a domain D; 
which is bounded by the unit circle and by n — 1 othercontinua. One of 
these continua is the conformal image of the unit circle as yielded by an 
analytic function which is regular at all points of the unit circle (this circle 
is in the interior of B). Hence, this continuum is a closed analytic curve. 
Two of the boundary components of De, namely, this curve and the unit 
circle, are therefore closed analytic curves. Continuing in this fashion, 
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we arrive after another n — 2 auxiliary mappings at a conformal map of 
D which is bounded by n closed analytic curves. 

All the canonical conformal mappings we shall consider may be charac- 
terized by the fact that they solve certain extremal problems within the 
class of univalent functions in D. These extremal properties may be used 
in order to prove the existence of these mappings. In fact, this was 
precisely the procedure adopted in the proof of the Riemann mapping 
theorem (Sec. 4, Chap. V). There, we considered an extremal problem 
the existence of whose solution was guaranteed by the compactness of the 
family of functions involved. We then showed that this solution must be 
the mapping onto the unit circle, as any other assumption involved a 
contradiction. 

Before we apply this idea to the existence proofs for our canonical con- 
formal mappings, we derive a formula which will be useful for our pur- 
poses. Let p = p(z) and q = q(z) be two analytic functions which have 
the following properties: p and q are single-valued in a multiply-connected 
domain D which is bounded by n analytic curves C; p and q are regular 
in D + C with the possible exception of a finite number of poles in D, 
while p — gq is regular in D+ C. We then have the identity 


(11) in lp’ — q'|? dz dy = Re {! [ (pa ae| 
D 


ih - il aa 
+ x pe oe dz. 


(11) is true regardless of whether the domain is finite or not. In the 
latter case, the function p — gq, which is regular in D + C, has an expan- 
sion of the type p—q=ataiwz't+aze?+ :-++: near z= ~. 
Hence, p’ — q@’ = —ayz-? — 2a,z-* — - - + , which makes it obvious 
that the area integral in (11) has a finite value. 

(11) is an immediate consequence of Green’s formula (106) (Sec. 10, 
Chap. V). Since p — q is regular and single-valued in D, it follows from 
the latter formula that 


(12) [/ lp’ — q’[? dx dy = Hh (pe que —=aG)) duay 
D 


D 


a Ie (a) @ dz 


i ae L[ 
4 [@- ar a+ 3 qq’ dz 
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The last line integral can be transformed by integration by parts. We 
have 


1 es 1 ioe 1 = 
x | 0 om AO — 5; [Pale + 5 IP 
. a ae 
= Pied dz. 


The integrated part vanishes. Indeed, the integration is carried out, in 
turn, over the closed curves Ci, ..., Cn. Since p and gq are single- 
valued in D, the expression fq returns to its initial value if z describes any 
of these closed curves. Hence, 


i 7 
— 95 wl dz=- = le dz 


st fai ae— 2 opt ae Bp’ dz. 


Inserting this in (12), we obtain the identity (11). 

Let now S; denote the class of analytic functions f(z) which are uni- 
valent in D and have a simple pole of residue 1 at a point z = ¢& of D, 
that is, f(z) has the Laurent expansion 


(13) f@) == 


near z= ¢. For S,, we shall also write S. The expansion of a function 
of S near z = © will be of the form 


(14) f(2) = z+ a+ = P+ ee 


Within the class S;, we consider the extremal problem 
(15) Re {e~*a,} = max., f(z) € Sy, 


where a; is defined by (13). We shall show that the problem (15) ts 
solved by the function go(z,f) of (2) which maps D onto the parallel slit 
domain indicated in Fig. 46a, that is, 


(16) Re {e728a,} < Re {e7ao}, 


where ag is defined in (2). 

We first show that, provided the mapping function ¢o(z,f) exists, the 
inequality (16) holds for all functions f(z) of S; which are regular on C. 
Since ¢ = vo(z,¢) maps the analytic curves C onto rectilinear slits, it 
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follows from the symmetry principle that ¢ is regular on C (see Sec. 5, 
Chap. V). By (2) and (13), the function ¢ — f [f = f(z)] is thus regular 
in D + C, and we may therefore identify ¢ and f with the functions p and 
qin (11). Hence, 


(17) [| le’ — f'? dz dy = Re {! ie (@ — foe’ acl 


D See 
1 , 1 , 
+x [9 dz x | az, 


w = g(z,¢) = g maps C onto a linear segment which forms the angle 6 
with the positive axis. Hence, the differential e-*® dy = e~*%’ dz is real 
on C and we may write 


— 6.7 =) a ee ee 
Gave dz— e Ss az — e°C rae 
whepce 


(18) ~az—e 2 ae, 


This identity can be used for the evaluation of the first line integral in 
(17). We have 


1 ; 
Re ia i (2 —fle ae} 


: e2i8 ie a e-2i8 
e jor ah LG zp= —Re j= ae ewe dz{- 
This is a contour integral which can be evaluated by the residue theorem. 


The only singularity of the integrand occurs at z = ¢, and the residue at 
that point is, in view of (2) and (13), a1 — ae. Hence, 


(19) I = Re {xe-?**(ag — ai)}. 
By (18), we further have 


cae [30 dz = i gy’ dz = % il d(y*) = alee, 


and this is zero since ¢? is single-valued on C. This shows that the last 
Jine integral in(17) has the value zero. 

To evaluate the second line integral in (17), we write w = f(z) and 
introduce polar coordinates w = Re’* in the w-plane. We obtain 


a eae 
a =p | oa 


a 1 2 


~ 
I 
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The first integral is zero since i Rdk =4 ip d(R?), and this again van- 
ishes as Ff is a single-valued function on C. Hence, in view of 


C=C,+-°: +7,, 


n 


i 2: 1 oa =e 
i [ide =) 5 |, Bias = yas A, 
vy=l1 


y=] 


where A, is the area enclosed by the image curve of C’, in the w-plane. 

The negative sign is due to the fact that this area is surrounded in the 

negative sense if C, is described in the positive sense with respect to D. 
Collecting our results, we thus find that (17) is equivalent to 


(20) Vine il lo’ — f'l? de dy = x Re {e-*"(ay — a;)}. 
D 


Now the area integral is obviously positive unless ¢’ and f’ are identical. 
A, being an area, is likewise nonnegative. It follows therefore from (20) 
that 

Re {e~"(a9 — ai)} > O, 


which is identical with (16). 
If f(z) belongs to the class S, that is, f(z) has the normalization (14), and 
ae is defined by 


(21) ye(z,0) = go(z) = e+ 4 See 


the validity of the inequality (16) follows in the same way as before. 
The only change occurs in the evaluation of the contour integral in the 


expression 
im e-2i8 7s 
= ae apie | (o — fog’ dzi- 


By (14) and (21), the integrand is near z = © of the form 


Jat Hay. .-|-S4 -). 


Since only the terms with z~! can give a contribution to the integral, we 


obtain 
; il dz 
a —276 a sg | 
I = —Re f (ag — a) * fe 


z 


If D’ is a subdomain of D which is bounded by C and a sufficiently large 
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circle a, then | z—! dz = O if the integration is extended over the bound- 
ary of D’. Hence, 
dz dz 


ae 
C 2 a @ 
and thus 


I = Re {re-?*8(ag — ay)}, 


which is identical with (19). 

(16) has been proved under the assumption that there exists a function 
y(z,¢) which maps D onto the parallel slit domain indicated in Fig. 46a. 
This assumption is certainly justified if D is simply-connected. By the 
Riemann mapping theorem, D may then be mapped onto the interior of 
the unit circle, and the mapping of the latter domain onto the exterior of a 
rectilinear slit is elementary (see Exercise 2 of the preceding section). 
(16) is therefore proved for simply-connected domains D and for functions 
f(z) which are regular on the boundary C of D. The latter restriction on 
the functions f(z) is easily lifted. Indeed, suppose f(z) is of the form (14) 
(the case in which ¢ # @ is entirely analogous and is left as an exercise 
to the reader) and denote by z = h(u) the function mapping {ul > 1 onto 
D in such a way that h(~) = © and h’(o) > 0, that is, 


z=h(u) =autbot2+---, PEs 
The function 
ael _ ao + bo Qi + ab; | aan 
fru) — 5 slau) = te oa =F a + 


will then belong to the class S associated with the domain |u| > 1. Since 
a and b; are independent of the function f(z) and a > 0, the mapping 
which maximizes Re {e—?°a,} will also maximize Re {e-?"a-?(a, + abi)}, 
and it is therefore sufficient to consider the case in which D is the domain 
\z| > 1. Let then f(z) be univalent in |z| > 1, and consider the function 
fr(z) = R-¥(Rz), (R > 1). Obviously, f(z) is also univalent in |z| > 1 
and it has the expansion 
fal) =2+ptpe to: 

Since, moreover, fz(z) is regular for |z| = 1, we may apply the inequality 
(16). This yields 


a Rew(e-?"a,) < Re {o> “tag. 
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Letting R — 1, we find that (16) holds for all functions of S in the simply- 
connected case. 

Applying (16) in particular to the function f(z) = z, which certainly 
belongs to S, we obtain 


(22) Re {e-ao} > 0, 


an inequality satisfied by the coefficient a» of the function mapping any 
simply-connected domain D onto the exterior of a slit of inclination 6. In 
view of what was shown above, equality in (22) is possible only if D coin- 
cides with this slit domain. 

Let now D be a multiply-connected domain, and consider the extremal 
problem (15) within the family S of univalent functions f(z) with the 
normalization (14). As shown in Sec. 8, Chap. V, the family of functions 
which are univalent in a domain is compact, provided constant limits are 
excluded. In view of the normalization (14), the latter is the case and, by 
the results of Sec. 3, Chap. IV, our extremal problem has therefore a solu- 
tion within thefamily S. In other words, there exists a univalent function 


A 
Swen [ee a 
such that 
(23) Re {e-?8a,} < Re {e-9Aj}, 


if a; is the coefficient of z~1 of any other function of S. We shall show 
that w = F(z) necessarily maps D onto a parallel slit domain of the type 
indicated in Fig. 46a. 

Indeed, suppose this is not the case. The domain D* onto which D is 
mapped by w = F(z) will then have at least one boundary component, 
say 8, which is not a rectilinear slit with the inclination 6. The exterior 
of 8 is a simply-connected domain which may be mapped conformally 
onto the exterior of a rectilinear slit with the inclination @. If 


a 
w' = p(w) =) i a 
Ww 
is the function effecting this mapping, then the combined mapping func- 
tion 
Ai + a 


z 


w! = F*(2) = p[F@] = 2+ Ao t+ foe 


clearly transforms D into another schlicht domain and thus belongs to S. 
Hence, by (23), 
Re je-8(A; + as)} < Re {e-*?Aj}, 
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which shows that Re {e~?a,s} <0. On the other hand we have, by 
(22), Re {e-*a,} > O unless 8 reduces to a rectilinear slit of inclination 6. 
The assumption that not all boundary components of D* are slits of this 
type has thus led to a contradiction. This finally proves both the possi- 
bility of the parallel slit mapping and the extremal property of the func- 
tion ¢e(z) effecting this mapping. 

The methods of proof which yield both the existence and the extremal 
properties of the other canonical mapping functions discussed in the pre- 
ceding section are very similar to that used in the case of the parallel slit 
mapping, and we may therefore treat these cases more briefly. First, 
consider the functions P = P(z;u,v) and Q = Q(z;u,v) which yield the 
circular slit mapping and the radial slit mapping, respectively. P and Q 
are normalized by (3) and (4) and both P and Q are zero ifz =u. We 
denote by f = f(z) a function which is univalent in D, has a pole with the 
normalization 
(24) fe) = +h the-n+--- 
at z =v, and vanishes for z = u. We, moreover, assume that f(z) is 
regular on the boundary C of D. The functions 


(25) p = log P, Pi = log Q, q = logf 


are not regular in D, since they have logarithmic poles at z = uandz = ». 
Although not single-valued in D, these functions have no periods about 


the boundary components C,, that is, i, dp = He dp, = i dq = © 
Indeed, 


[dp = [,, dllog P| = f, dllog IPI + i f, dlare {P 31. 


Since log |P| is single-valued in D, the first integral on the right-hand side 
is zero. The second integral vanishes since the conformal image of C, 
does not surround the origin, and therefore arg {P} returns to its initial 
value. The results for p; and q follow in the same way. 

The functions 


pact) mantel 


are regular and single-valued in D. Indeed, the singularities of p and g 
and of p; and q cancel each other, and p — q and p; — qare free of periods 
about the boundary components since the same is true of p, pi,qg. Hence, 
the pairs of functions p, q and pu, q of (25) may be identified with the pair 
p, q in the formula (11). We thus obtain 


Sec.2] MAPPING OF MULTIPLY-CONNECTED DOMAINS 349 


(26) [fle-5 ny = Re {i [108 (4) © ael 


i — f’ i ———— 
+5 | Wert ae— 2 | roe ae 


and a similar identity in which P is replaced by Q. Since P and Q 
map the boundary components C’, onto circular slits and radial slits, 
respectively, we have log |P| = Re {log P} = const. and 


arg {Q} = Im {log Q} = const. 


ifzisonC,. Hence d(log P) is pure imaginary and d(log Q) is real on C, 
that is, 


le’ ” y _ 

7? dz = real, Q dz = real, zEC. 
It follows that 

ee, ee ie” ORG 


In view of (27), the first and third line integrals on the right-hand side of 
(26) take the forms 


(28) Ane {} i ion G) = ae 

and . 

(29) +r xf Rept a = x x | d{(og P)?] 
21 Cc P 41 C : 


respectively. For brevity, (28) and (29) have been written so as to 
apply to both P and Q, the upper sign referring to P and the lower sign 
to Q. 

The integral (29) vanishes since log P has no periods about the C,. 
The value of (28) is, by the residue theorem, 


P"(u) 
f'(u) 


P¥(u) 


f'(u) 


3 


+27 Re hoe = +27 log 


where the fact that P(u) = f(u) = 0 and that = 1 for z— v has been 


taken into account. The integral 


(30) = [ foes ae 
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can be expressed as a negative area. The reader will confirm that the 
mapping z — log f(z) transforms the C, into n simple closed curves C,’, 
and that the integral (30) is equal to the negative value of the combined 
area A enclosed by the C,’. Collecting our results, we thus find that 


ie . 


ae) |) 
The left-hand side is obviously positive unless f is identical with P. 
Remembering that the lower sign stands for the function Q, we thus 
obtain 


(31) lQ"(u)| < If] < IP’(@)I, 


where equality is possible only for f = Q orf = P. 

In the simply-connected case, the existence of the circular and radial 
slit mappings is an immediate consequence of the Riemann mapping 
theorem, and (31) is therefore proved for functions f(z) which, in addition 
to satisfying the other required conditions, are also regular on the bound- 
ary of the simply-connected domain D, We may, however, free ourselves 
from this latter condition by repeating the procedure employed in the 
case of the function ge(z). (31) is therefore true for any function f(z) 
which is univalent in a simply-connected domain D, has the normalization 
(24)—or, if v = o, the normalization (14)—and satisfies f(u) = 0. 

If v = «©, we may take f(z) =z-—u. In this case, we therefore 
obtain from (31) 


(32) |Q’(u;u,0)| <1 < |P’(uju, o)|. 


With the help of (32) we now prove both the existence of the slit mappings 
indicated in Fig. 46b and c and the following extremal properties charac- 
teristic of these mappings: 

Let S(u,v) denote the family of functions f(z) which are univalent in a 
multiply-connected domain D, are normalized by (24), and satisfy f(u) = 0. 
Then the problem 


(33) If’(@| = max., f@) € S(w,v), 


is solved by the function P(z;u,v) which maps D onto the circular slit domain 
indicated in Fig. 46b; the problem 


2 
da dy = 72% log 


(34) lf’(u)| = min., — f(z) € S(u,v), 
is solved by the function Q(z;u,v) which yields the radial slit domain indicated 
in Fig. 46c. 


The existence of a function F(z) solving (33) is guaranteed by the fact 
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that the family S(u,v) iscompact. Ifw = F(z) does not yield the circular 
slit mapping, then there exists at least one boundary component, say C,, 
whose image C,’ is not a circular slit. Let P(z) = P(z;0,~) be the func- 
tion mapping the exterior of C,’ onto the exterior of a circular slit. Then, 
by (82), |P’(0)| > 1. Clearly, the function 


Fy(z) = PIF()] 
also belongs to S(u,v). But, in view of |P’(0)| > 1, 
|Fi’(w)| = |P’(0)|(|F’(u)| > |F’(u)|, 


contradicting the fact that F(z) solves the problem (33). The assumption 
that F(z) does not yield the circular slit mapping has thus led to an absurd- 
ity. This proves the existence of the circular slit mapping. The exist- 
ence proof for the radial slit mapping follows in the same way from the 
extremal problem (84), and it is left as an exercise to the reader. 

The existence of the function R,(z) which maps D onto a circle with 
circular slits as indicated in Fig. 46d can be easily inferred from that of the 
function P(z;u,v). If Dis the given multiply-connected domain, we first 
map the outside of the hole corresponding to the boundary component C, 
onto the interior of the unit circle. By the Riemann mapping theorem, 
this can be done in such a way that a given point ¢ of D is mapped onto 
the origin. This new domain, say D’, is contained in |z| < 1, and its 
outer boundary is |z} = 1. Let now D” be the domain which is inverse to 
D’ with respect to |z| = 1, and denote by D* the domain containing D’, 
D" and the points of |z| = 1. Clearly, D* contains both the origin and 
the point z = «. As shown before, there exists a function P(z;0, 0) 
which maps D* onto a circular slit domain. Consider now the function 


a e 
P[(2-*),0, ©] 


In view of its definition, the domain D* is transformed into itself by the 
inversion z— 2—!. The values of P(2~!) in D will therefore also fill the 
above circular slit domain. Since the transformations w— WwW and 
w — w-! obviously carry circular arcs about the origin into circular arcs of 
the same kind, it thus follows that the analytic function P; likewise maps 
D* onto a circular slit domain. By (35), we have P:(0) = 0, Pi(o) = &, 
P;‘(«) =1. As pointed out in Sec. 1, such a circular slit mapping is 
unique. We must therefore have P,(z) = P(z) and thus, by (35), 


P(2)P ic) ai 


Taking, in particular, values of z such that |z|? = 22 = 1, we find that 


(35) Pi(z) = 
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P@l=1, le =1. 


Since P(z) is univalent, it maps |z| = 1 onto a simple closed curve. 
Hence, P(z) maps the domain D’ onto the interior of the unit circle which 
‘s furnished with a number of circular slits about the origin. Going back 
to the original domain D, we see that we have shown the existence of a 
function #,(z) which maps D onto a domain as indicated in Fig. 46d in 
such a way that #,(¢) = 0 and that the boundary component C, corre- 
sponds to the circumference of the unit circle. 

The function f#,(z) may be characterized by the following extremal 
problem. 

Let E(s) denote the family of functions f(z) which are bounded—that is, 
| f(z)| < 1-—and univalent in D, satisfy f(¢) = 0 and, moreover, are such that 
C, corresponds to the outer boundary y of the domain A onto which D is 
mapped by w = f(z). Then the problem 


(36) I/Ol= max,  f) € #GQ), 


is solved by the function R,(z) which maps D onto the unit circle with circular 
slits. 

If w’ = p(w) is the function which maps the interior of y onto |w’| < 1 
so that p(0) = 0, then, by the Schwarz lemma, |p’(0)| > 1. Hence, the 
function fi(z) = plf(z)] of ES) satisfies |fi'()| = If’) |lp’O)| = IFO, 
which shows that the function solving the problem (36) must map C, onto 
the circumference of the unit circle. For functions of this type, the 
extremal property (36) can easily be reduced to the extremal property 
(83) of the circular slit mapping. The procedure is similar to that used 
above in connection with the existence proof for the function R,(z), and 
it is left as an exercise to the reader. 


EXERCISES 


1. Show that there exists a function 7',(z) which maps a multiply-connected domain 
D onto the interior of the unit circle which is furnished with a number of rectilinear 
slits pointing at the origin, such that T,(¢) = 0 (¢ © D), and that the boundary 
component C’, is transformed into the circumference of the unit circle. Hint: Gen- 
eralize the procedure employed in the existence proof for the function R,(z). 

2. Show that the function 7,(z) of the preceding exercise solves the extremal 
problem 

If’(s)| = min., 


where |f(z)| < 1 and f(z) is univalent in D and f(z), moreover, satisfies the conditions 
f(s) = 0, |f()| = 1 for z€@C,. Hint: Generalize the method of proof indicated in 
the case of the extremal problem (36). 

3. If ¢ = & + im and if 0/d¢ and 9/df denote the differential operators defined in 
(103), Sec. 10, Chap. V, show that the canonical mapping functions g@(z,t) and 
P(z;f,v) are related by the identity 
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_ 0 log P(z;f,u) 4. 620 9 log P(z;g,v). 


¢o(z,o) = at 3 


Show also that this identity remains true if P(z;t,v) is replaced by one of the mapping 
functions &,(z,¢). Hint: Show that the right-hand expression has both the singu- 
larity and the boundary behavior characteristic of ¢g9(z,t). 

4. If Q(z;u,v) is the radial slit mapping function and N(z,¢) is the Neumann func- 
tion of D, discussed in Sec. 7, Chap. I, show that 


log |Q(z;u,v)| = N(z,v) — N(z,xu). 


Hint: Complete the harmonic function N(z,v) — N(z,u) to an analytic function and 
show that the resulting function is free of periods about the boundary components 
of D and that it has both the singularities and the boundary behavior characteristic 
of log Q(z;u,v). 
5. Show that the circular slit function P = P(z;¢%,v) and the radial slit function 
Q = Q(z;f,v) are related by the identities 
dlogP  dalogQ dlogP _ _ a log Q 


at Areas 0g yg 


6. Using the extremal property of the mapping function ¢(z,¢), show that any 
function 


fe) =l+botbet--:, 


which is univalent in |z| < 1, satisfies 
lbs] < 1. 


7. Using the extremal properties of the circular and radial slit mappings, show 
that the function f(z) of the preceding exercise is subject to the sharp inequalities 


Lo Z|? / i 4 
ae =!Ol Spear Ep 


Hint: Use the results of Exercise 1, Sec. 1. 
8. Show that the function P,(z;u,v) defined by 


log Pa(z;u,v) = e*8[cos @ log Q(z;u,v) — z sin 6 log P(z;u,v)] 


is univalent in D and that w = P,(z;u,v) maps D onto a slit domain bounded by arcs 
of logarithmic spirals which intersect the rays arg {w} = const. with the angle #6. 
Hint: Study the boundary behavior of P9(z;u,v) and apply the argument principle. 

9. Generalizing the procedure used in the proof of the extremal properties of the 
functions P(z;u,v) and Q(z;u,v), derive the following result: If f(z) is univalent in D, 
f(u) = 0, and f(z) is normalized by (24), then 


Re {e-* log f’(u)} > Re {e-%9 log Po’(u;u,v)}, 
where P,(z;u,v) is the spiral slit function defined in the preceding exercise. 
10. Using the results of the preceding exercise (for @ = 3m) 31) and of Exercise 1, 


Sec. 1, prove the following sharp result: If f(z) is the function of Exercise 6, then 


Re {z%f’(z)}} <0 if |zel? < 1 — e347. 
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11. Let f(z) = z2 + a2? + --- be regular and univalent in |z| < 1, and let g(z) 
denote the odd univalent function g(z) = +/f(z?). Applying the result of Exercise 9 
to the function 


Pe) g’(v) 
KO) = FT) — gv) * 290) 
and setting u = —v, 6 = +41, prove the sharp result 


oe {FO} sme(Q4). were 


Ea cen 


Deduce that 


for p < tanh in and that, therefore, the function w = f(z) maps the circle |z| < tanh 47 
onto a star-shaped domain. Show also that tanh jim is the exact value of the 
‘“‘star radius” for the family of functions in question. Hint: Obtain the explicit 
form of Pe(z;u,v) for the unit circle from the result of Exercise 1, Sec. 1. 

12. Using (11), show that 


, 1 2 Se 
lf | ¥¢@ (z,¢) > @-5?| dz dy — he {2zre 21809} — A, 
D 
where 
il dz 
s “5 ba@=neom 


is the area of the complement of the domain into which D is transformed by the 


substitution z— —; 

13. From the fact that a domain of connectivity n can be mapped conformally onto 
a parallel slit domain of the type indicated in Fig. 46a, deduce that a domain of con- 
nectivity n is conformally characterized by 3n — 6 real numbers (the Riemann 
moduli). Hint: Count the number of real parameters determining the slit domain 
and deduct the arbitrary real parameters entering the definition of the parallel slit 


mapping function. 


3. The Green’s Function and the Dirichlet Problem. Some of the 
developments of Chap. I—especially in the later sections—were carried 
out under the assumption that the Dirichlet problem of Sec. 5, Chap. I, 
that is, the problem of constructing a harmonic function with given 
boundary values, always has a solution. In the case of a simply-con- 
nected domain, the truth of this assumption was shown in Sec. 4, Chap. V. 
We saw there that if the Dirichlet problem can be solved for a domain D, 
it can also be solved for all domains conformally equivalent to D. By 
the Riemann mapping theorem, all simply-connected domains with more 
than one boundary point are conformally equivalent to the unit circle. 
Since, for the latter, the Dirichlet problem is solved by the Poisson integral 
(Sec. 6, Chap. I), this disposes of the simply-connected case. 
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With the help of some of the canonical mappings whose existence was 
demonstrated in the preceding section, we are now in a position to prove 
the existence of a solution of the Dirichlet problem in the case of a general 
domain of finite connectivity. It is sufficient to do so for domains 
bounded by simple closed analytic curves. As shown at the beginning 
of Sec. 2, any domain of finite connectivity can be conformally mapped 
onto a domain of this type and, as pointed out above, it is sufficient to 
solve the Dirichlet problem for one particular representative of a given 
conformal class. 

Our point of departure is the analytic function w = S,,(z) which 
maps D onto a ring with circular slits as indicated in Fig. 46e. The 
two subscripts indicate that the outer and inner circles of the ring are 
the conformal images of the boundary components C, and C,, respec- 
tively. On the boundary component C, (k = 1, 2, ..., 7) we have 
|S,u(z)| = ax, = const.; if we normalize S,,(z) by making the radius of 
the outer circle equal to 1, we have a,, = 1. It follows that 


G77) me (loe Sh = lor |S,.(2)\— leg az), z€ Cy. 


Now the function log |S,,(z)|, being the real part of an analytic function, 
is a harmonic function which, clearly, is single-valued in D. Taking, in 
particular, » = n and employing the notation o,(z) = log |S,,(z)|, we have 
thus shown the existence of single-valued harmonic functions o,(z) which 
take constant boundary values on the boundary components Ci, ..., 
C,. In view of our normalization, we have o,(z) = 0 if z is on Ca. 

We now show that we may choose constant coefficients 


Cua — ol, as. ,% — 1) 


such that the harmonic functions 


n—1 


(38) wo) » ino. eae 


k=1 


will have the boundary values 6,, on the boundary component C,, 
that is, w,(z) = 1 forz © C, and w,(z) =OforzGC,, nx». Setting 
log ax» = By, in (37), we find that the function (88) has the boundary 
values 


n—1 


AnvBur 
lo Il 


for z © C,. The existence of the functions (38) with the required bound- 
ary values will therefore be proved if we can show that, for every », the 
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system of n — 1 linear equations 
7 


AnvB uk = Ovp, Le = lp 2, eo 8 8 4 n i, 
k=1 


has a solution. By the theory of linear equations, this will be the case if, 
and only if, the corresponding homogeneous system 


n—-l 
» dirBur = 0, Hie NOD er ch Tomo 
pad 
does not possess a nontrivial solution. To prove the latter, suppose that 


this is not true and that such a solution does exist. In view of what was 
said above, this entails the existence of coefficients a1,, do,, . . . , Gn—1,9; 


n—1l1 

not all zero, such that the harmonic function o(z) = » ax,0%(Z) has the 
k=1 

boundary values zero if z approaches any point of C,, ...,C,1. On 


C,, (2) is likewise zero, since this is true of all functions o,(z). Hence, 
the harmonic function o(z) is zero at all points of the boundary of D, and 
it is therefore identically zero. 

In other words, there will exist constant coefficients Aj, ..., An—1, 
not all which are zero, such that the harmonic function 


n—-1 


HOV > A, log |Sya(z)| 


v=l1 


vanishes identically. Its harmonic conjugate o*(z) must therefore reduce 
to a constant, that is, 
n—l1 
a2 » A, arg {S,.(2)} = comst, 


v=] 


Now a glance at Fig. 46e shows that arg {S,,(z)} grows by the amounts 
2r and —2z if z traverses C, and C,, respectively, while this expression 
returns to its initial value if any of the other boundary components are 
described. It follows therefore that o*(z) grows by the amount 27A, if z 
describes the boundary component C, (v = 1, ...,n-— 1). Butsince 
o*(z) is constant, this is absurd unless all the A, are zero. 

We have thus proved the existence of the harmonic functions w,(z) 
(v = 1, ...,n—1) which have the boundary values 1 on C, and take 
the values 0 at all other points of the boundary C of D. A corresponding 
function w,(z) is defined by 
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wn(Z) = 1 — wile) — + * * = wa_i(2). 


Clearly, wn(z) = 1 forz CC, and w,(z) = Oforz EC C,,»#n. Acom- 
parison with Sec. 10, Chap. I, shows that these functions are identical 
with the harmonic measures of Ci, . . . , Cn considered there. 

We next consider the harmonic function 


G(z,f) = Re {log R,(z)} = log |R,(2)I, 


where R,(z) maps D onto the unit circle with circular slits indicated in 
Fig. 46d. Since |R,(z)| = const. on each boundary component, we have 


(39) G(z,0) = Y», z2€C,v=1,...,n-1, 


and G(z,f) = 0 for z EC,. #,(z) is regular in D and its only zero is 
located at z = ¢. Hence, the function G(z,¢) is harmonic at all points of 
D, with the exception of the point z = ¢ where G(z,f) — log |z — ¢| is 
harmonic. Consider now the function 


n—1 
g(z,t) = —G@,) + ) y(2), 


yol 


where w,(z) is the harmonic measure of C,. In view of (39) and the 
boundary behavior of the w,(z), it follows that the function g(z,¢) has the 
boundary values 0 at all points of C. g(z,f) is harmonic throughout D 
except at z = ¢, where 


g(z,f) aa log lz a | oh gi(z,6), 


and gi(z,¢) is harmonic. A comparison with Sec. 5, Chap. I, shows that 
g(z,¢) coincides with the Green’s function of D introduced there. The 
existence of the Green’s function has thus been proved in the case of a 
general multiply-connected domain D. 

Once the existence of the Green’s function is known, it is not difficult to 
show that the general boundary value problem always has a solution, 
provided the given boundary value function satisfies certain smoothness 
requirements. Ifsisalength parameter on C which grows monotonically 
if the point z(s) describes the entire boundary C of D in the positive sense, 
and if U(z) = Ulz(s)] is a bounded and integrable function of s, we shall 
show that there exists a harmonic function u(t) = u(é,n) (€ = &+ tn) 
which has the prescribed boundary values U(z) at all points of C at which 
U(z) ts continuous. The latter restriction is unavoidable since at the 
discontinuities of U(z) the boundary values cease to be uniquely defined. 
If the Green’s function g(z,f) of D is known, then the harmonic function u({) 
can be represented in the form 
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(40) u=—¢ [ve BED as, 


where 0/dn denotes differentiation with respect to the outwards pointing 
normal. We add that the normal derivative of g(z,¢) exists and is con- 
tinuous on all boundary components of C since the latter are closed 
analytic curves (see Sec. 5, Chap. V). 

As shown in Sec. 5, Chap. I, we have the identity 


a w= 2 fq MED g 


for any function v(z) which is harmonic in D+ C. Let now be 2, be an 
arbitrary point of C, and let v(z) be a harmonic function such that v(z) — 
v(zo) > O if z is any point of C which does not coincide with z. The 
reader will easily confirm that a suitable function v(z) will be log |z — a} 
or — log |z — aj, where a is an appropriately chosen point outside D. 
We denote by a a small arc of C which contains Zz) and is taken small 
enough so that 


(42) lv(z) — v(ao)|<¢ 2€a, 
where ¢ is an arbitrarily small positive parameter. Setting, in (41), 
v(z) = 1, we obtain 


> ag(Z,5) 4 
(48) ie — Cc dn 


Using this, we derive from (41) the identity 


= = I Femesnreny feu d 
= 2 | we — neo) 262 a 
_ de fw nif) ee am 


(44) vf) — v(20) 


0 
By Exercise 3, Sec. 5, Chap. I, 5 <OonC. It thus follows from (42) 


and (48) that 
(45) -2/ [v(z) — ee a ef | 2a ae 
ee) ey. Uae f 20G8a = 
Cc 


<x / | OF on 
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Let now 6 denote a fixed small arc of C which contains 29, and take the 
arc a in (44) small enough so that a C 8. Since there exists a positive 
constant m such that v(z) — v(2z0) > m > 0 on C — 8, we have 


= x fe) = vem 22D as] = Ff te) — wfc | 24a 
Zz he lv(z) — v(Zo)| os ds > (a 


Qn 
Applying (45) and this inequality to (44), we obtain 


a | 
Qa C-—B8 


Now e is arbitrarily small, while m is fixed. Since v(¢) — v(2) if ¢ > 2p, 
it follows therefore that 


dg (z,¢) 
ae ds 


0g (2,6) 
on 


1 
ds < — + — lng) — v(z0)I. 


dg(z,¢) 


(46) lim An 


¢— 20 C—8s 


ds = 0, 


where £8 is any arc of C which contains the boundary point Zp. 

Consider now the function u(¢) defined by (40). Since the Green’s 
function is harmonic in both arguments (see Sec. 5, Chap. I), u(f) is a 
harmonic function of ¢. If zo is a point at which the boundary function 
U(z) is continuous, we may choose a small subarce 8 of C such that 


|U(z) — U(a)| <«, z€B, 


for given positive «. Writing (40) in the form 


ue) — Ue) = - x | Ue - UE] MED as 


i 


dg (2,6) 
caer on aoe [U(z) — U (20)] ae ds 


and observing that, analogously to (45), 


| = x | we : U(e)) 29D) | as a 
we find that 


luc) — ed sete fie — ve | AE | ae 


The function U(z) is bounded on C, that is, there is a constant M such 
that |U(z)| < M. Hence, |U(z) — U(z)| < 2M and therefore 
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M 
lu(t) — U(e)| <« ay 


By (46), it follows that 
lim sup |u(¢) — U(zo)| < 


[— zo 


0g(z,f) 
nme ds. 


c-8 


and thus, since ¢ is arbitrarily small, 


lim w2(¢) = Up). 


[— zo 


This shows that at all points of continuity of U(z) the harmonic function 
u(t) defined by (40) has indeed the prescribed boundary values U(z). 


EXERCISES 


1. If p(z,t) = g(z,f) + th(z,¢) and w,(z) = w,(z) + tw,*(z) are the analytic func- 
tions whose real parts are the Green’s function and the harmonic measures, respec- 
tively, show that the differentials zw,’ dz and ip’ dz are real on C and that the latter 
is, moreover, positive. 

2. If the function f(z) is regular and single-valued in D, show that 


[ [ FSu'@ dz dy = 0, ees hoi 
D 


where w,(z) is defined in the preceding exercise. Hint: Use Green’s formula (106) 
(Sec. 10, Chap. V) and the result of the preceding exercise. 

3. It was pointed out at the end of Sec. 1 that not every regular and single-valued 
function f(z) is the derivative of a single-valued function. Show that a function f(z) 
which is regular and single-valued in D can be written in the form 


n—-1 
fe) = 9'@) + Yams’), 
v=1 
where g(z) is regular and single-valued in D and a, ... , an—1 are appropriate 


constants. Hint: Use the properties of the harmonic measures discussed in Sec. 10, 
Chap. I, in particular, formula (61). 
4. Let u(z) be the harmonic function defined by 


= ae _1__\ ag(2,n) 
wa) = Re {aaa} ty foRe {aa} “Ge am 


where ¢ is a point of D. Show that u(z) vanishes at all points of C. Show further 
that the constants ai, ... , @n_1 may be so chosen that the harmonic conjugate of 
the function 

n—1 


tale) = > aveoy(2) 


v=1 


is single-valued in D, and conclude that u:(z) = Re {y¥(z,¢)}, where y(z,f) is the 
vertical slit mapping function (9). 
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5. Show that the function u(z) of the preceding exercise is related to the Green’s 
function g(z,¢) by means of the formula 


u(z) = Hel) & = Re {f}. 


6. Let f(z) be regular and single-valued in D + C and let 0/dz and 0/02 denote the 
differential operators (103) (Sec. 10, Chap. V). Applying Green’s formula (104) 
(Sec. 10, Chap. V) to the domain obtained from D by deleting from it a small circle 
of radius ¢« and center ¢, show that 


[ [ ES? to aay = -F 90 
D 


and that, therefore, the function 
2 07g(z 
k(z,t) = — 2 Poe) 
wT 02 0¢ 
has the ‘‘reproducing property ” 


J [ Febr ac dy = 70) 


D 


[compare formula (128), Sec. 10, Chap. V]. Show also that k(z,¢) is regular at all 


points of D. Hint: Use the fact that ane = 0 for z € C, and let e— 0. 


7. Show that the reproducing property and the regularity of the function k(z,¢) 
characterize it uniquely. 


4. Area Problems. In this section, we shall solve two extremal prob- 
lems involving areas related to the conformal maps of a given multiply- 
connected domain D. The first problem refers to schlicht mappings of D 
which are effected by univalent functions f(z) with the normalization 


i 
os 
where ¢ is a given point of D. If ¢ = ~, (47) is replaced by 


(47) f2 = mieGopate Once $)ci> aaa, 


(47’) f@) =ztatot---. 


Since the domain D’ onto which D is mapped by w = f(z) contains the 
point at infinity, the complement D” of D’ has a finite area, where the 
area of a point set is defined as the greatest lower bound of the areas of all 
polygons which contain the set. The first problem now consists in find- 
ing the particular function f(z) for which this ‘‘outer area’’ is the largest 
possible among all univalent functions normalized by (47) or (47’). 

The second problem refers to functions g(z) which are regular and 
single-valued in D and are normalized by the condition g’(¢) = 1. The 
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(finite or infinite) area of the domain D* onto which D is mapped by 
i = giz )as 


(48) A= f[ \'@? ax ay; 
D 


if D* is not schlicht, those parts of the w-plane which are covered by D* 
more than once are counted in (48) with their multiplicities. The prob- 
lern is to find the particular function g(z) for which this “‘inner area”’ is the 
smallest possible among all functions g(z) satisfying g’(¢) = 1. 

We shall see that the two area problems are closely related to each 
other and to the parallel slit mappings discussed earlier. If y(z,¢) and 
y(z,¢) are the functions (9) which yield, respectively, the horizontal slit 
mapping and the vertical slit mapping of D, we introduce the functions 
M(z,¢) and N(z,¢) by the definitions 


M@S) = Hees) — ¥@N)), 
N@) = He] + 90). 


In view of (2) and (9), the function J/(z,¢) is regular in D while N(z,¢) has 
a simple pole with the normalization (47), or (47’), as the case may be, at 
z= ¢. By the results of Exercises 4 to 9, Sec. 1, the functions Af(z,¢) and 
N(z,¢) are connected by the relation 


(50) MAGN ds — IN 2 ordz, zE€C, 


and N(z,¢) is univalent in D. We shall prove that the function N(z,¢) 
yields the largest outer area among all univalent functions in D which are 
normalized by (47), and that the function [Al’(¢,¢)|-1A1(z,¢) yields the 
smallest inner area among all functions g(z) which are regular in D and for 
which g'(¢) = 1. 

Suppose first that both f(z) and g(z) are regular on the boundary C of D. 
In this case, it follows from the identity (11) that 


(49) 


(51) fi IN? Sy'Pdedy = "Re tt i (NW — f)N’ ae} 
5 


1 ! apa AT AT? 
+a i dz m |, RN dz 


and 


wc 1 
(52) [| \M*’ — g'|? dx dy = Re IF | (M* — g)M*' dz) 
Cc 


D 


i l — 
ae = SS W*lr* 
+ 5 0 9 dz 3; it MM" az, 
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where 


(53) M*(e6) = apg 


In view of (50), the first integral on the right-hand side of (51) is equiva- 
lent to a contour integral whose integrand is regular in D. By Cauchy’s 
theorem, this integral is therefore zero and (51) takes the form 


: 1 = il = 
fo — || Ge = ? a= , 
i [N’ — f’ |? dx dy ms [ ff’ dz x | RN dz. 


D 


As shown in Sec. 2, we have 


1 eee 
x | i & = Ad), 
where A.(f) is the outer area associated with f(z). Hence 


[fw - 97? ax dy = AUN) - ALA, 


D 
and therefore 


(54) A.(f) < AN), 


unless f(z) and N(z,¢) coincide. This shows that among all univalent 
functions in D which are normalized by (47) and are regular on C, N(z,¢) 
indeed yields the largest outer area. 

Before we generalize this result to functions f(z) which are not. regular 
on C, we simplify the identity (52). In view of (50), the first term on the 
right-hand side of (52) can be brought into the form 

—Re {2 [ (M* — g)N’ ae}. 
LaaC 
By (53), M*’(¢,¢) = 1. Since also g’(f¢) = 1, the derivative of M* — g 
vanishes for z = ¢. The only singularity of N(z,¢) in D is a double pole 
with the principal part —(z — ¢)?. By the residue theorem, the value 
of the contour integral is therefore zero and (52) reduces to 


1 1 —- 
*/ Ile =a = to eG *! 
ia |M g’|? dx dy 5; i gg’ dz 5 [lm M*’ de. 


D 


Both g(z) and M*(z,¢) are regular in D and we may therefore transform 
the two line integrals by Green’s formula (106) (Sec. 10, Chap. V). This 
yields 
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If \(Mm* — g'|? dx dy = ff lg’ |? dx dy — | |At*’|? dx dy. 
D D D 


By (48), the two integrals on the right-hand side are the inner areas A,(g) 
and A,(J1*) associated with the functions g(z) and M*(z,¢), respectively. 
Hence, 


ff lane - g/l? dx dy = Aug) — Aare, 
D 


and therefore 
(55) Ag) > Ai(M*), 


unless g(z) and M*(z,f) coincide. We have thus proved that M*(z,¢) 
yields the smallest inner area among all functions g(z) which are regular 
and single-valued in D + C and are normalized by g’(¢) = 1. 

Both A.(N) and A,;(M*) can be expressed in terms of M’(¢,¢). In view 
of (50), we have 


A(N) = — 5 [aw dz = 5 [sae dz, 


whence, by the residue theorem, A.(N) = rM'(f,¢). Since A.(N) is 
necessarily positive, this shows that Af’(¢,¢) > 0 and therefore 


(56) A(N) = rM'(,S). 
Using (50) and (53), we similarly obtain 
AR(ME®) = x | Ter de = et | M*N’ dz, 
2 Je M'(,f) 20 Je 
whence, by the residue theorem, 
(57) A(M*) = Wey 
A comparison of (56) and (57) reveals the remarkable relation 
(58) A.(N) - A (M*) = wr’. 


It remains to be shown that the extremal properties of N(z,¢) and 
M*(z,¢) are preserved if we lift the restriction that the functions f(z) and 
g(z) be regular on C. Since the univalent functions f(z) form a normal 
and compact family in D, it is clear that there exists a function fo(z), 
which is univalent in D and has the normalization (47), such that 


(59) A.(f) < A.(fo), 
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where f(z) is any other function of the same family. LetnowD,, Ds, ... 
be a sequence of analytically bounded domains such that Di, C Dyii and 
D,— D for k— © and denote by N; = N;(z,¢) the function N(z,¢) 
associated with the domain D,. Since fo(z) is regular in the closure of D,, 
it follows from (54) that 


A. (fo) < Ac(Nx), 
whence 


(60) A-(f) < lim A.(N;x). 
k- « 


The existence of the limit follows from the fact that, in view of (54), A.(N) 
decreases monotonically if the domain associated with N(z,¢) increases. 
Now for any given closed subdomain A of D there exists a ko such that 
N,(z,¢) is univalent in A if k > ko. Hence we may extract from the 
sequence N;(z,f) a converging subsequence whose limit No(z,f) is uni- 
valent in D. By (60), we thus have A.(fo) < A-(No). On the other 
hand, it follows from (59) that A.(fo) > A-(No), and therefore 


A (fo) = A-(No). 


This shows that the function No(z,f) yields the largest possible external 
area. 
Our proof will therefore be completed if we can show that 


A (No) ae A.(N), 
that is, 


(61) tes A.(N:z) = A.(N). 
In view of (56), (49), (9), and (2), we have 
A(N) coe aM’ (ff) = gm [Ao a Azz], 


or, since M’({,¢) is positive, 


(62) AN) = $m Re {ao — aj}. 
As will be recalled from Sec. 2, the parallel slit function 
1 
ye(z,~) Gea IO ie lia 


has the extremal property 
(63) Re {e-*b,} < Re {e-?8ap}, 


where b; is the coefficient of (¢ — ¢) in the expansion 
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il 
f(z) = ae i 
of a univalent function f(z). If as denotes the coefficient of (2 — £) in 
the expansion of the function go(z,f) associated with D;, it follows from 
(63) that 
Re {e-*ag} < Re {e-%a,@*} < Re {e-?#a,}. 


Hence, lim Re {e-*"as} for k > © exists and 


(64) lim Re {e-?a,} > Re {e-?8ao}. 

k- 2 
On the other hand, there exists a subsequence of the functions ¢o(z,¢) 
associated with the domains D; which converges to a univalent function 
in D, the proof being the same as further above in the case of the functions 
N,(z,¢). It therefore follows from (63) that 


lim, Re {e-"a,} < Re {eae}, 


k—> 
and thus, in view of (64), 


Jim Re {e—*8a,} = Re {e-?’ag}. 

Setting @ = O and 6 = win this identity and adding the results obtained, 
we find that 

lim Re {ao — a;,} = Re {ao — ayr}. 

kh © 
In view of (62), this is equivalent to (61). This completes the proof of 
the extremal property of the function N(z,f). 

The corresponding completion of the proof in the case of the inner area 

problem is now an easy matter. Let g’(¢) = 1, and let g(z) be regular in 
D. Since g(z) is regular in the closure of D;, it follows from (55) that 


A®(g) > A(M;*). 
Hence, 
A.(g) => lim sup A,(J1;*). 
k— 


A glance at (56), (57), and (61) shows that lim A;(d;*) exists and is equal 
to A;(M*). It follows therefore that 
Ag) 2 As), 


which shows that the function Jf*(z,¢) indeed solves the inner area 
problem. 
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EXERCISES 


1. Construct the functions M(z,t) and N(z,¢) in the case in which D is the unit 
circle. Show that the two functions map D onto the interior and the exterior of a 
circle, respectively, and verify the relation (58). Hint: Use the result of Exercise 2, 
Sec. 1. 

2. If the function 

1 
F(@) age ge daar) as se 
is univalent in D, show that the point b; must lie within or on a circle of radius M’(f,¢) 
and center B, where B is defined by the expansion 


N@) =~ +Be-H+---. 
z—-¢ 


Hint: Use (16) and (10). 
3. Generalizing the methods indicated in Exercises 4 to 9, Sec. 1, show that the 


function 
Nyxz,f) = Ng) + dM (zo) = 5 Ee ie 


is univalent in DifO <A <1. 
4. If the function 


f@) = + Be -N+--- 


is univalent in D, show that 


ARG): S AGEN) 
where A, denotes the outer area and Ny = N,(z,f) is the function defined in the 


preceding exercise. 


5. The Kernel Function and Orthonormal Sets. Let f(z) be a function 
which is regular and single-valued in a domain D and on its boundary C. 
If M(z,t¢) is the function defined by (49), it follows from (50) and Green’s 
formula that 


[ [ rar aeay = [ | Fae aeay = 5 [ine ae 
D D 


, === 1 ; 
-i [om dz = —% fo dz. 


The contour integral can be evaluated with the help of the residue 
theorem. Since the only singularity of N(z,¢) in D is a double pole with 
the principal part —(z — £)~?, we obtain 


[ [ #UP az dy = af’). 
D 
The function 


(65) K(z,f) = w4M’(z,f) 
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has therefore the ‘‘reproducing property” 


(66) [ [ KGL az dy = FO) 


D 


with respect to all functions which are derivatives of regular and single- 
valued functions in D+ C. K(z,f) is known as the kernel function or 
Bergman kernel function of D. 

The assumption that f(z) be regular at the points of C is not essential 
for the validity of the identity (66), and it can be replaced by the much 
weaker condition 


(67) hil If'(2)|? dz dy < 0. 
D 


This condition is, of course, inevitable since otherwise the existence of the 
integral in (66) would be in doubt. The class of functions f(z) which are 
regular and single-valued in D and for which (67) holds will be denoted by 
L?(D). In order to show that (66) is valid for this wider class of functions, 
we recall that the function M*(z,t) defined in (53) solves the minimum 
problem for the inner area, 7.e., we have 


Bi |Af*"|? dx dy < lf lg’|? dz dy, 
D D 

where g(z) is any function of L?(D) for which g’(¢) = 1. Setting 
gz) = M*(z,b) + df@) — 2f'(O), 


where f(z) is an arbitrary function of L?(D) and ¢ a fixed complex number, 
we obtain 


ff ewPacay < ff ime + dp — fyi? de dy 
i S if eens dy + 2 Re {e Be — fr’) de dy} 

: ar J [lt — HP ax dy, 
where fy’ = f’(¢). It follows that 


0 <2Re \< | amen: — fe’) dx ay} + lel? if If’ — fr’ |? dx dy. 
D D 


Since we may take |e| as small as we please and since arg {e} is arbitrary, 
this entails 
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[ [ Wee — fr’) dx dy = 0, 
D 

whence 


(68) / if Mf’ dx dy = f'(0) J J M* dz dy. 
D D 


In view of (53) and (65), we have 


wen = 8 


which shows that (68) is equivalent to 
(69) [ [ Kepr@ dzady =70 [ [ RED az ay, 
D D 


Now the identity (66) has been proved for functions f(z) which are regular 
in D + C, and we may therefore apply it to the function f(z) = z. This 
yields 


|} Retiawon= 1 


Inserting this in (69), we obtain the identity (66), which has thus been 
shown to be valid for any function f(z) of L?(D). 

The reproducing property (66) characterizes the function K(z,¢) 
uniquely within the class of derivatives of functions of L?(D). If there 
were another function, say K1(z,¢), for which (66) holds, it would follow 
that 

[ [ © By’ az dy = 0 

D 
for every f(z) of L?(D). Setting, in particular, f’(z) = K(z,¢) — K.iz,$), 
we obtain 

[ [ \K — Kil az ay = 0, 

D 
which shows that K,(z,¢) must be identical with K(z,¢). 

Another immediate consequence of (66) is the fact that K(z,f) is 
‘*Hermitian,”’ 2.e., 


(70) K(o,z) = K(z,f). 
Setting f’(z) = K(z,n) (n € D) in (66), we obtain 
[ [ K@OK Gn) dz dy = K(51). 


D 
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Since, on the other hand, 
[ [ K@OK@n) az dy = [ [ KenK@» az dy, 
D D 


this is also equal to K(n,¢), and this proves (70). 

The reader will observe that these developments are very similar to 
those of Sec. 10, Chap. V, and indeed the kernel function introduced there 
is identical with the kernel function of the present section if the domain D 
is simply-connected. Formulas (128) of Sec. 10, Chap. V, and (66) of 
this section are seen to coincide if it is remembered that, because of the 
monodromy theorem, any function which is regular and single-valued in a 
simply-connected domain is a derivative of a function of the same 
character. The reader will verify that the formal connection between 
the kernel function and a complete set of functions {u,(z)} of L?(D), 
orthonormalized by the conditions 


(71) [ [ ~'@u7® de dy = dy. 
D 


is the same as that discussed in detail in Sec. 10, Chap. V. In analogy to 
(132) (Sec. 10, Chap. V), we shall therefore have the expansion 


(72) Kes) = ) w'@)u@), 
| 

provided the set of functions {u,(z)}, which is orthonormalized by (71), is 
complete with respect to the class L?(D). The existence of complete sets 
of functions of L2(D) is easy to show. In view of the general properties of 
sets of orthogonal functions discussed in Sec. 10, Chap. V, a set of func- 
tions {v,(z)} of L?(D) (which is not necessarily orthonormalized) is com- 
plete if there exists no nontrivial function of L*(D) which is orthogonal to 
all the functions of the set. Consider now the set {v,(z)} defined by 


OA = IS eyes alee eee 
where the ¢, are points of D such that lim ¢, = £0, € D. If the set is 
not complete, there exists a function f(z) of L?(D) with f’(z) 4 O such that 
[ [ Kenre it) Ge) ee 
D 


In view of (66), this is equivalent to f’(¢,) = 0, v»=1,2,.... But 
since the points ¢, have the limit point ¢) at which f’(z) is regular, it follows 
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from the results of Sec. 5, Chap. III, that f’(z) vanishes identically. This 
shows that the set K(z,¢,) is complete. 

For the practical computation of the kernel function by means of the 
bilinear expansion (72) it is, of course, essential to have a complete set of 
functions of L?(D) which is known a priori. Such a set is obtained by a 
suitable generalization of the fact proved in Sec. 10, Chap. V, that the 
functions 1, z, 27, . . . form acomplete set with respect to a finite simply- 
connected domain whose complement is a closed domain. In the case in 
which D is a simply-connected domain of this type which contains the 
point at infinity, we may choose a point a such that the points of the 
interior of a small circle of center a do not belong to D. The functions 


pe 
'2—a (2 — a)? (2 — a)® 


(73) 


will then form a complete set in D. Indeed, if f(z) is regular and single- 
valued in D, then the function g(z’) = g[(z — a)—] = f(z) is regular and 
single-valued in a finite domain D’ which corresponds to D by means of 
the mapping 2’ = (¢ — a)~!1.. The completeness of the set (73) with 
respect to D is therefore an immediate consequence of the completeness 
of the powers of z’ with respect to D’. 

Let now D be a domain of connectivity n which is bounded by the sim- 
ple closed analytic curves Ci, ..., Cn, and let f(z) be regular and 
single-valued in D. If f(z) is also regular on the boundary C of D, we 
have, by the Cauchy integral formula, 


fe) = 55] Mea. 
This may also be written in the form 
(74) f(@) = fa) + fol) + ++ + + fal), 
where 
(75) we) ee ae. 


2nt Guo 2 


The simple closed analytic curve C, divides the z-plane into two simply- 
connected domains. One of these two domains has points in common 
with D and the other has not. If we denote the former of these domains 
by D,’, it is clear that the function f,(z) defined in (75) is a regular and 
single-valued analytic function at all points of D’, irrespective of whether 
these points do or do not belong to D. 

(74) shows therefore that f(z) may be decomposed into n functions each 
of which is regular and single-valued in a certain simply-connected domain. 
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This result can also be extended to the case in which no assumption is 
made regarding the regularity of f(z) at the points of C. In this case, we 
replace C’, by a closed contour C,* which is inside D and arbitrarily close 
to C,. We again have the decomposition (74), where now 


fo 
(76) f.(z) = rae a. 
This expression obviously does not depend on the curve C,* if C,* is 
varied continuously in such a manner as not to cross the point z. Since 
C,* may be taken arbitrarily close to C,, the function f,(z) defined by (76) 
is therefore regular in the entire domain D,’. 

Let now a, be a point in the interior of the complement of D,’, or, 
intuitively speaking, a point inside the ‘“‘hole”’ surrounded by C,. Since 
C, is a simple closed analytic curve, the complement of C,’ is a closed 
domain and we may apply the above result according to which the 
functions 

1 1 


1 


form a complete set with respect to C,’. In view of (74), we thus arrive 
at the following result: 
Let D be a multiply-connected domain bounded by the simple closed 


analytic curves Cy, . . . , Cn, and let a, be a point inside the ‘“‘hole”’ of D 
which 1s surrounded by C,. Then the functions 

i 
OZ) 1, (@— a,” y= hk 8.2 io ly a, ee 


form a complete set with respect to the class of functions L?(D). 

If D is finite, one of the points a, will be in the exterior of the domain 
bounded by the outer boundary of D. In this case it will be convenient 
to place the point in question at z = ©; this will result in the functions 
(2 — a,)—” being replaced by z”. For example, if D is a finite doubly- 
connected domain whose inner boundary surrounds the origin, a conven- 
ient complete set of functions is provided by the set 


(78) vee y= SIO alee 


The practical computation of the kernel function is thus reduced to the 
orthonormalizing of the rational functions (77) by means of (71) and the 
Schmidt process described in Sec. 10, Chap. V. Since the computation 
of line integrals is easier than that of area integrals, it is advisable to trans- 
form the orthonormalization conditions (71), by means of Green’s 
formula, into 
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(79) = uy’ (2) Uy(2) dz = by, 

tjc 
As an example, consider the case in which D is the circular ring 0 < p < 
lz] <1. For this domain, the set (78) is complete. It is, moreover, also 
orthogonal. Since C consists of the circles |z| = 1, |z| = p, the former 
described in the positive direction and the latter in the negative direction, 
we have 


- v - v = 
2’ 13+ dz = — 2’—13e dz — — 213+ dz. 


y 
Qyp = == ° % 
21 Jo 2b aed Ze lel =n 


On |z| = 1, we may replace Z by z~! and, on |z| = p, we have 2 = p2z-?, 
Hence, 


2p 

V 

zr—#-1 dz — aes | zy—#-! dz, 
|z| =p 


Qty, = >= 
a 20 jie 21 


By the residue theorem, both integrals vanish unless »y = yw. This proves 
the orthogonality. To find the normalization factor, we need the value 
of a,, We obtain 

oe le, 


which shows that the orthonormal set is 


ope 
80 u,(z) = —————— p= ..¢6, =P. . a. 
(80) (z) a ah 
In view of (72), the kernel function of the circular ring p < |z| < 1 is thus 
of the form 


[-<] 


al y(ze)7-} 
K(@,f) = — Y i 
If {w,(z)} is a complete orthonormal set with respect to L?(D), then any 
function f(z) of L?(d) has an expansion 
(81) fe) = ) a,us(e) 
v=] 
which converges uniformly and absolutely in any closed subdomain of D. 
The proof of this fact is identical with that carried out in Sec. 10, Chap. V, 
and is therefore not repeated here. The coefficients a, are the Fourier 
coefficients of the function f’(z) corresponding to the orthonormalization 
conditions (71), and they are therefore of the form 


in = [[row® dx dy. 
D 
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If f(z) is regular on C, this may be replaced by 


(82) ae - [ heme 


Formulas (81) and (82) may be used for the practical computation of 
the various mapping functions discussed in Secs. | and 2. As an example, 
consider the function go(z,¢) which maps D onto the parallel slit domain 
indicated in Fig. 46a. The only singularity of go(z,¢) is a simple pole of 
residue l at z = ¢. Hence, the function 


1 
ae 


f(z) > yo(z,¢) = 


is regular in D. Since C consists of analytic curves, f(z) is, moreover, 
regular on C, and it thus certainly is a function of L?(D). It therefore 
follows from (81) and (82) that 


(83) ede) = =e + ) aml, 
vol] 


where 


u{z) 


1 ; ——— 1 
a, = oi i go (2,¢)u,(z) dz + Oy (| oe 


The first integral can be evaluated by means of the identity (18). We 
obtain 


1 f savieS oe 1 / 
a 6 Zou) dz cad C =i Yo (2,6) u,(z) dz, 
which, in view of the residue theorem, is equal to we?**u,’(¢). Hence, 


ur{Z) 


Ce a 
The last integral may be simplified by partial integration. We have 


u,(z) _ Pe) uolever 
| epee eal. es 


The integrated part vanishes since u,(z) is single-valued. Therefore 
u,’(z) dz 
Ome aus 


(83) and (84) show that the mapping function ¢go(z,¢) can be immediately 
computed if a complete orthonormal set of the class L?(D) is known. 


dz. 


a, = eT) + 5: 


(84) a, = wee uy, (Cc) 4- Pa 
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As an illustration, consider the circular ring p < |z| <1. As shown 
above, the functions (80) form a complete orthonormal set with respect to 
this domain. We therefore conclude that the function go(z,¢) which 
maps the ring onto the parallel slit domain of inclination 6 is of the form 


1 
ga(z,f) a E a6 Aye", 
where 
oe 1 =| Ver Naa RI Fis ais sf | 
AVS ety a as ee Vfl = prem Joz—§ 
that is, 


a, = 


1 210-r—1 a 
1 — p”’ fe s 10 is we | 


To evaluate the line integral, we remember that 22 = 1 on the outer circle 
while 22 = p? on the inner circle. Hence 


: ee ae -|4/ 2-1 dz |+|/ 2’-1 de 
"Det Ce 201 ea (Ly 2) = 5 2a l=, \p Ve) = § 


which may also be written in the form 


a, = 1 avdz 1 2’ dz 
Qri jie — C' Qt Jiy-,2 — pt} 


The possible residues of these integrals are at z = 0 (if v is negative) and 
at z = p*t—!; the pole at z = ¢—! does not make a contribution since 
Nene) > 1. rsh! z = p*¢—1, we have a residue in the second integral since 
\p2e—1| < p. If » > 0, we thus obtain 


(85) fb, = pf", wv > 0. 


If y = —p (u > O), both integrals have residues at z = 0 which give the 
contributions — f* and p—#¢# to the values of the integrals. Adding this 
to (85), we thus obtain 

ae pe en 


Hence, b, = —p?’*-""1 if vy > 0 and b, = —{-""'if » <0. Using these 
values, we arrive—after some manipulation—at the expression 


go(z,t) = +e) See Sel OF i + PY Pieler it (2/t)"] 


1 — p?’ 1 — p?’ 
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for the function mapping the circular ring p < |z| < 1 onto a parallel slit 


domain. 
EXERCISES 


1. Transforming the contour integral 
[,MemM'Gt) de, 5ED.1ED 


by means of (50) and the relation 
M(z,t) = I/(z,t) + const., ze Ce 
obtained by integrating (50), prove the syi.metry property 
N'(z,f) = N'(,z). 


2. Show that the function K(z,¢) and the function k(z,¢) of Exerc’ e 6, Sec. 3, are 
connected by the relation 
n—-—1 


K(e,¢) = k(e,¢) + » erey 


iol 


where the a, are suitable constants and the functions w,(z) are defined in Exercise 1, 
Sec. 3. Hint: Use the results of Exercises 2, 3, and 6, Sec. 3, and identify K(z,t) by 
the reproducing property (66) and the fact that K(z,t) is the derivative of a single- 
valued function. 


3. Let qi(z), ..., @n-i(z) be the functions obtained by orthonormalizing the 
functions w;/(z), . . . , Wn-1'(z2) by means of the Schmidt process (Sec. 10, Chap. V) 
and denote by ko(z,¢) the function 

n—-1 
holest) = Y anle)ant). 
yv=l1 


Show that 
k(z,t) = ko(z,t) + K(z,b), 


where k(z,¢) is defined in Exercise 6, Sec. 3. Hint: Same as in the preceding exercise. 
4, By applying the forr'ila (66) to the function 


He) = valein) — = 


a 


) 


show that the parallel slit mapping function ¢(z,¢) has the representation 


K(et) di 
Cf = 1% 


i : 1 

’ = 2i8 sae 

0 (z,¢) (z - t)2 ar We K(z,¢) a di 

6. If P(z) = P(z;u,v) and Q(z) = Q(z;u,v) are the functions mapping D onto a 

circular slit domain and a radial slit domain (see Fig. 46b and c), respectively, and if 
{u,(z)} is a complete set of functions normalized by (79), show that 


lo PG) Sieg (= *) H y ee 


— i) 
ol 
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and 
log Q(z) = log 
where 
ay = xlurta) Sooerteend ~ - le 
and 
by = —alet) — WO +5 [we | — - | ae 


6. If D is the circular ring p < |z| < 1, show that the circular and radial slit map- 
pings of D are yielded by the functions P(z) and Q(z) defined by 


== = 2y 
log P(zju,v) = log (2 =) ao IN) IE 


— v(1 ao p?”) 
v=1 
and 
; = eu = Ay + Byp” 
log Q(z;u,v) = log ¢ = 3) al — oe 
mes lt 
where 


= (uz)’ — (b2)”, 


PA CF +0' 


7. Let D be a finite domain and let R(z,¢) denote the function mapping D onto the 
circle with circular slits (see Fig. 46d) in such a way as to make the outer boundary 
of D correspond to the full circumference. If {u,(z)} is a complete set of functions 
normalized by (79), show that 

log R(@t) = log @- 9) + ) aus), 
v=l1 


where 
—— 1 ae 
Ay — wur(f) = Qi fe uv (z) z—-¢ 


8. Let C, and C, be two inner boundary components of a domain D, and let S»>,(z) 
denote the function mapping D onto a ring with circular slits (see Fig. 46e) so that 
C, and C, correspond, respectively, to the inner and outer circumference. If a and 6 
are points surrounded by the closed curves C, and C,, respectively, show that 


Ae) & y ariel). 


1 a 1 1 
a= 3; | me) Il - | 


and {uz(z)} is a complete set of functions normalized by (79). How has this formula 
to be modified if either C, or C, is the outer boundary of D? 


log Siyz(z) = log 


where 
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9. Show that the coefficient (84) can be brought into the form 


—i0 
a, = —e? ib Im i= = uy (2) Ge 


10. Using the results of the preceding exercise and of Exercise 12, Sec. 2, prove 
the following theorem: 
If f(z) is regular and single-valued in D + C and f(z) is normalized by 


[ f release ay = 1, 


D 
[Lom {4} ro 


ul dz 
ht Ic Ge oF 
and ag is the coefficient of the parallel slit mapping function ¢¢(z,¢) indicated in (2). 
Equality wil! hold only in the case in which f(z) is a constant multiple of the function 
vole) — ( —%) = 
Hint: Apply Bessel’s inequality (Sec. 10, Chap. V) to the coefficient (84). 


then 


2 
< Re {2re-2*¥a9} — A, 


where 


6. Bounded Functions. In Sec. 3, Chap. V, we showed by elementary 
means that an analytic function which is regular and bounded in the unit 
circle is subject to the inequality 


; 1 
PO! S poe I¢| <u 


where the sign of equality can hold only in the case in which f(z) is of the 


form 
fe =7(2=8) a1 


This result may also be expressed by saying that, within the family of 
functions which are regular and bounded in the unit circle, the problem 
|f’(¢)| = max. is solved by the function which maps the unit circle onto 
itself and carries the point z = ¢ into the origin. 

Our aim is to generalize this problem and its solution to the case in 
which the unit circle is replaced by a general multiply-connected domain 
D. Weare thus concerned with the family B of analytic functions which 
are regular and single-valued in D and are bounded there, that is, |f(z)| < 
1,z2€D. Within this family, we consider the extremal problem 


(86) f'()| = max, fz) EB, ED. 


We shall show that the function w = F(z) solving the problem (86) maps D 
onto a domain which covers the entire unit circle |w| < 1 precisely n times, 
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and we shall also develop an algorithm for the actual computation of the 
largest value of |f’(¢)|. 

Since, clearly, the extremal map is the same for all domains which are 
conformally equivalent to D, we may restrict ourselves to the case in 
which D is bounded by simple closed analytic curves. A further simplifi- 
cation is introduced by the fact that we may confine ourselves to func- 
tions f(z) of B for which f’(f) > 0 and f(t) = 0. If f(z) is in B, the same 
is true of yf(z) where |y| = 1, and this justifies the assumption f’(¢) > 0. 
If f(¢) ¥ 0, then the function 


Seo ig 
. nO) = TF@l@ 
is also in B. In view of 
If O| 


fr’ (| ~T—fOrR > If O|) 


it is clear that the function solving the problem (86) must vanish at the 
Pome 2°— ¢. 
If f(z) is a function of B, then the function 


(87) oe) = = tan fle) 
satisfies the condition 
(88) 1 —ivesie (ey; el, re UT 


this is an immediate consequence of the fact that the mapping 
w = tan? w 


transforms the circle |w| < 1 into the infinite strip —tr < Re {w’} < din. 
In view of f(¢) = 0, it follows from (87) that 


() = =F. 


Since, moreover, ¢’(¢) > 0, the problem (86) is therefore equivalent to the 
extremal problem Re {¢g’(¢)} = max. within the family of functions 
satisfying (88). If we write 


yz) = u(z) + w(z), 
we have, by the Cauchy-Riemann equations, 


Re i) = pe ue te 


(86) is therefore equivalent to the problem 
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du(s) 
§& 


where u(z) is a harmonic function which, by (88), satisfies 


(89) = Max., c= b+ in, 


(90) lu(z)| <1 


and, furthermore, possesses a harmonic conjugate which is single-valued 
in D. 
If g(z,¢) denotes the Green’s function of D, then we have, by (41), 


(91) us) = = ge te) ED 


In order to avoid difficulties which may be caused by the irregular 
boundary behavior of u(z), we temporarily assume that w(z) is also har- 
monic at the points of C. Differentiating under the integral sign in (91), 
we obtain 


(92) u(g) = 26D = 2 fae) SHED a, 


on 


The function u(z) has a single-valued harmonic conjugate v(z). If 
P,(v) denotes the period of v(z) with respect to a circuit about the bound- 
ary component C,, we thus have P,(v) = 0,» =1,...,n. With the 
help of the Cauchy-Riemann equations, the harmonic measures w,(z) 
(which have the boundary values 6,, on C,,), and Green’s formula, this can 
be transformed into a condition involving u(z). We have 


Pup) = jdm fe Was = | Mas 


Ou Ow, 
= [oS as = fe Ey ds, 


(93) Pw) = fue ee = 0, ji ol eer oe 


and therefore 


The condition P,(v) = 0 has been omitted, since, in view of wi(z) + + °° 
+ w,(z) = 1, it follows from P,(v) = --- = P,-1(v) = 0. Taking into 
account the conditions (93), we conclude from (92) that 


ow J, to [HGP + Yn 25a 


where Ai, . . . , An—1 are arbitrary real parameters. 
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1 
ds= 2] IRlas, 


From (90) and (94), we obtain the inequality 


Ow 
on Pail: ut ie 


5) mol<sz [| 


where the abbreviation 


dw,(z) 


(96) 


has been used. (95) is true for arbitrary values of the real parameters ),. 
In order to obtain the best inequality of this type, we choose the values of 
the parameters X, such as to give to the right-hand side of (95) its smallest 
possible value. Such a minimizing set Ai, ... , An-1 exists. Indeed, 
since by (95) the expression in question is bounded from below, we have 
only to show that 


A= [,|Rlds 


cannot approach its greatest lower bound if one or more of the parameters 
A, tend to +o. Suppose, then, this is the case and choose a sequence of 
sets {A,™}, m= 1, 2, ... , for which A tends to its greatest lower 
bound. Taking, if necessary, a subsequence, we must have a value of », 
say v = 1, such that |A,™| < |, for » 4 1 and m sufficiently large 
(and, of course |A\™|— © for m— ©), Dividing A by |A\i™] and 
letting m— ©, we find that 


n—l 
: Ow Ay™ dw, 
tim f |2e4 yea 
p=2 
Since |A,“™ /A,™| < 1, we may choose a sequence of integers mm, M2, .. . 
such that the limits 


asi= 0, 


exist. Hence, 


whence 
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Since a harmonic function can have an identically vanishing normal 
derivative only if it reduces to a constant (see Exercise 3, Sec. 4, Chap. I), 
it follows that 


n—-—l 
sOr=iG) # » d,w,(z) = const. 
v=? 


This, however is absurd. In view of the properties of the functions w,(z), 
the function w(z) is zero on C’, and has the value 1 on C,, which shows that 
it cannot be a constant. This completes the proof for the existence of a 


set \1, . . - , An—-1 Which gives to the right-hand side of (95) its smallest 
possible value. 
If this minimizing set is again denoted by Ay, . .. , An-1, it follows 


from the minimum property that 


| as> ff |R| ds, 
Cc 
where F is defined by (96) and e isa small positive parameter. In view of 
i ds = iL IRI | 1 id 5 
c 
= fila a 284 oto] 
Cc 


ee fir dste | 7 SaaS): 


ae 


ity aig 


oo | 


R+te ds 


this is equivalent to 
|| Ow, 


ata 
= oc R én 


ds + o(e) > 0, 


where e—!o(e) ~ 0 fore — 0. Hence, 


|R| dw, 
~ Jo R an os = 
and therefore 
|R| dw, = o 7 
(97) [pleas =o, 2 — ia eer at 1. 


The expression a is equal to 1 if R is positive and to —1 if FR is negative; 


at the points at which R = 0 it ceases to be defined (we shall see later that 
there are 2n such points). 
We now definea harmonic function U(z) by the boundary value problem 
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(98) Ua) = — Be z2€EC. 


As shown in Sec. 3, such a function exists and may be represented in the 


form 
Pome |R| dg(z,n) 
Ui) = x fm an 


In view of (97), we have 


|, v@ % as =o, i a a 


As a comparison with (93) shows, this means that the harmonic conjugate 
V(z) of U(z) is free of periods about the various boundary components of 
D. In other words, the analytic function 


(99) o(z) = U(z) + 1V(z) 
is regular and single-valued in D. By (98) and the maximum principle 
for harmonic functions, we further have |U(z)| < 1 for z € D. 
(98) may be written in the form 
(100) [R| = —U(z)R. 
If we combine this with (95) and (96), we obtain 


D1 
mols — gf ue |e + >» aie) 


whence, in view of (94) and the fact that U(z) has a single-valued con- 
jugate, 


(101) jue(S)| < U:(f). 


(101) has been proved for functions ¢(z) which are regular on C. In 
order to free ourselves from this restriction, we note that the harmonic 


function 
n—l 
Ae oe a y em) 
y=] 


has the boundary values), forz C C,(v = 1,...,n — 1) and0forC,. 
Given a sufficiently small positive e, we can therefore find closed curves 
City... , Cya* bounding a domain D, C D such that h(z) = 4, + € or 
h(z) =r», — « (An = 0) forz EC Ci,‘ and D.— D fore 0. Ifg, anda, 
denote, respectively, the Green’s function and the harmonic measures of 
D., we clearly have 
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(102) _ aD) y d»(2) 


y=] 


= 20 ap y CU ne) * nen 


where e, = € ore, = —e, as the case may be. Nowif the harmonic func- 
tion u(z) is regular in D, it is regular in the closure D, + C, of D., and we 
may apply (95) to this domain (where g and w, have, of course, to be 
replaced by g, and w,,., respectively). In view of (102) and the fact that 
the parameters \, in (95) are arbitrary, we obtain 


all 
mol <x f [MED + Yn, SO as 


Since C,— C for e— 0, it follows that (95), and therefore also (101), 
remains true if no restrictive assumption regarding the boundary behavior 
of u(z) is made. This finally proves that the function (99) indeed solves 
our extremal problem. 

We now turn to a closer study of the properties of the extremal function 
¢(z). Since |U(z)| = |Re {¢(z)}] < 1 forz € D and |U(z)| = 1—except 
at the zeros of R—for z € C, it follows that w = ¢(z) maps D onto a 
domain D’ which consists of a number of replicas of the infinite strip 
—1< Re {w} <1. On the boundary of each sheet of D’, the value of 
U(z) evidently has two “jumps,” namely, from 1 to —1 and from —1 tol. 
In view of (100), these jumps coincide with the zeros of the expressions 
(96) on C. It follows therefore that the number of sheets of D’ is equal to 
one-half the number of these zeros. We shall show that the number of 
the zeros of (96) on C is precisely 2n and that, therefore, D’ has n sheets. 

If w,(z) = w,(z) + tw,*(z) is the analytic function whose real part is 
w,(z), we have 


! w, dz 
1 


* dw, (2) cs : (Gaiaiee) 


* 
a 1 Ow, stig JOtas* Fie 0, oe Ow, is, 
1\ ds Os S n 


where the Cauchy-Riemann equations and the fact that w, = const. on 
each boundary component have been used. Similarly, if 


plz) = g(z,f) + thiz,f), 
it follows from g(z,¢) = 0, 2 € C, that 
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’ 


low, _ dg(z,f) 
Pp (z) Ge "a d 


where p’(z) has a simple pole with the residue —1 at z = ¢. Hence, 


Lop'®) 4, _ dala) 4, 


1 o& on “On O& 
where 
Op (z) 
5 ~~ ET 


and p;(z) is regular in D. Using these identities, we find that 


| ae "gl2sk) De OW =| as since ‘| - Go + pi(z) + Feta] dz, 
= 


or, in view of (96), 


(103) Rds = — * qe) dz, zE?C, 
where 
(104) q(z) = Gan: i + qilz) 


and qi(z) is regular in D. 
(103) shows that the zeros of & coincide with the zeros of the analytic 
function q(z) on C. To count these zeros, we observe that, by (103), 


[a(z) dz]? < 0, z2€C. 
Hence, the argument of this expression is constant on C’, and we have 
2Ac arg {q(z)} + 2Ac arg {dz} = 0. 


If D is finite, then Ac arg {dz} = —2m(n — 2) (see Sec. 10, Chap. III). 
Hence, Ac arg {q(z)} = 2r(n — 2). Since, by (104), g(z) has a double 
pole at z = ¢, it follows therefore from the argument principle that q(z) 
has n zeros in D + C, where the zeros of g(z) on C have to be counted with 
half their multiplicities. This shows that the number of zeros of g(z) on 
C cannot exceed 2n. On the other hand, qg(z) cannot have less than two 
zeros on each boundary component C,,v = 1, ...,%n. As pointed out 
before, each zero corresponds to a jump of U(z) from 1 to —1, or vice 
versa, and there obviously must be at least one jump of each kind on C,. 
We thus conclude that all the zeros of g(z) in D+ C lie on C and that 
their number is 2n. This completes the proof of the fact that the func- 
tion (99) maps D onto then-times covered infinite strip —1 < Re {w} < 1. 
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If, by means of the transformation (87), we return to the family B of 
bounded functions, we find that the function F(z) solving the extremal 
problem (86) is of the form 


(105) F(z) = tan (2) 
and that w = F(z) maps D onto the n-times covered unit circle |w| < 1. 


The relation (100) gives rise to an interesting inequality. By (100) 
and (103), we have 


(106) : A eS = C 


Now we have either U(z) = 1 or U(z) = —1 for z € C [except at the 2n 
zeros of g(z)]. By (99) and (105), it follows therefore that 


F(z) = tan[ 7+ itl zEC, 


where t is real. Hence 


2F (z) 


5 v 3 
Tt F@) = sin| + 2it| = + coshucs, 


Since cosh 2¢ is positive, this expression is thus positive or negative accord- 
ing as U(z) = 1 or U(z) = —1. Combining this with (106), we obtain 


1 q(z) 
7°@) Ty pg = % Be 


or, with the notation 


(107) 1) = oy 
(108) = F@g(2) ao. 


The equality sign in (108) has been omitted since, as the reader will 
deduce without difficulty from (105) and (107), the zeros of g(z) are 
canceled by the zeros of 1 + F?(z) and g(z) is therefore regular and 
different from 0 on C. We also note that 


1 
(109) g(z) = corp gale), 
where g;(z) is regular in D + C; this follows from (104), (107), and the 
factethat 7 (6)\="0, 
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The fact that the function F(z) solves the extremal problem (86) can be 
read off from the inequality (108). If f(z) is a function of B which is 
continuous in D + C, we have 

” i lg(z) dz| 


TFOd) de| = gt; | Pd) ae = FO, 


eo) = 


=a f(2)g(@) dz 


me. 
OF 


Qi 


where (108), the residue theorem, and the fact that |F(z)| = 1 on C, have 
been used. 
The inequality (108) also enables us to solve the extremal problem 


(110) i \h(z)| ds = min., 


where h(z) is of the form 


(111) ay + hi(z) 


Cao = 


and hi(z) is regular in D. The boundary behavior of h(z) has, of course, 
to be such that the integral in (110) exists. Now if F(z) is the function 
just considered, it follows from (111) and the residue theorem that 


< i In(e)| ds. 
(a 


Since, by (108), (109), and the fact that |F(z)| = 1 for z € C, 


= | elas, 
this shows that 


(112) [, e@)| ds > J, Ig) as. 


The function g(z) is thus the solution of the extremal problem (110). We 
leave it as an exercise to the reader to show that the sign of equality in 
(112) is possible only if h(z) is identical with g(z). 

We now introduce the function 


QnF'(¢) = F i TOMO EE 


2nF’(¢) = 


ap F(z)g(z) dz 


(118) L(z,¢) +... 


Bale — £) 
defined by 
(114) 4a? L2(z,¢) = g(z). 


388 CONFORMAL MAPPING [Cuap. VII 


The function Z(z,¢) is single-valued and, apart from its simple pole at 
z = ¢, regular in D. To show this, we recall that g(z) has a double pole 
at zg = ¢ and is free of zeros in D + C. L(z,¢) is therefore free of singu- 
larities in D + C except for the pole indicated in (113). It remains to 
show that L(z,¢) is single-valued in D, or—what amounts to the same 
thing—that the variation of arg {L(z,¢)} on each boundary component 
C, is an integral multiple of 27. By (114), this will be the case if the cor- 
responding variation of arg {g(z)} is an integral multiple of 47. But this 
is an immediate consequence of (108). Indeed, we have 


arg {g(z)} = — arg {dz} — arg (F(@)}, 


and since the increment of arg {dz} onC,is either 27 or —2z and arg {F(z)} 
grows by 2x [w = F(z) describes |w| = 1 in the positive direction], we 
find that the increment of arg {g(z)} on C, is either 0 or 47m. 

We further introduce the function 


(115) Meh) =FOLeo. 


Since the pole of L(z,¢) is compensated by the zero of F(z) at z = &, 
K(z,t) is regular and single-valued in D. In view of (108) and (114), we 
have the relation 


(116) + Ket)LG,s) Bost ee 
This shows that 


arg FL ae} = — arg {K(z,t)} = arg {K(z,¢)}. 


Since, by (115), |K(z,6)| = |Z(z,)| forz € C and = = 1, we may there- 
fore conclude that 
(117) Re Cue ~L(,t) eC, 


The identity (117) has a number of important consequences. If f(2) 
is an arbitrary regular and single-valued function in D for which 


c 


[, FOP as 


exists, it follows from (117) that 


[ K(z,6)f(@) ds = iu i L(z,8)f(2) dz. 
C 4 


Sec.6] IJ£APPING OF MULTIPLY-CONNECTED DOMAINS 389 


Using (113) and the residue theorem, we therefore find that K(z,¢) has the 
reproducing property 


(118) [, R@OF@) as = FO, 


which is reminiscent of the reproducing property (66) of the Bergman 
kernel function K(z,¢). K(z,¢) is known as the Szegé kernel function of D. 
Like the Bergman kernel function, K(z,¢) can be computed with the help 
of orthogonal functions. If wi(z), ue(z), . . . is a set of functions for 
which 


ih lu,(z)|? ds < 
and which are orthonormalized by the conditions 
(119) [,w@ul2) ds = by, 
it follows from the Bessel inequality that 
Rea Te 2 
>| [-K@Hu@) dsl’ < [1K@s) as. 


In view of (118), this is equivalent to 


(120) > ml? < KG. 


If the set {u,(z)} is complete, that is, if any function f(z) such that 
f 5 | f(z)|? ds < © can be approximated by linear combinations of the 


u,(z) so as to make the integral 
2 
[| 4@ — Y sue) [as 


arbitrarily small, then the sign of equality holds in (120). We thus have 
(121) Risto >) feels), 
v=] 


provided the set of functions {u,(z)} is complete in the sense indicated. 
From (121), we can derive the bilinear expansion 


oo 


(122) Res) = ) wea, 


v=] 
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which converges absolutely and uniformly in any closed subdomain of D. 
The derivation of (122) from (121) is almost word for word the same as the 
derivation of the corresponding expansion of the function A(z,¢) in See. 
10, Chap. V, and it is therefore omitted here. By carefully examining 
the proof of the fact that the functions (77) form a complete set with 
respect to the class L?(D), the reader will further be able to show that 
these functions also form a complete set in the sense indicated above. 

For the practical computation of the function K(z,¢) in the case in 
which D is bounded by simple closed analytic curves, we thus have to 
orthonormalize the rational functions (77) by means of the conditions 
(119). If this is done, K(z,¢) is obtained from (122). Since, by (115) 
and (113), 2rK(¢,¢) = F’(g), it follows that 


te] 


F's) = 2e ful) 


oo 


This yields the exact value of the maximum in the extremal problem (86). 
If it is desired to compute the extremal function F(z) itself, it is sufficient 
to find the function L(z,¢) since, by (115), 


L(z,f) 


Now we have, by (117), 


i noo 
: = 


2—y7 


=} | ten i n € D. 
C 


, 
e— 


Hence, by (113) and the residue theorem, 


/ K(z,f) a = —_ + 2nbh(n,f). 
Cc 2 — a; 7 


Changing the integration variable and replacing y by z, we finally obtain 


fi 5 a a i [ ie ee 


Q2r(z2 —¢) 2x = 
EXERCISES 
1. Using (117), show that 
ls + 1 
7 KG@OK en) dz = TLE OLen) dz, 2 C, 


where ¢ and 7 are two points of D, and deduce the symmetry property 


E(t) = —L£(¢,n). 
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2. Show that 


Rem) L,t) dz, 2€e, 


7 REL) de = 7B 


and conclude that 
K(1,f) a K(§,n). 


3. Show that the function K(z,t) and the Bergman kernel function K(z,t) are 
related by the identity 
n—-1 
tnR*(28) = Keg) + ) ann’), 


v=1 


where the functions w,(z) are defined in Exercise 1, Sec. 3, and the a, are appropriate 
constants; if D is simply-connected, show that this relation reduces to 4rK2(z,¢) = 
K(z,f). Hint: Use (117) and the hint for Exercise 2, See. 5. 

4. If D is the unit circle, show that the functions 


form a complete set which is orthonormalized by the conditions (119). Deduce 
that, in this case, 


et 1 1 
K(z,¢) = Qn(1 = 2). Lz,¢) - Qn(z ao o) 
and, therefore, 
Fitz = = -- = 


in accordance with previous results. 
6. If D is the circular ring p < |z| < 1, show that the functions 


mae 


WV Ir(1 = pati) 


yas, 0, lunes 


form a complete set orthonormalized by (119) and deduce that in this case 


] 


2 1 (2f)* 
TSG, o) aa on : 1— pew 


1 = pinti(gint — ¢2nt1) = ea) 
>, De (2e)"F 11 = p2Ft) a petty ” 


6. Using (116), show that 


n—1 


~p'(z,t) + . Bvws'(2), 


i 


IK (2,t)LE(z,t) _ 
KGS) 
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where the functions p(z,¢) and w,(z) are defined in Exercise 1, Sec. 3, and the 8, are 
appropriate constants. 
7. Using (118) show that the function 


K(z,t) 


fa) 


solves the extremal problem 
[elas = min, $6) = 


where f(z) is regular and single-valued in D and is such that the integral I, | f(2)|? ds 


exists. 
8. If {u,(z)} is a complete set of functions orthonormalized by (119), show that 


£2) = sy + ») ayu,(2), 


where 
ur(z) ds 
-5 Cre. — | 


ay = 


9. Using (118) and the fact that |K(z,¢)| = |£(z,¢)| for 2 € C, show that 


a 
Ke, = ir = =e e |a,|? ? 


where a, is defined in the preceding exercise. 


10. If the functions wi(z), . . . , um(z) are orthonormalized by means of (119), 
show that 
m 
4 1 
2 ee 
Y mor < 8G0) <a5 fea -y la, 
vol 


where a, is defined in Exercise 8 and both inequalities turn into equalities if m— © 
and the set {u,(z)} is complete. 


11. If the functions ui(z), . . . , um(z) are orthonormalized by (119), show that 
Ret) = ) wen + Rnl@t), 
vy=1 

where 

eles < Pm(Z)pm(%) 
and 

a 
pnlr) = 35 [ooh y (luo(n) |? + lao) 4 
_ 1 f wz) ds 
ay (n) 7 x he 2a] 


Show that pn(7) ~ 0 if m— © and the set {u,(z)} is complete. Hint: Apply the 
Schwarz inequality to the remainder of the series (122) and use the result of Exercise 9. 


INDEX 


A 


Absolute convergence, 57 

of an infinite product, 285 
Absolute value, 53 
Accessory parameters, 202 
Addition theorem, exponential function, 

71, 280 

logarithm, 80, 93 

trigonometric functions, 74, 277, 279 
Analytic continuation, 103-105 
Analytic curve, 42, 186, 341 
Analytic function, branch of, 76 

definition of, 59 

global, 102 

element of, 104 
Approximation, 256 

in the mean, 245 
Area of a conformal map, 154, 362 
Area theorem, 210 
Argument of a complex number, 53 
Argument principle, 130 
Automorphic functions, 313 


B 


Bergman kernel function, 250-260, 367— 
376, 389, 391 
Bessel functions, 116 
Bessel inequality, 245 
Bilinear transformation, 156 
Boundary point, 1 
inaccessible, 178 
Boundary value problem, 14, 19, 28, 181, 
357 
Bounded functions, in multiply-con- 
nected domains, 378-392 
in the unit circle, 166-168 
Branch of an analytic function, 76 
Branch point, 78, 152 


C 


Canonical domains, 189, 333 
Canonical mappings, existence of, 342 


393 


Capacity, 183 
Cassinian, 270 
Cauchy integral formula, 94 
Cauchy-Riemann equations, 28, 62 
Cauchy’s inequality, 100 
Cauchy’s theorem, 84 
Circle, with circular slits, 336 

of convergence, 66, 99 
Circular ring, 336, 373 
Circular slit mapping, 335 
Closure, 1 
cn 2, 281 
Compactness, 141 
Complement, 1 
Complete sets of functions, 245, 370 
Complex numbers, 49 

argument of, 53 

conjugate of, 51 

modulus of, 53 

sequences of, 55-56 
Complex plane, 53 
Complex variable, 58 
Confocal conics, 270, 274 

domains bounded by ares of, 299-308 
Conformal equivalence, 174 
Conformal] map, area of, 154, 362 
Conformal mapping, definition of, 149 
Conformal type, 333 
Conjugate, of a complex number, 51 

of a harmonic function, 28, 62 
Connected set, 2 
Connectivity of a domain, 3 
Continuous deformation, 32, 90 
Continuous function, 58 
Continuous functional, 144 
Contour, 84 
Contour integration, 90 
Convergence, absolute, 57 

of a product, 285 

of a sequence, 55 

of a series, 57 

uniform, 66, 96 
Convex domains, 222-224 


394 


cos z, 72, 274 

Critical point, 138, 150, 153 
Cross ratio, 158 

Crosscut, 2 

Curvilinear polygon, 198, 204 
Curvilinear triangle, 207 


D 


Derivative, 59 
Diagonal process, 142 
Differentiable function, 59 
Dirichlet problem, 14, 354 
Discontinuity, 21 
Distortion theorems, 214 
dn z, 281 
Domain, 2, 153 
of definition, 58 
Domain functions, 42 
Doubly-connected domains, 3, 33, 334 
Doubly periodic functions, 282, 288, 298 


E 


Element of an analytic function, 104 
Ellipse, 258, 270, 279, 295, 300 
Elliptic function, 280-299 

Jacobian, 281 

modulus of, 292, 319 
Elliptic integrals, 281 
Elliptic modular function, 318-332 
Entire functions, 118, 321 
Equicontinuity, 137 
Essential singularity, 112, 113 
Existence of canonical mappings, 342 
Exponential function, 70-74, 273-274 
Extremal problems, 145 


F 


Fixed points of a linear transformation, 
161 

Fourier coefficients, 244, 373 

Function element, 104 

Functional, 144 

Functional equation, 
106-107 

Fundamental theorem of algebra, 118, 
121, 135 


permanence of, 


G 


Gamma function, 109 
Gauss’ theorem, 6 


CONFORMAL MAPPING 


Global definition of an analytic function, 
102 
Goursat’s lemma, 87 
Green’s formula, 8, 9, 12, 240 
Green’s function, 13, 38, 133, 181, 187, 
357 
symmetry of, 14 
variation of, 42 
Group of linear transformations, 160, 313 


H 


Hadamard’s three-circle theorem, 120 
Hadamard’s variation formula, 46 
Harmonic conjugate, 28 
Harmonic function, conjugate of, 28, 62 
definition of, 4 
maximum principle for, 9 
Harmonic measure, 38, 357 
Holomorphic function, 59 
Horizontal slit mapping, 362 
Hyperbola, 269, 270, 307 
Hyperbolic functions, 79 
Hypergeometric series, 206, 314 


I 


Imaginary numbers, 49 
Imaginary part, 51 
Inaccessible boundary point, 178 
Infinite products, 284—286 
Infinite series, 56-58 

Inner product, 241 
Integration, 81-84 

Interior point, 1 

Inverse function, 74, 281, 308 
Inverse points, 162 
Inversion, 184, 190, 310 
Inversion principle, 184 


J 


Jacobian elliptic functions, 281 
Jordan curve, 2 
Joukowsky profile, 271 


K 
Kernel function, 250-260, 367-376, 389 
L 


Laplace equation, 4 
Laurent series, 110-111 


INDEX 


Legendre polynomial, 97 
Lemniscate, 270 

Limit point, 1, 56, 137 

Line integral, 6 

Linear independence, 242 
Linear transformation, 155-165 
Liouville’s theorem, 117 

Local uniform boundedness, 138 
log 2, 74-77, 273 

Logarithmic residue, 128 


M 


Many-valued functions, 74 
Mapping theorem, Riemann, 175 
Maximum principle, 119 
for harmonic functions, 9 
Meromorphic part, 116 
‘‘Modern Analysis,”’ 206, 316 
Modular surface, 320 
Modulus, of a complex number, 53 
of a doubly-connected domain, 334 
of an elliptic function, 292, 319 
Monodromy theorem, 108 
Montel’s theorem, 141 
Morera’s theorem, 95 
Multiply-connected domains, 2, 7, 32, 89, 
333 


N 


Natural boundary, 108, 311 

Nearly circular domains, 47, 263-265 
Neighborhood, 1 

Neumann function, 23 

Neumann problem, 25, 31 

Norm of a function, 241 

Normal families, 140, 217 


O 


Odd function, 213, 328 
Open set, 1 
Order, of a branch point, 78, 153 
of a pole, 112 
of a zero, 113 
Orthogonal circle, 309 
Orthogonal functions, 242 
Orthogonalization process, 242 
Orthonormal sets of functions, 243, 370, 
389 
Outer area, 361 


395 
Ls 


Parabola, 269, 279, 305-307 

Parallel slit mappings, 334 

Parameters, accessory, 202 

Parseval’s identity, 100 

Partial fractions, 116 

Period, 35, 73 

Period parallelogram, 290 

Period rectangle, 283 

Permanence of a functional equation, 
106-107 

Picard’s theorem, 321 

Piecewise smooth curve, 2 

Point at infinity, 3, 112 

Poisson formula, 17, 97 

Poisson kernel, 17 

Pole, 112, 128-131 

Polygon, 189 

Polynomial, 60 

Positive real part, functions with, 169- 
171 

Potential, 4 

Power, general, 77 

Power series, 65-70 

Principal part, 116 

Principal value, 75 

Principle of permanence, 106-107 


R 


Radial slit mapping, 335 
Radius, of convergence, 66, 69 
of convexity, 224 
of starlikeness, 354 
Rational functions, 60, 114 
of second degree, 266-273 
Real part, 51 
Rectangle, 280 
Reflection principle, 184 
Regular function, 59 
Reproducing property, 250, 361, 368, 389 
Residue, 122 
Residue theorem, 122 
Riemann, 173 
Riemann mapping theorem, 175 
Riemann moduli, 334, 354 
Riemann surface, 76, 78, 80, 231, 266 
Ring with circular slits, 336 
Robin constant, 183 
Rouché’s theorem, 131 


396 
8 


Schlicht domain, 154 

Schlicht function, 209 

Schmidt orthogonalization process, 242 

Schwarz lemma, 165 

Schwarz-Christoffel formula, 194 

Schwarzian derivative, 199, 226 

Schwarzian s-functions, 308-318 

Sequences, of analytic functions, 140-143 
of complex numbers, 55-56 

Simple pole, 123 

Simply-connected domains, 2 

ain z, 72, 274-277 

Single-valued functions, 59, 76 

Singular point, 5, 59, 99 

Smooth curve, 2 

sn z, 280 

Starlike domains, 220-222 

Subordination, 227 

Symmetry principle, 184 

Szeg6 kernel function, 389 


at 


tan z, 277-278 
Taylor series, 69, 98 
Tchebichef polynomials, 258 


CONFORMAL MAPPING 


Three-circle theorem, 120 
Transcendental entire functions, 118 
Transfinite diameter, 183 
Triangle, 194 

curvilinear, 207 
Triangle functions, 308 
Trigonometric functions, 72, 274-280 
Typically real functions, 225 


U 


Uniform boundedness, 138 

Uniform convergence, 66, 96 
Unimodular linear transformations, 331 
Univalent functions, 146, 209-226 


V 


Variation of the Green’s function, 46 
Vertical slit mapping, 362 


W 
Whittaker-Watson, 206, 316 
Z 


Zeros of an analytic function, 113, 123- 
132 


A CATALOGUE OF SELECTED DOVER BOOKS 
IN ALL FIELDS OF INTEREST 


A CATALOGUE OF SELECTED DOVER BOOKS 
IN ALL FIELDS OF INTEREST 


AMERICA’S OLD MASTERS, James T. Flexner. Four men emerged unexpectedly 
from provincial 18th century America to leadership in European art: Benjamin 
West, J. S. Copley, C. R. Peale, Gilbert Stuart. Brilliant coverage of lives and con- 
tributions. Revised, 1967 edition. 69 plates. 365pp. of text. 

21806-6 Paperbound $3.00 


First FLOWERS OF OUR WILDERNESS: AMERICAN PAINTING, THE COLONIAL 
PERIOD, James T. Flexner. Painters, and regional painting traditions from earliest 
Colonial times up to the emergence of Copley, West and Peale Sr., Foster, Gustavus 
Hesselius, Feke, John Smibert and many anonymous painters in the primitive manner. 
Engaging presentation, with 162 illustrations. xxii + 368pp. 

22180-6 Paperbound $3.50 


THE LIGHT OF DISTANT SKIES: AMERICAN PA:iNTING, 1760-1835, James T. Flex- 
ner. The great generation of early American painters goes to Europe to learn and 
to teach: West, Copley, Gilbert Stuart and others. Allston, Trumbull, Morse; also 
contemporary American painters—primitives, derivatives, academics—who remained 
in America. 102 illustrations. xiii + 306pp. 22179-2 Paperbound $3.50 


A HIsTORY OF THE RISE AND PROGRESS OF THE ARTS OF DESIGN IN THE UNITED 
STATES, William Dunlap. Much the richest mine of information on early American 
painters, sculptors, architects, engravers, miniaturists, etc. The only source of in- 
formation for scores of artists; the major primary source for many othérs. Unabridged 
reprint of rare original 1834 edition, with new introduction by James T. Flexner, 
and 394 new illustrations. Edited by Rita Weiss. 65% x 95. 

21695-0, 21696-9, 21697-7 Three volumes, Paperbound $15.00 


EPOCHS OF CHINESE AND JAPANESE ART, Ernest F. Fenollosa. From primitive 
Chinese art to the 20th century, thorough history, explanation of every important art 
period and form, including Japanese woodcuts ; main stress on China and Japan, but 
Tibet, Korea also included. Still unexcelled for its detailed, rich coverage of cul- 
tural background, aesthetic elements, diffusion studies, particularly of the historical 
period. 2nd, 1913 edition. 242 illustrations. lii + 439pp. of text. 

20364-6, 20365-4 Two volumes, Paperbound $6.00 


THe GENTLE ART OF MAKING ENEMIES, James A. M. Whistler. Greatest wit of his 
day deflates Oscar Wilde, Ruskin, Swinburne; strikes back at inane critics, exhibi- 
tions, art journalism; aesthetics of impressionist revolution in most striking form. 
Highly readable classic by great painter. Reproduction of edition designed by 
Whistler. Introduction by Alfred Werner. xxxvi + 334pp. 

21875-9 Paperbound $3.00 


CATALOGUE OF DOVER BOOKS 


DESIGN BY ACCIDENT; A BOOK OF “ACCIDENTAL EFFECTS” FOR ARTISTS AND 
DESIGNERS, James F. O'Brien. Create your own unique, striking, imaginative effects 
by “controlled accident’’ interaction of materials: paints and lacquers, oil and water 
based paints, splatter, crackling materials, shatter, similar items. Everything you do 
will be different; first book on this limitless art, so useful to both fine artist and 
commercial artist. Full instructions. 192 plates showing “‘accidents,’’ 8 in color. 
vili + 215pp. 83g x 1114. 21942-9 Paperbound $3.75 


THE Book oF SIGNS, Rudolf Koch. Famed German type designer draws 493 beau- 
tiful symbols: religious, mystical, alchemical, imperial, property marks, runes, etc. 
Remarkable fusion of traditional and modern. Good for suggestions of timelessness, 
smartness, modernity. Text. vi + 104pp. 614 x 914. 

20162-7 Paperbound $1.50 


HIsTORY OF INDIAN AND INDONESIAN ART, Ananda K. Coomataswamy. An un- 
abridged republication of one of the finest books by a great scholar in Eastern art. 
Rich in descriptive material, history, social backgrounds; Sunga reliefs, Rajput 
paintings, Gupta temples, Burmese frescoes, textiles, jewelry, sculpture, etc. 400 
photos. viii + 423pp. 634 x 934. 21436-2 Paperbound $5.00 


PRIMITIVE ART, Franz Boas. America’s foremost anthropologist surveys textiles, 
ceramics, woodcarving, basketry, metalwork, etc.; patterns, technology, creation of 
symbols, style origins. All areas of world, but very full on Northwest Coast Indians. 
More than 350 illustrations of baskets, boxes, totem poles, weapons, etc. 378 pp. 
20025-6 Paperbound $3.00 


THE GENTLEMAN AND CABINET MAKER'S DiRECTOR, Thomas Chippendale. Full 
reprint (third edition, 1762) of most influential furniture book of -all time, by 
master cabinetmaker. 200 plates, illustrating chairs, sofas, mirrors, tables, cabinets, 
plus 24 photographs of surviving pieces. Biographical introduction by N. Bienen- 
stock. vi + 249pp. 974 x 1234. 21601-2 Paperbound $5.00 


AMERICAN ANTIQUE FURNITURE, Edgar G. Miller, Jr. The basic coverage of all 
American furniture before 1840. Individual chapters cover type of furniture— 
clocks, tables, sideboards, etc—chronologically, with inexhaustible wealth of data. 
More than 2100 photographs, all identified, commented on. Essential to all early 
American collectors. Introduction by H. E. Keyes. vi + 1106pp. 77% x 1034. 
21599-7, 21600-4 Two volumes, Paperbound $11.00 


PENNSYLVANIA DuTCH AMERICAN FOLK ART, Henry J. Kauffman. 279 photos, 
28 drawings of tulipware, Fraktur script, painted tinware, toys, flowered furniture, 
quilts, samplers, hex signs, house interiors, etc. Full descriptive text. Excellent for 
tourist, rewarding for designer, collector. Map. 146pp. 77g x 1034. 

21205-X Paperbound $3.00 


EARLY NEw ENGLAND GRAVESTONE RUBBINGS, Edmund V. Gillon, Jr. 43 photo- 
graphs, 226 carefully reproduced rubbings show heavily symbolic, sometimes 
macabre early gravestones, up to early 19th century. Remarkable early American 
primitive art, occasionally strikingly beautiful; always powerful. Text. xxvi + 
207pp. 834 x 114. 21380-3 Paperbound $4.00 


CATALOGUE OF DOVER BOOKS 


ALPHABETS AND ORNAMENTS, Ernst Lehner. Well-known pictorial source for 
decorative alphabets, script examples, cartouches, frames, decorative title pages, calli- 
graphic initials, borders, similar material. 14th to 19th century, mostly European. 
Useful in almost any graphic arts designing, varied styles. 750 illustrations. 256pp. 
PooLG: 21905-4 Paperbound $4.00 


PAINTING: A CREATIVE APPROACH, Norman Colquhoun. For the beginner simple 
guide provides an instructive approach to painting: major stumbling blocks for 
beginner; overcoming them, technical points; paints and pigments; oil painting; 
watercolor and other media and color. New section on ‘‘plastic’’ paints. Glossary. 
Formerly Paint Your Own Pictures. 221pp. 22000-1 Paperbound $1.75 


THE ENJOYMENT AND USE OF CoLor, Walter Sargent. Explanation of the rela- 
tions between colors themselves and between colors in nature and art, including 
hundreds of little-known facts about color values, intensities, effects of high and 
low illumination, complementary colors. Many practical hints for painters, references 
to great masters. 7 color plates, 29 illustrations. x + 274pp. 

20944-X Paperbound $3.00 


THE NOTEBOOKS OF LEONARDO Da VINCI, compiled and edited by Jean Paul 
Richter. 1566 extracts from original manuscripts reveal the full range of Leonardo's 
versatile genius: all his writings on painting, sculpture, architecture, anatomy, 
astronomy, geography, topography, physiology, mining, music, etc., in both Italian 
and English, with 186 plates of manuscript pages and more than 500 additional 
drawings. Includes studies for the Last Supper, the lost Sforza monument, and 
other works. Total of xlvii + 866pp. 77% x 1034. 

22572-0, 22573-9 Two volumes, Paperbound $12.00 


MONTGOMERY WARD CATALOGUE OF 1895. Tea gowns, yards of flannel and 
pillow-case lace, stereoscopes, books of gospel hymns, the New Improved Singer 
Sewing Machine, side saddles, milk skimmers, straight-edged razors, high-button 
shoes, spittoons, and on and on .. . listing some 25,000 items, practically all illus- 
trated. Essential to the shoppers of the 1890’s, it is our truest record of the spirit of 
the period. Unaltered reprint of Issue No. 57, Spring and Summer 1895. Introduc- 
tion by Boris Emmet. Innumerable illustrations. xiii + 624pp. 814 x 115%. 
22377-9 Paperbound $8.50 


THE CRYSTAL PALACE EXHIBITION ILLUSTRATED CATALOGUE (LONDON, 1851). 
One of the wonders of the modern world—the Crystal Palace Exhibition in which 
al! the nations of the civilized world exhibited their achievements in the arts and 
sciences—presented in an equally important illustrated catalogue. More than 1700 
items pictured with accompanying text—ceramics, textiles, cast-iron work, carpets, 
pianos, sleds, razors, wall-papers, billiard tables, beehives, silverware and hundreds 
of other artifacts—represent the focal point of Victorian culture in the Western 
World. Probably the largest collection of Victorian decorative art ever assembled— 
indispensable for antiquarians and designers. Unabridged republication of the 
Art-Journal Catalogue of the Great Exhibition of 1851, with all terminal essays. 
New introduction by John Gloag, F.S.A. xxxiv + 426pp. 9 x 12. 

22503-8 Paperbound $5.00 


CATALOGUE OF DOVER BOOKS 


THE ARCHITECTURE OF COUNTRY HouseEs, Andrew J. Downing. Together with 
Vaux’s Villas and Cottages this is the basic book for Hudson River Gothic architec- 
ture of the middle Victorian period. Full, sound discussions of general aspects of 
housing, architecture, style, decoration, furnishing, together with scores of detailed 
house plans, illustrations of specific buildings, accompanied by full text. Perhaps 
the most influential single American architectural book. 1850 edition. Introduction 
by J. Stewart Johnson. 321 figures, 34 architectural designs. xvi + 560pp. 
22003-6 Paperbound $5.00 


Lost EXAMPLES OF COLONIAL ARCHITECTURE, John Mead Howells. Full-page 
photographs of buildings that have disappeared or been so altered as to be denatured, 
including many designed by major early American architects. 245 plates. xvii + 
248pp. 774 x 1034. 21143-6 Paperbound $3.50 


DomESTIC ARCHITECTURE OF THE AMERICAN COLONIES AND OF THE EARLY 
REPUBLIC, Fiske Kimball. Foremost architect and restorer of Williamsburg and 
Monticello covers nearly 200 homes between 1620-1825. Architectural details, con- 
struction, style features, special fixtures, floor plans, etc. Generally considered finest 
work in its area. 219 illustrations of houses, doorways, windows, capital mantels. 
xx -+ 314pp. 77% x 1034. . 21743-4 Paperbound $4.00 


EARLY AMERICAN ROOMS: 1650-1858, edited by Russell Hawes Kettell. Tour of 12 
rooms, each representative of a different era in American history and each furnished, 
decorated, designed and occupied in the style of the era. 72 plans and elevations, 
8-page color section, etc., show fabrics, wall papers, arrangements, etc. Full de- 
scriptive text. xvii + 200pp. of text. 834 x 1114. 

21633-0 Paperbound $5.00 


THE FITZWILLIAM VIRGINAL Book, edited by J. Fuller Maitland and W. B. Squire. 
Full modern printing of famous early 17th-century ms. volume of 300 works by 
Morley, Byrd, Bull, Gibbons, etc. For piano or other modern keyboard instrument; 
easy to read format. xxxvi + 938pp. 83 x 11. 

21068-5, 21069-3 Two volumes, Paperbound$12.00 


KEYBOARD Music, Johann Sebastian Bach. Bach Gesellschaft edition. A rich 
selection of Bach’s masterpieces for the harpsichord: the six English Suites, six 
French Suites, the six Partitas (Claviertibung part I), the Goldberg Variations 
(Clavieriibung part IV), the fifteen Two-Part Inventions and the fifteen Three-Part 
Sinfonias. Clearly reproduced on large sheets with ample margins; eminently play- 
able. vi -+ 312pp. 814% x 11. 22360-4 Paperbound $5.00 


THE Music oF BACH: AN INTRODUCTION, Charles Sanford Terry. A fine, non- 
technical introduction to Bach’s music, both instrumental and vocal. Covers organ 
music, chamber music, passion music, other types. Analyzes themes, developments, 
innovations. x -- 114pp. 21075-8 Paperbound $1.95 


BEETHOVEN AND His NINE SYMPHONIES, Sir George Grove. Noted British musi- 
cologist provides best history, analysis, commentary on symphonies. Very thorough, 
rigorously accurate; necessary to both advanced student and amateur music lover. 
436 musical passages. vii + 407 pp. 20334-4 Paperbound $4.00 


CATALOGUE OF DOVER BOOKS 


A History oF CostuME, Carl Kéhler. Definitive history, based on surviving pieces 
of clothing primarily, and paintings, statues, etc. secondarily. Highly readable text, 
supplemented by 594 illustrations of costumes of the ancient Mediterranean peoples, 
Greece and Rome, the Teutonic prehistoric period; costumes of the Middle Ages, 
Renaissance, Baroque, 18th and 19th centuries. Clear, measured patterns are pro- 
vided for many clothing articles. Approach is practical throughout. Enlarged by 
Emma von Sichart. 464pp. 21030-8 Paperbound $3.50 


ORIENTAL RUGS, ANTIQUE AND Mopern, Walter A. Hawley. A complete and 
authoritative treatise on the Oriental rug—where they are made, by whom and how, 
designs and symbols, characteristics in detail of the six major groups, how to dis- 
tinguish them and how to buy them. Detailed technical data is provided on periods, 
weaves, warps, wefts, textures, sides, ends and knots, although no technical back- 
ground is required for an understanding. 11 color plates, 80 halftones, 4 maps. 
vi + 320pp. 614 x 91K. 22366-3 Paperbound $5.00 


TEN BOOKS ON ARCHITECTURE, Vitruvius. By any standards the most important 
book on architecture ever written. Early Roman discussion of aesthetics of building, 
construction methods, orders, sites, and every other aspect of architecture has in- 
spired, instructed architecture for about 2,000 years. Stands behind Palladio, 
Michelangelo, Bramante, Wren, countless others. Definitive Morris H. Morgan 
translation. 68 illustrations. xii + 331pp. 20645-9 Paperbound . $3.00 


THE Four BOOKS OF ARCHITECTURE, Andrea Palladio. Translated into every 
major Western European language in the two centuries following its publication in 
1570, this has been one of the most influential books in the history of architecture. 
Complete reprint of the 1738 Isaac Ware edition. New introduction by Adolf 
Placzek, Columbia Univ. 216 plates. xxii + 110pp. of text. 914 x 1234. 
21308-0 Clothbound $12.50 


STICKS AND STONES: A STUDY OF AMERICAN ARCHITECTURE AND CIVILIZATION, 
Lewis Mumford.One of the great classics of American cultural history. American 
architecture from the medieval-inspired earliest forms to the early 20th century; 
evolution of structure and style, and reciprocal influences on environment. 21 photo- 
graphic illustrations. 238pp. 20202-X Paperbound $2.00 


THE AMERICAN BUILDER'S COMPANION, Asher Benjamin. The most widely used 
early 19th century architectural style and source book, for colonial up into Greek 
Revival periods. Extensive development of geometry of carpentering, construction 
of sashes, frames, doors, stairs; plans and elevations of domestic and other buildings. 
Hundreds of thousands of houses were built according to this book, now invaluable 
to historians, architects, restorers, etc. 1827 edition. 59 plates. 114pp. 77% x 1034. 

22236-5 Paperbound $4.00 


DutcH Houses IN THE HUDSON VALLEY BEFORE 1776, Helen Wilkinson Rey- 
nolds. The standard survey of the Dutch colonial house and outbuildings, with con- 
structional features, decoration, and local history associated with individual home- 
steads. Introduction by Franklin D. Roosevelt. Map. 150 illustrations. 469pp. 
55% x OY. : 21469-9 Paperbound $5.00 


% 


CATALOGUE OF DOVER BOOKS 


MATHEMATICAL PUZZLES FOR BEGINNERS AND ENTHUSIASTS, Geoffrey Mott-Smith. 
189 puzzles from easy to difficult—involving arithmetic, logic, algebra, properties 
of digits, probability, etc—for enjoyment and mental stimulus. Explanation of 
mathematical principles behind the puzzles. 135 illustrations. viii + 248pp. 
20198-8 Paperbound $2.00 


PAPER FOLDING FOR BEGINNERS, William D. Murray and Francis J. Rigney. Easiest 
book on the market, clearest instructions on making interesting, beautiful origami. 
Sail boats, cups, roosters, frogs that move legs, bonbon boxes, standing birds, etc. 
40 projects; more than 275 diagrams and photographs. 94pp. 

20713-7 Paperbound $1.00 


TRICKS AND GAMES ON THE POOL TABLE, Fred Herrmann. 79 tricks and games— 
some solitaires, some for two or more players, some competitive games—to entertain 
you between formal games. Mystifying shots and throws, unusual caroms, tricks 
involving such props as cork, coins, a hat, etc. Formerly Fun on the Pool Table. 
77 figures. 95pp. 21814-7 Paperbound $1.25 


HAND SHADOWS TO BE THROWN UPON THE WALL: A SERIES OF NOVEL AND 
AMUSING FIGURES FORMED BY THE HAND, Henry Bursill. Delightful picturebook 
from great-grandfather’s day shows how to make 18 different hand shadows: a bird 
that flies, duck that quacks, dog that wags his tail, camel, goose, deer, boy, turtle, 
etc. Only book of its sort. vi + 33pp. 6144x914. 21779-5 Paperbound $1.00 


WHITTLING AND WOoODCARVING, E. J. Tangerman. 18th printing of best book on 
market. “If you can cut a potato you can carve’ toys and puzzles, chains, chessmen, 
caricatures, masks, frames, woodcut blocks, surface patterns, much more. Information 
on tools, woods, techniques. Also goes into serious wood sculpture from Middle 
_ Ages to present, East and West. 464 photos, figures. x + 293pp. 

20965-2 Paperbound $2.50 


HISTORY OF PHILOSOPHY, Julian Marias. Possibly the clearest, most easily followed, 
best planned, most useful one-volume history of philosophy on the market; neither 
skimpy nor overfull. Full details on system of every major philosopher and dozens 
of less important thinkers from pre-Socratics up to Existentialism and later. Strong 
on many European figures usually omitted. Has gone through dozens of editions in 
Europe. 1966 edition, translated by Stanley Appelbaum and Clarence Strowbridge. 
xviii -+ 505pp. 21739-6 Paperbound $3.50 


YoGA: A SCIENTIFIC EVALUATION, Kovoor T. Behanan. Scientific but non-technical 

study of physiological results of yoga exercises; done under auspices of Yale U. 

Relations to Indian thought, to psychoanalysis, etc. 16 photos. xxiii + 270pp. 
20505-3 Paperbound $2.50 


Prices subject to change without notice. 

Available at your book dealer or write for free catalogue to Dept. GI, Dover 
Publications, Inc., 180 Varick St., N. Y., N. Y. 10014. Dover publishes more than 
150 books each year on science, elementary and advanced mathematics, biology, 
music, art, literary history, social sciences and other areas. 
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AN ELEMENTARY TREATISE ON ELLIPTIC FUNCTIONS, Arthur 
Cayley. (60728-3) $3.00 


A TREATISE ON ALGEBRAIC PLANE CuRVES, Julian L. Coolidge. 
(60543-4) $5.00 

A HISTORY OF THE CONIC SECTIONS AND QUADRIC SURFACES, 
J. L. Coolidge. (61912-5) $3.00 

A HisTory OF GEOMETRICAL METHODs, Julian L. Coolidge. 
(61006-3) $4.00 

REGULAR PoLyToPEs, H. S. M. Coxeter. (61480-8) $4.00 

STATISTICS MANUAL, Edwin L. Crow, Frances A. Davis and 
Margaret W. Maxfield. (60599-X) $3.00 

ELEMENTARY STATISTICS: WITH APPLICATIONS IN MEDICINE AND 
THE BIOLOGICAL SCIENCES, Frederick E. Croxton. 
(60506-X) $3.00 

ANALYTIC FUNCTIONS OF A COMPLEX VARIABLE, David R. Cur- 
tiss. (61788-2) $2.00. 

INTRODUCTION TO NONLINEAR DIFFERENTIAL AND INTEGRAL 
EquaTIONs, Harold T. Davis. (60971-5) $5.50 

ESSAYS ON THE THEORY OF NUMBERS, Richard Dedekind. 
(21010-3) $2.25 

CONTEMPORARY GEOMETRY, André Delachet. (60988-X) $1.50 

INTRODUCTION TO THE THEORY OF NUMBERS, Leonard E. Dick- 
son. (60342-3) $2.50 

LINEAR GROUPS, WITH AN EXPOSITION OF THE GALOIS FIELD 
THEORY, Leonard E. Dickson. (60482-9) $2.75 

PROBLEMS IN GROUP THEORY, John Dixon. (61574-X) $3.00 

SOLID ANALYTICAL GEOMETRY AND DETERMINANTS, Arnold 
Dresden. (61281-3) $3.00 

COORDINATE GEOMETRY, Luther P. Eisenhart. (60600-7) $3.00 

ASYMPTOTIC EXPANSIONS, A. Erdélyi. (60318-0) $2.00 

FUNCTIONALS AND THEIR APPLICATIONS: SELECTED Topics, IN- 
CLUDING INTEGRAL EQuaTIONs, Griffith C. Evans. 
(61267-8) $2.00 

COMPUTATIONAL METHODS OF LINEAR ALGEBRA, V. N. Faddeeva. 
(60424-1) $3.00 


Paperbound unless otherwise indicated. Prices subject to change 
without notice. Available at your book dealer or write for free 
catalogues to Dept. Adsci., Dover Publications, Inc., 180 Varick 
Street, New York, N. Y. 10014. Please indicate your field of 
interest. Each year Dover publishes over 200 classical records 
and books in music, fine art, science, mathematics, languages, 
philosophy, chess, puzzles, literature, nature, anthropology, 
antiques, history, folklore, art instruction, adventure, and other 
areas. Manufactured in the U.S.A. 


CONFORMAL 
MAPPING 


ZEEV NEHARI 


Conformal mapping is a field in which pure and applied mathe- 
matics are both involved. This book tries to bridge the gulf that 
many times divides these two disciplines by combining the theoret- 
ical and practical approaches to the subject. It will interest the 
pure mathematician, engineer, physicist, and applied matheiati- 
cian. 


The potential theory and complex function theory necessary for 


a full treatment of conformal mapping are developed in the first 
four chapters, so the reader needs no other text on complex vari- 
ables. These chapters cover harmonic functions, analytic tunctious, 
the complex integral calculus, and families of analytic functions. 
Included here are discussions of Green’s formula, the Poisson 
formula, the Cauchy-Riemann equations, Cauchy’s theorem, the 
Laurent series, and the Residue theorem. The final three chapters 
consider in detail conformal mapping of simply-connected domains, 
mapping properties of special functions, and conformal mapping 
of multiply-connected domains. The coverage here includes such 
topics as the. Schwarz lemma, the Riemann mapping theorem, 
the Schwarz-Christoffel formula, univalent functions, the kernel 
function, elliptic functions, the Schwarzian s-functions, canonical 
domains, and bounded functions. There are many problems and 
exercises, making the book useful for both self-study and classroom 
use. 


The author, professor of mathematics at Carnegie-Mellon Univer- 
sity, has designed the book as a semester’s introduction to functions 
of a complex variable followed by a one-year graduate course in 
conformal mapping. The material is presented simply and 
clearly, and the only prerequiste is a good working knowledge 
of advanced calculus. 


Unabridged, unaltered republication of the original (1952) edition. 
Index. viii + 396pp. 534 x 814. 61137-X Paperbound 


A DOVER EDITION DESIGNED FOR YEARS OF USE! 


We have made every effort to make this the best book possible. 
Our paper is opaque, with minimal show-through; it will not dis- 
color or become brittle with age. Pages are sewn in signatures, 
in the method traditionally used for the best books, and will not 
drop out, as often happens with paperbacks held together with 
glue. Books open flat for easy reference. The binding will not 
crack or split. This is a permanent book. 
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